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Features and Benefits 


at a Glance 


Feature 


Benefit to student 


Chapter Opener 

Clear, Concise, and Inviting 
Writing Style, Tone and Layout 
Theory and Applications 
Theorems 

Solved Examples 

Examples 


Quick Look 


Try It Out 
Worked Out Problems 


Summary 


Exercises 


Answers 


Peaks the student’s interest with the chapter opening vignette, definitions 
of the topic, and contents of the chapter. 


Students are able to Read this book, which reduces math anxiety and 
encourages student success. 


Unlike other books that provide very less or no theory, here theory is 
well matched with solved examples. 


Relevant theorems are provided along with proofs to emphasize 
conceptual understanding. 


Topics are followed by solved examples for students to practice and 
understand the concept learned. 


Wherever required, examples are provided to aid understanding of 
definitions and theorems. 


Formulae/concepts that do not require extensive thought but can be 
looked at the last moment. 


Practice problems for students in between the chapter. 
Based on IIT-JEE pattern problems are presented in the form of 


Single Correct Choice Type Questions 
Multiple Correct Choice Type Questions 
Matrix-Match Type Questions 
Comprehension-Type Questions 
Assertion—Reasoning Type Questions 
Integer Answer Type Questions 


In-depth solutions are provided to all problems for students to 
understand the logic behind. 


Key formulae, ideas and theorems are presented in this section in 
each chapter. 


Offer self-assessment. The questions are divided into subsections as per 
requirements of IIT-JEE. 


Answers are provided for all exercise questions for student’s to validate 
their solution. 


Note to the Students 


The IIT-JEE is one of the hardest exams to crack for students, for a very simple 
reason — concepts cannot be learned by rote, they have to be absorbed, and HT 
believes in strong concepts. Each question in the IIT-JEE entrance exam is meant 
to push the analytical ability of the student to its limit. That is why the questions 
are called brainteasers! 


Students find Mathematics the most difficult part of IT-JEE. We understand that 
it is difficult to get students to love mathematics, but one can get students to love 
succeeding at mathematics. In order to accomplish this goal, the book has been 
written in clear, concise, and inviting writing style. It can be used as a self-study 
text as theory is well supplemented with examples and solved examples. Wher- 
ever required, figures have been provided for clear understanding. 


If you take full advantage of the unique features and elements of this textbook, 
we believe that your experience will be fulfilling and enjoyable. Let’s walk 
through some of the special book features that will help you in your efforts to 
crack ITT-JEE. 


To crack mathematics paper for IIT-JEE the five things to remember are: 
1. Understanding the concepts 

2. Proper applications of concepts 

3. Practice 

4. Speed 


5. Accuracy 


About the Cover Picture 


The Mandelbrot set is a mathematical set of points in the complex plane, 
the boundary of which forms a fractal. It is the set of complex values of c 
for which the orbit of 0 under iteration of the complex quadratic polynomial 
Zn. = Z, + € remains bounded. The Mandelbrot set is named after Benoit 
Mandelbrot, who studied and popularized it. 


CHAPTER OPENER 


Each chapter starts with an opening vignette, defini- 
tion of the topic, and contents of the chapter that give 
you an overview of the chapter to help you see the 
big picture. 


Contents 


4.1 Quadratic Expressions 
and Equations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


A polynomial equation of 
the second degree having 
the general form 

ax’+ bx+c=0 


iscalled a quadratic equation. 
Here x represents a variable, 
and a, b, and c, constants, 
with a #0. The constants a, b, 
and c are called, respectively, 
the quadratic coefficient, the 
linear coefficient and the 
constant term or the free 
term. 

The term “quadratic” comes 
from quadratus, which is the 
Latin word for “square”. 
Quadratic equations can be 
solved by factoring,completing 
the square, graphing, Newton's 
method, and using the 
quadratic formula (explained 
in the chapter). 


CLEAR, CONCISE, AND INVITING WRITING 


Special attention has been paid to present 
an engaging, clear, precise narrative in the 
layout that is easy to use and designed to 
reduce math anxiety students may have. 


DEFINITIONS 


Every new topic or concept starts with de- 
fining the concept for students. Related ex- 
amples to aid the understanding follow the 
definition. 


4.1 | Quadratic Expressions and Equations 


In this section, we discuss quadratic expressions and equations and their roots. Also, we derive various properties 
of the roots of quadratic equations and their relationships with the coefficients. 

DEFINITION 4.1 A polynomial of the form ax’ + bx +c, where a, b and c are real or complex numbers and 
a#0, is called a quadratic expression in the variable x. In other words, a polynomial f(x) 
of degree two over the set of complex numbers is called a quadratic expression. We often 
write f(x) =ax? + bx +c to denote a quadratic expression and this is known as the standard 
form. In this case, a and b are called the coefficients of x and x, respectively, and c is called 
the constant term. The term ax’ is called the quadratic term and bx is called the linear term. 


DEFINITION 4.2 If f(x)=ax°+bx+c is a quadratic expression and o is a complex number, then we write 
f(@) for ace + bor + c. If f(@) = 0, then qis called a zero of the quadratic expression f(x). 


Examples 


(1) Let f(x) =3° — 5x — 6. Then f(x) is a quadratic expres- 
sion and 6 and -1 are zeros of f(x). 

(2) Let f(x) =x° + 1. Then f(x) is a quadratic expression 
and i and —i are zeros of f(x). 


(3) Let f(x) = 2x -ix+1 be a quadratic expression. In 
this case i and -i/2 are zeros of f(x). 


(4) The expression x° +x is a quadratic expression and 
Q and -1 are zeros of x” +x. 


DEFINITION 4.3 If f(x) is a quadratic expression, then f(x) =0 is called a quadratic equation. If a is a zero 
of f(x), then @ is called a root or a solution of the quadratic equation f(x) =0. In other 
words, if f(x) =ax° + bx +c,a #0, then a complex number @ is said to be a root or a solution 
of f(x) =0, if ac’ + ba+c=0. The zeros of the quadratic expression f(x) are same as the roots 
or solutions of the quadratic equation f(x) = 0. Note that ais a zero of f(x) if and only if x — a 


is a factor of f(x). 


Examples 


(3) iand -iare the roots of x°+1=0. 


(4) iis the only root of x° — 2ix -1=0. 


(1) O and -iare the roots of x° + ix =0. 
(2) 2 is the only root of xv -4x4+4=0. 


Example } 4.1 | EXAM PLES 


Find the quadratic equation whose roots are 2 and -i. (x — 2)[x —(-i)] = (x - 2)(x + i) = 3° + (i- 2)x - 23 


Solution: The required quadratic expression is Hence the equation is x + (i—2)x— 24=0. 


Examples pose a specific problem 

Example EEA using concepts already presented 
Find the quadratic equation whose roots are 1+i and 3[x -—(14+ D)](x -(1-1)) = 3[(x - 1) - D][(x-1) +] and then work through the solution. 
1 -iand in which the coefficient of x° is 3. =3[(x- 1+ 1] 


; These serve to enhance the students' 
Solution: The required quadratic expression is =3x -6x+6 A A 
Hence the equation is 3x? 6x +6=0. understanding of the subject matter. 
Example ) 4.3 | 


If @ and B are roots of the quadratic equation ax* + bx + 0 = (x -za)(x - zB) 
c=0 and z is any complex number, then find the quadratic 
equation whose roots are za and zB. 


=x -(za+ zB)x + zax zB 


=x + 2[-(a+t B)|x+7oB 


Solution: We have 


2 b 2€ 

—b Cc HEx+z)—|xt+z7— 
a+B=— and ofp=— a a 
a a 


: that is, 
The equation whose roots are zo and zB is 


Example | 4.4 | 


If @ and B are the roots of a quadratic equation Therefore, the required equation is 
ax’ + bx + c=0, then find the quadratic equation whose O=alx -(a+2))x[x-(B +2) 

roots are @ + zand 8 + z, where z is any given complex 

number. =ax +al-(@+z)-(B+2z)|x + a(a+ z)(B+z) 


Solution: We have = arsa(? - 22x +a(£ - Lan 2) 
a a a 


ax+zbxt+ 2c=0 


THEOREMS 


THeorem 4.5) Ifa,b and care real numbers and a #0, then (4ac — b°)/4a is the maximum or minimum value of 
quadratic equation of f(x) = ax + bx +c according as a <0 or a >0, respectively. 


Relevant theorems are provided along beees| Weave 
3 a fe _ (2,6 c 
with proofs to emphasize conceptual un- fiayear tbxvcnalx +Pxa8) 
derstanding rather than rote learning. 7 d( ae ) deca a(x 2 } | dac=8 
2a 4a 2a 4a 


If a<0, then 
f(xy < 4e=™ = (22) forall xeR 
4a 2a 


Hence (4ac — b’)/4a is the maximum value of f(x). 
If a>0, then 


=b) _4ac-¥ 
(2)- a" < f(x) forall xeR 
2a 4a 


Hence (4ac — b’)/4a is the minimum value of f(x). 


Let f(x) =ax° + bx +c=0 bea quadratic equation and == 3._ f(x) = 0 is an equation whose roots are —o and —f. 

aand £ be its roots. Then the following hold good. 4. If oB #0 and c #0, f(1/x) = 0 is an equation whose Some important formulae and con- 

1. f(x — z) = (is an equation whose roots are a +z and roots are 1/a and 1/B. 
5. For any complex numbers z, and z, with z, #0, cepts that do not require exhaustive 
2. f(x/z)=0 is an equation whose roots are za and zB fl(x-~%)/4,]=0 is an equation whose roots are ‘ 7 2 Lage 

for any non-zero complex number z. Za + z, and zB + Zz. explanation, but their mention is im- 
portant, are presented in this section. 


These are marked with a magnifying 
glass. 


B+ z, for any given complex number z. 


TRY IT OUT 


Within each chapter the stu- 


Try it out Verify the following properties: 


1. ((a,b) + (c, d)) + (s, t) = (a, b) + ((c, d) + (s, 1) 


2. (a, b) + (c,d) = (c,d) + (a,b) 


dents would find problems 3. (a,b) + (0,0) = (a,b) 


to reinforce and check their 
understanding. This would 
help build confidence as one 
progresses in the chapter. 
These are marked with a 
pointed finger. 


4.1 


4.2 


4.3 


4.4 


4. (a,b) + (-a,-b) = (0,0) 


5. (a,b) + (c, d) =(s, t) & (a, b) =(s, 1) - (c,d) 


© (c,d) =(s, t) - (a,b) 


DEFINITION 3.2 _ For any complex numbers (a, b) and (c, d), let us define 


(a, b)-(c, d) = (ac — bd, ad + bc) 


This is called the product of (a, b) and (c, d) and the process of taking products is called 
multiplication. 


Try it out Verify the following properties for any complex numbers (a, b), (c, d) and (s, f). 


- [(a,b)-(c, d)] (8,1) = (a, b) (c,d) - (5, 0] 
. (a, b)-(c, d) =(c, d)- (a, b) 
. (a, b)-[(c, d) + (s, t)] =(a, b) - (c,d) + (a, b) - (s, t) 


» (a, 0)-(c, d) = (ac, ad) 
. (a, 0)-(c, 0) = (ac, 0) 
I. (a,0)+(c,0)=(a+c,0) 


1 
2 
3 
4, (a,b):(1, 0) = (a, b) 
5 
6 
@ 


~ 


SUMMARY 


Quadratic expressions and equations: If a, b, c 
are real numbers and a + 0, the expression of the 
form ax’ + bx +c is called quadratic expression and 
ax’ + bx +c = (is called quadratic equation. 


Let f(x) = ax’+bx+c be a quadratic expression 
and a be a real (complex) number. Then we write 
f(o) for act + ba+c. If f(a) = 0, the ais called a zero 
of f(x) or a root of the equation f(x) =0. 


Roots: The roots of the quadratic equation ax” + 


bx +c=Oare 
—b+,/b’ —4ac —b—.Jb - 4ac 
an 


2a 2a 


Discriminant: b° — 4ac is called the discriminant of 
the quadratic expression (equation) ax’ + bx +c =0. 


Sum and product of the roots: If «and f are roots of 
the equation ax’ + bx +c =0, then 


oe me and ap=< 
2a a 


Let ax’+bx+c=0 be a quadratic equation and 
A=b’ —4ac be its discriminant. Then the following 
hold good. 

(1) Roots are equal = A=0 (ie., b= 4ac). 

(2) Roots are real and distinct = A> 0. 


(3) Roots are non-real complex (i.e., imaginary) © 
A>0. 


Theorem: Two quadratic equations ax’ + bx +c=0 
and a’x’ + b’x +c’=0 have same roots if and only 
if the triples (a, b,c) and (a’, b’, c’) are proportional 
and in this case 


a 
ax +bx+c=—(a'x +b’x +c’) 
a 


4.8 Cube roots of unity: Roots of the equation x*—1=0 


are called cube roots of unity and they are 


| V3 


1, =+i© 
2 2 
—1/2+ iv3 /2 are called non-real cube roots of unity. 
Further each of them is the square of the other and 
the sum of the two non-real cube roots of unity is 
equal to —1. If w # 1 is a cube root of unity and 7 is 
any positive integer, then 1+w"+w™ is equal to 3 
or 0 according as n is a multiple of 3 or not. 


Maximum and minimum values: If f(x) = ax’ + 
bx +c anda #0, then 


(2) 


2a 4a 
is the maximum or minimum value of f according 


asa<OQOora>0. 


Theorems (change of sign of ax’ + bx + c): Let f(x) = 
ax’+bx+c where a, b,c are real and a ¥ 0. If 
aand B are real roots of f(x) = 0 and a< f, then 
(1) (i) f(x) and a (the coefficient of x°) have the 
same sign for all x < worx> B. 
(ii) f(x) and a will have opposite signs for all x 
such that a<x< fp. 
(2) If f(x) =0 has imaginary roots, then f(x) and a 
will have the same sign for all real values of x. 


If f(x) is a quadratic expression and f(p)f(q) < 0 
for some real numbers p and q, then the quadratic 
equation f(x) = 0 has a root in between p and q. 


SUMMARY 


At the end of every 
chapter, a summary is 
presented that organ- 
izes the key formulae 
and theorems in an 
easy to use layout. The 
related topics are indi- 
cated so that one can 
quickly summarize a 
chapter. 


oe) WORKED-OUT PROBLEMS AND ASSESSMENT - AS PER IIT-JEE PATTERN 


Mere theory is not enough. It is also important to practice and test what has been 


proved theoretically. The worked-out problems and exercise at the end of each 
chapter are in resonance with the IIT-JEE paper pattern. Keeping the IIT-JEE 
pattern in mind, the worked-out problems and exercises have been divided into: 


Matrix-Match Type Questions 


An Bw nN = 


WORKED-OUT PROBLEMS 


. Comprehension-Type Questions 


. Integer Answer Type Questions 


. Single Correct Choice Type Questions 
. Multiple Correct Choice Type Questions 


. Assertion—Reasoning Type Questions 


In-depth solutions are provided to all worked-out problems for students to understand the logic behind and 


formula used. 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


41. If the equations 
xt+ax+1=0 and x-x-a=0 
have a real common root, then the value of a is 
(A)0 (B)1 (C)-1 (D)2 
Solution: Let abe a real common root. Then 
© +aa+1=0 
o-a-a=0 
Therefore 
a(at+1)+(a+1)=0 
(a+1)\(@+1)=0 


m<0O and 3m’ +4m-4>0 
=m<0 and (3m-—2)(m+2)>0 
This gives m<-—2 and so 
x -5x+6<05(x-2)(x-3)<0> xe (2,3) 
Answer: (C) 
4. If p is prime number and both the roots of the equation 
x + px — (444)p = 0 are integers, then p is equal to 
(A)2 (B)3 (C)31 (D) 37 
Solution: Suppose the roots of x? + px — (444)p = 0 are 
integers. Then the discriminant 
p+ 4(444)p = p[p + 4x (444)} 


If a=—1, then the equations are same and also cannot —_— must be a perfect square. Therefore p divides p+4x 
have a real root. Therefore a+1#0 and hence @=-1, —_ (444). This implies 


so that a=2. 


p divides 4 x (444) = 2" x 3 x 37 


Answer: (D) 


MULTIPLE 
CORRECT CHOICE 
TYPE QUESTIONS 


Multiple correct choice type 
questions have four choices 
provided, but one or more of 
the choices provided may be 
correct. 


Multiple Correct Choice Type Questions 


41. Suppose a and b are integers and b #-—1. If the quadratic 
equation x +av+b+1=0 has a positive integer root, 
then 


(A) the other root is also a positive integer 
(B) the other root is an integer 

(C) @ +B isa prime number 

(D) a +b’ has a factor other than 1 and itself 


Solution: Let a and f be the roots and @ be a positive 
integer. Then 


a+B=-a and aB=b+1 
B=-a-«o implies Bis an integer and 
a+b =(a+ By +(aB-1y 
= +P +o BP +1 


=(0 +1)(B’ +1) 


Since a +1>1 and B’+1>1, it follows that o° +1 isa 
factor of a’ + b’ other than 1 and itself. 


Answers: (B), (D) 


SINGLE CORRECT 
CHOICE TYPE 
QUESTIONS 


These are the regular mul- 
tiple choice questions with 
four choices provided. Only 
one among the four choices 
will be the correct answer. 


Solution: 
Case 1: Suppose b is even, that is, b = 2m. Then b - 4ac = 
4(n¢ — ac) = 4k. 
Case 2: Suppose b is odd, that is, b = 2m—1. Then 
b’ — 4ac = (2m—1/) - 4ac 
=4m’ + 4m+1-4ac 
=4(m’ + m-—ac) +1 
=4k+1 
Answers: (A), (B) 


3. If a and b are roots of the equation xe +ax+b=0, 
then 


(A)a=0,b=1 (B) a=0=b 
(C) a=1,b=-1 (D) a=1,b=-2 
Solution: Ifa+b=-aandab=b, thena=0=bora=1, 
b=-2. 
Answers: (B), (D) 


MATRIX-MATCH TYPE QUESTIONS 


These questions are the 


regular “Match the Follow- | Matrix-Match Type Questions 


ing” variety. Two columns 1. Match the items in Column I with those in Column IT 


each containing 4 subdivi- | Cojumn J Column IT 
sions or first column with | (a) ifz=x+iy,2°=a—iband (p) 10 
four subdivisions and sec- + _2-A(@- 0), then Ais bik 

a q 


ond column with more sub- | (g) if|z—i|<1, then the value of 


divisions are given and the 
student should match ele- 


|Z +12 -6ilis less than (r) 1 


(C) If |z,|=1and|z,|=2, then @a 
|z,+z/+|z,-z[/° is equal to 


ments of column I to that (D) If z=1 +i, then (t)5 


of column II. There can be 


one or more matches. Seluttan: 


(A) x +iy= 


4(z'— 42° + 77 - 6z + 3) is equal to 


z=(a—ib) =a — 3a bit 3a(iby -7 b 
= (a — 3ab’) + i(b’— 3a°b) 


Comparing the real parts we get 


x =a —3ab’=a(a - 3b’) 


2 = @- 3p 
a 


Comparing the imaginary parts we get 


Comprehension-Type Questions 


2-424 72 -624+3=7-224+3 
=(z-1f+2=7?+2=1 
4(z'- 427+ 77-62 +3)=4 
Answer: (D) > (s) 


2. Match the items in Column I with those in Column I. 
In the following, w # 1 is a cube root of unity. 


Column I Column IT 


(A) The value of the determinant (p) 3w(1-w) 


(q) 3w(w - 1) 
(B) The value of 4+ 5w+ 3w?™ 


1S 
(x) -iv3 
(C) The value of the determinant 


1+itw w 


-1 w —1| is (s) iv3 


-itw?4+1  -1 


(D) w°"+ w"+ 1 (nisa positive integer (t) 0 


COMPREHENSION-TYPE QUESTIONS 


1. Passage: 4 Indians, 3 Americans and 2 Britishers are (ii) The number of ways in which all the four prizes can 


to be arranged around a round table. Answer the 
following questions. 


(i) The number of ways of arranging them is 
(A) 9! (B) 5! (C) 8! (D) 58! 


(ii) The number of ways arranging them so that the 
two Britishers should never come together is 
(A) 7!x2! (B)6!x2!  (C)7! (D) 6!°P, 
(iii) The number of ways of arranging them so that 
the three Americans should sit together is 
(A) 7!x 3! (B)6!x3! (C)6!°P, (D) 6!’P, 
Solution: 

(i) n distinct objects can be arranged around a circular 
table in (n—1)! ways. Therefore the number of ways 
of arranging 4+3+2 people =8!. 

Answer: (C) 
First arrange 4 Indians and 3 Americans around a 
round table in 6! ways. Among the six gaps, arrange 
the two Britishers in °P. ways. Therefore the total 
number of arrangements in which Britishers are 
separated is 6! x °P,. 

Answer: (D) 


(iii) Treating the 3 Americans as a single object, 7 (= 4+ 
1 + 2) objects can be arranged cyclically in 6! ways. 
In each of these, Americans can be arranged among 
themselves in 3! ways. Therefore, the number of 
required arrangements is 6! x 3!. 


be given to any one of the 6 students = 6. Therefore 
the required number of ways is 6* — 6 = 1290. 


Answer: (B) 


(iii) Give a set of two prizes to the particular student. 


Then the remaining 2 can be distributed among 

5 students in 5° ways. There are “C, sets, each 

containing 2 prizes. Therefore the required number 
of ways of distributing the prizes is 
5x ‘C, =25x6=150 

Answer: (C) 


. Passage: A security of 12 persons is to form from a 


group of 20 persons. Answer the following questions. 


(i) The number of times that two particular persons 
are together on duty is 


20! 18! 20! 
A B Cc D 
( Darel ®) aorei ( Tors! 6 ) Tor 10! 
(ii) The number of times that three particular 
persons are together on duty is 
17! 17! 20! 20! 
A B Cc D 
¢ ) S191 ®) sri Ora ( ) or8i 
(iii) The number of ways of selecting 12 guards such 
that two particular guards are out of duty and 
three particular guards are together on duty is 


(20)! (18)! (15)! (15)! 
(A) (15)! 5! ®B) gar © org, © 51 (10)! 


Comprehension-type questions consist 
of a small passage, followed by three 
multiple choice questions. The ques- 
tions are of single correct answer type. 


ASSERTION-REASONING TYPE QUESTIONS 


These questions check the 


Assertion-Reasoning Type Questions 


analytical and reasoning 
In the following set of questions, a Statement I is given 2. Statement I: If P(x) =ax° + bx +c and Q(x) =-ax’ + 


skills of the students. Two and a corresponding Statement II is given just below it. dx +c,where ac #0, then the equation P(x) Q(x) =0 
: Mark the correct answer as: has at least two real roots. 
statements are provided — 
Pp (A) Both I and II are true and II is a correct reason for I Statement II: A quadratic equation with real coeffi- 
Statement I and Statement (B) Both I and I are true and II is not a correct reason cients has real roots if and only if the discriminant is 
Lins einen eee ed for I greater than or equal to zero. 

ral SeADerte (C) Tis true, but IT is false Solution: Let px’ +qx+r=0 bea quadratic equation. 
to verify if (a) both state- (D) Lis false, but II is true The roots are 
ments are true and if both 1. Statement I: Let a, b and c be real numbers and -qt Ja —4pr 

ee a#0. If 4a+3b+2c and a have same sign, then not 2p 
are true, verify if statement both the roots of the equation ax” + bx +c = 0 belong 4 
h : 1(1.2 These are real @& gq —4pr20. Therefore Statement II 
I follows from statement te een navel ee): is true. 

: Statement Il: A quadratic equation f(x) = 0 will have In Statement I, ac # 0. Therefore ac > 0 or ac < 0. If 
HH, (b) both statements are a root in the interval (a,b) if f(a) f(b) <0. ac <0, then b’ — 4ac > 0, so that P(x) = 0 has two real roots. 
true and if both are true, Solution: Let f(x)= px’+qxtr-If f(a) and f(b) are Tae on . + dac > be nase = Sa sa pi 

oie rie of opposite sign, the curve (parabola) y= f(x) must ape ae ee oe ome noe Spies ee ae 

verily 1 statement 1s not intersect x-axis at some point. This implies that f(x) has a seene e) Hae eee pasate eS i: ve 
5 root in (a, b). Therefore, the Statement II is true. ‘ 

the correct eee for Let ele be roots of ax’ + bx + c=0.Then, Answer: (A) 


statement L, (c), (d) which —b 4 c 3. Statement I: If a, b and c are real, then the roots of the 
of the statements is untrue. a ae equation (x —a)(x~b) + (x-b)(x—c) + (x e)(x-a) =0 
are imaginary. 
By hypothesis, Statement II: If p, gq and r are real and p#0, then 
4a+3b+2c the roots of the equation px’ + qx +r=0 are real or 
> 


. 0 imaginary according as q’ — 4pr >0 or ¢ —4pr <0. 


INTEGER-TYPE QUESTIONS 


Integer Answer Type Questions The questions in this section are nu- 
The answer to each of the questions in this section is . The number of negative integer solutions of x7 x 2°*! + merical problems for which no choices 


a non-negative integer. The appropriate bubbles below De = of yg is - , 

the respective question numbers have to be darkened. are provided. The students re required 

For example, as shown in the figure, if the correct answer . If (@ + 5i)/2 is a root of the equation 2x° -6x + k =0, Z 

to the question number Y is 246, then the bubbles under then the value of k is 3 to find the exact answers to numerical 

Y labeled as 2, 4, 6 are to be darkened. x 

. If the equation x°—4x+log,,,a=0 does not have problems and enter the same in OMR 
distinct real roots, then the minimum value of lI/a 


is__. sheets. Answers can be one-digit or 


. Ifa is the greatest negative integer satisfying two-digit numerals. 
x -—4x-77<0 and x>4 


simultaneously, then the value of |a| is ___. 


. The number of values of k for which the quad- 
ratic equations (2k —5)x*°—4x-—15=0 and (3k-8) 
x° — 5x — 21 =0 have a common root is F 


O|@|Q/E/|E|@/@/@|O|O} = 


HOSA (GTOOTO OS 


E|@/9@| |@| |S} j|O;O< 


O|@|Q|E|@|@/O/@|E|©) x 


. The number of real roots of the equation 2x° — 6x — 


5Jx°-3x-6=O0is__. 


| EXERCISES 


Single Correct Choice Type Questions 


1. The roots of the equation For self-assessment, each chapter has 
7 (C) In=m +cla (D) mn =F + bela - 
10" + 25)" = 260)" adequate number of exercise prob- 


3. If x is real, then the least value of 


are ate lems where the questions have been 


ee Ba, ee Dae Sx 18x-+17 subdivided into the same categories as 


2. Ifa #0 and a(/ + my + 2blm + c = 0 and a(l + ny + is o is 
2bIn +c =0, then (A) 5/4 (B)1 (©) 17/4 (D) -5/4 asked in IIT-JEE pattern. 
(A) mn =P + cla (B) m= +cla 


Multiple Correct Choice Type Questions 


4. The equation x/Me%*7 2-6") — /9 has (A)a+b (B)a- 
(A) atleast one real solution (C) (Va + Voy (D) ce - vby 
(B) exactly three solutions 
(C) exactly one irrational solution 
(D) complex roots x? — 4x + 3e?"" —4=0 


. If the product of the roots of the equation 


is 8, then the roots are 

(A) real (B) non-real 
_ 28a >0 (C) rational (D) irrational 
2x43 4x 


. If Sis the set of all real values of x such that 


. Tf 3 el)" <7. then x belongs to 


then S is a superset of (A) [0, 1/3) (B) (1/3, 1) 
(A) (29, — 3/2) (B) (-3/2, -1/4) (C) (2,3) (D) (3, 10/3] 


Matrix-Match Type Questions 


In each of the following questions, statements are given 

in two columns, which have to be matched. The state- Column I Column IT 

ments in Column I are labeled as (A), (B), (C) and 

(D), while those in Column II are labeled as (p), (q), 

(r), (s) and (t). Any given statement in Column I can whose roots ans 

have correct matching with one or more statements in a+p and af 8 

Column II. The appropriate bubbles corresponding to (B) The equation f 

the answers to these questions have to be darkened as whose Toots are a” 

illustrated in the following example. and B* is (1) ax + a(b—c)x — be =0 
(C) The equation 

Example: If the correct matches are (A) > (p), (s); whose routs are , , 

(B) > (q), (s), (t); (C) > (1); (D) > (0), (t); that is if the Va and 1B is (s) ax’ + (2ac + b)x +.ac + 

matches are (A) > (p) and (s); (B) > (a), ®) and 0); D)Th 4 be+c=0 

(C) > (r); and (D) The equation 

of bubbles Ww Comprehension- Type Diestions 


(A) The equation (p) cx’ + bx +a=0 


(q) @x +(2ac-b*)x +c =0 


1. Passage: Let A be a square matrix. Then (A) idempotent matrix 
(A) A is called idempotent matrix, if A’ = A. (B) involutory 
(B) A is called nilpotent matrix of index k, if A‘ = O (C) nilpotent matrix of index 2 
and A‘' #0. (D) AAT =1. 


: : nig ga 
(C) A asicalledanvolittory matric it Ao 2. Passage: Let A be 3 x 3 matrix and B is adj A. Answer 
(D)A is called periodic matrix with least periodic k, if the following questions: 
A™=Aand A 4A 
0 1 1 


(i) If A=}1 2 O}, then A* is equal to 
(i) The matrix 0 | is 3-1 4 
-1 0 
8 -5 -2 


Answer the following questions: 


(A) id} 
Assertion-Reasoning Type Questions 


In each of the following, two statements, I and II, are given Statement II: If f(x)=ax+bx+c>0 for all x > 5, 
and one of the following four alternatives has to be chosen. then the equation f(x) =0 may not have real roots or 


(A) Both I and II are correct and I is a correct reasoning will have real roots less than or equal to 5. 


for I. 


(B) Both I and II are correct but II is not a correct . Statement I: If a, b and c are positive integers and 


reasoning for I. ax’ — bx +c =0 has two distinct roots in the integer 
(C) Lis true, but II is not true. (0,1), then log; (abc) 2 2. 
(D) Lis not true, but IT is true. Statement II: If a quadratic equation f(x)=0 has 
roots in an interval (h,k),then f(h), f(k) >0 
4. Statement I: If f(x) =ax° + bx +c is positive for all x 
greater than 5, then a > 0, but b may be negative or . Statement I: There are only two values for sinx satis- 
may not be negative. fying the equation 2""* +5 2°" =7. 


Integer Answer Type Questions 


The answer to each of the questions in this section is . The number of negative integer solutions of x* x 2**! + 

a non-negative integer. The appropriate bubbles below De 3H2 we 3? x DSH 4 4 DFTs 

the respective question numbers have to be darkened. 

For example, as shown in the figure, if the correct answer . If (@ + 5i)/2 is a root of the equation 2x -6x+k=0, 

to the question number Y is 246, then the bubbles under then the value of k is 

Y labeled as 2, 4, 6 are to be darkened. 

. If the equation x°-4x+log,,a=0 does not have 
distinct real roots, then the minimum value of 1/a 
is 


. If ais the greatest negative integer satisfying 
x-4x-77<0 and x>4 


DISIOIOOIOES 


simultaneously, then the value of |a| is 


ANSWERS 


The Answer key at the end of each chapter contains answers to all exercise problems. 


Single Correct Choice Type Questions 


SY Oa ee 


Multiple Correct Choice Type Questions 


- (B),(C) 9. (A), (B), (C), (D) 
- (B),(D) 10. (B),(D) 

- (B), (C) 11. (A), (B), (C) 

- (A), (B) 12. (A), (B), (C), (D) 
(B), (D) 13. (A), (B) 

- (A), (B), (C) 14. (A), (B), (C), (D) 
- (A), (B), (C), (D) 15. (A), (D) 

- (A), (B), (©), (D) 


1 
2 
3 
4 
5, 
6 
7 
8 


Matrix-Match Type Questions 


1. (A)>(p), (B)>(P), (> (1), (D) > @) 4. (A) > (1), (B) > (1), (C) > @), (D) > (P) 
2. (A) (p), (B)>(q), (C)> (p), (BD) > (q) -A-@,0,8) B-6), O-), O)>@,6) 
3. (A)>(q), (B)> (8), (O>(), MO) > 


Comprehension-Type Question 


1. (i) (BY; (ai) (A); iit) (C) 3. (i) (A); (it) (B); (iti) (A) 
2. (i) (B); (ii) (A); (iti) (C) - (i) (D); Gi) (C); Gti) (D) 


Assertion-Reasoning Type Questions 
4. (A) 
2. (A) 
3. (D) 


Integer Answer Type Questions 


1.2 
2.3 
3:6 


Cut from here 


BOOK FEEDBACK FORM 


WE WOULD LIKE TO HEAR FROM YOU 


Please complete this form. Your feedback concerning "Mathematics for ITT-JEE" will be appreci- 
ated. If you do want to complete and submit the form online, you may visit us at www.wileyindia.com/ 
murti. You can also fill-in the form and send it as an attachment via E-mail or Fax it to +91-11-23275895. 
Our e-mail address is acadmktg@wiley.com and mailing address is Wiley India Pvt. Ltd, Attn: 
Marketing Department, 4436/7, Ansari Road, Daryaganj, New Delhi- 110002, India. 

* Fields marked are compulsory 

* Name 


* Email Address 


Address 


Phone Mobile 
School/Institute/College 


* Name of Course Instructor 
* Competitive Exam(s) Studying for 
How did you hear about this book? © Bookseller © Classmate ©. Teacher © Advertisement 
© Other 
(please mention) 
Would you be interested in further readings by the authors? O Yes O No 


Would you be interested in our other bestsellers from the Wiley MAESTRO series? O Yes O No 


‘Your Comments 


May we use your comments in future promotions? © Yes O No 


Wiley India’s Monthly Student raffle! 


Contents 


Sets, Relations and Functions 1 
Ml. ete Deri al Ey aS ccs cncacecateastenarsatecaatuga acs saaiuaas invauratcendabanigeatenes savas sanmewatvnonaieamnunineaneninaneaes 2 
MZ), SOU OPSra Ons esscsoksssus es hie Socket Dic bo 205 hg cds dessa lade via Saces og be derees HLS a e Se e 5 
Ved. Vein Diagrams: isissss sais jsssalssasevacsstagadanes iedcdeteas aupdingegasaasawiibesacduassauebuauaseanaeugs savedavunssapeutoyes boeadane quesuewasegadivens 13 
Wis “REIatIONS wsoceitescteschscleans chbesz cats Settcs ses aecddaasiicingch tel ides asad snedadhas ieesadsapecaesglaans sfeseasad¢ onlacssesaeedueasaetsasceseisdtaassestesees 25 
1S: Equivalence Relations. amid ParitiGns: icts.csa.ccesatoatsstentd conssapnsnncsivhantontissaletenstiboelasaunteapnadesapateanesiniaosvusensdanys 33 
Migr PU CU OMS: eres. cetetets ads ctectes ge tovesscca bach sent -tasace ces usta taa tt -gasats cop aesaen apes deseseenseeine se -socca app eieacea se aes aun teeaatasenestere 38 
gS deem 12] 2) oie: Wu [cit © ene Beemer Renee Steet ne One #emTRT Es SRE Rr BUTE Or OT ny PoE OTT ks TOP TOE so NOC prem Se errr ERT e PET 49 
1.8 Even Functions and Odd Functions 0... ccceeseescesesereeeeereesceceeescecseeeaeceeesecneeeaecneeeeeesnesereeneeeeeensesneeneeeetenaeess 53 
Worked-Out Problems 2:..c:sc¢siss.cazusdsnasdicevassaahs sacsntndateaksansaseta sea scuautaasabegtasteasstdbtausatbavtaastasestsadingattarseaneatann 58 
SUUMIIMALY. seas casts rece cessh be beseswetace a iovse sages cava nut dusss sede cdsssntde luvs ues zaeu ete saeveesabradccussaaegeadevDensytvcdsh bie aghass she saat inehaces 68 
EXCICISES oi icedsasatssinetesevsunns ssavevovute von ddevvibeasdundsd duetes laa topatnanpeapscaiuadaadsdengeadunsbags bastaloavdueaysdsueagansdans ooaosante den evs 73 
PSWOUS: shee cease ate shea utrecht catty sets snes usea tees teudecccataeuecaessauuglise. me Sede coe Meds ee tueceaceys sch gecaiua tose scesasetestseamavesats 83 
| 2| Exponentials and Logarithms 85 
ol  EXSonetitial FUMCUOM siincitenanitiiannnaspamsnaranan a damcatanpasde banieiuigiasenyalonapiae Minna mulaGlunieamsaneiaes 86 
Bee. LOGArITMAMIG FURCHOM 2 s.teids.x..ceiecsedessnaadessecaddcasesacedatsad-oattaant secasdeages send ddd dutesaynoedenntissea age teen (ddadesgorduieis deteas 88 
2S JEXOOMS Hilal, EQUALING 2dcsccscstcccatonisenacies aims svaaspideadveioelcinansanoediaanaiantatesbradicacsamedd on aboseieneeaveannyaaevaltenvaangelans 89 
BPRS NAN MAN aS: sats stints ce ra het aaa agenattaaitan veaniip Ra tianch ta noaingdedeantans Naar tenia sanandsidante agrees 90 
20  Sysieine of Exponential and! LoGanithinice EQUatiOns .scasccccachacesnanvedsenisoncidseoaraniapscadnianeniabsteanaeanieadaasleys 91 
2% Exponential and'Logarithmic Inequalities: ici.:sccisssssssacssstionsassarearaneetinssiagiverearapiivunigacnunaspiaeaveraatananneuaniis 92 
Worked-Ourt Problems’ sii..::.2::dsictscbedienschecrancedeerataaieasdeavtoustasseonsaanaasteatdaageaatens ladhsauecdnadtiasassans@eaneauaiaeateaaann 93 
SUMIMALY dssesvecexbiecacsashsddesstdensh dueltesseudevbeh uae sdlaes sPl casaseaedJysaued mand Aoeh ae ty Miaka easesseesddTnvvasl eel atv autves ade neetetac. 100 
EXEICISES aiid ersuyidiiantadesdindesdatvvssidavaakdecvabddadintssdvedasvadsepaasdvadeptadiwiand tddseaayautegseeddensasavav aay ddewaagdeidinsssdetiaawidesiess 100 
PUISWEUS sesvociiescncdsedecsditeises sityesauyhuuwoaseuseseaaas Saatu tat ant seater eds aesveeedoudstsgadecat seeds teadvadluspeacedntoesdsvarctaateaaaseies: 104 
| Complex Numbers 105 
3.1 Ordered Pairs of Real NUMDELS ..........cceeccesseescesseesecceeseceseeescesecesesaeessesaecaeeeneceesecnaeseseeseeereeeeseeeneeeeeeneeas 106 
Be Algebrate FOr a Ibe issue hiiies venecs tiga ccsad dasa tivddesaiededndaats eaanesasoessadiagarentadsantenen auesie anginal Gansta manele 108 
a. GEOMENG IMTSIPrelatlOn ssctetcsentis ae det eerie 28 tet ea ease Masten diese die leeds ei teases eee ae 112 
Bt: The TnGONOMe|IC POM tes c2cresovtescesareaceassrassenasntcoutastdedueassansradiava beueacuteaasagetaed atedy aa eniaevelsiaahaatanateatetareets 128 
Be DE MOIVle'S TASOPEM a cnfeisasetscctecahdssacenszedhcescchanedecasahetdddaansededesansadsadedsaesatecdssasesdcesentdesa deans sdefesddsadehdeduasnuaeete 131 
Dae AIGSDPAIC EQUAUOINS Siscciaiivscansecastabisatsanssantnasies dajanvoabincselanniguiutasdqoteiscagnieennyalaniaguars aaniiianaioniayardaeinaniaens 136 
Work6G-Out Problems wiccicsc¢scsade-stegusassendevsiaeateptcracnastadtansasndesdaaatay ste eaineaeatnsesphoameatnanen cma ee eres 140 
SUMIMALY. tase vests ave cstaredelesedasduacdvte tien. pissed Misi pele casesendeIv ain Aatsa pow abr dedestieee ten acts ah hie deste 157 
EXOICISES. aa cisessiusissinstesusiuane sontsussiti ans dcswoeanadéngsoduscbavtadesaaangssancdowsaaadssengayaunduans kaveasedvivengsdswedgana densa daaTeay veaees 161 


PRIISWIGIS cca oe ce detea teas tus cee det douse tae sd coene duecwcanestceas cet ouadouestat adeumaass decumeadesatoseersseectmetacs tecueeasssacumeiaseameaaetsas herons 166 


4 | Quadratic Equations 


4.1 


|| Progressions, Sequences and Series 


5.1 
5.2 
5.3 
5.4 
5.5 


Quadratic EXBressions atid EQUAUIONS ativcicciusiardonsrcariscdoesdadietanaeiens 
Worked-Out Problems sic scsescclesseeseteezespstes Shibanttecdivauheesiceagnersactauscnductenseess 
SUMIMALY s2iss.csitebece souk tei astedicadeessb dic onspyoula ten says) svadepaeteedocanaa da gecdeoesabedentsie 
EXGUCISSS: sic Meceseceiszactesstassnicncasasenvianetetaecnaniuseaitauadaasiecadaeavariassiaasataeistesteaate 


PAISW GUS ccc ce te vahoccas ctacecctensa cate tetgcssdonce ac aaaontand ind os educcsanvetenac ess otenepaaaareaginaeses 


DEQUENCES GIN SOSS isis rastuinacceaudlsavaredvidaniuincnmats dosdwarvnsstansaubledaneduvs 
Arithmetic Progressions ......:.csccesescesceeeseeeseeseceressecnseeeceeeneeeneesaeenaeeatenseens 
GEOMEtIC PrOGrESSIONS: J.csciseseessheiesnssee lace cesbel seetessedeedcs ata beseedsoieeoeeentwore 
Harmonic Progressions and Series ........ccecececesseeseceeeeeeceneeeeecnseestenseetenseens 
Some Usetul Formulae: c.icicisctssvccseaiecductusevss sentence cnsateascesdzsnsanteaatesneentaiass 
Worked= Out: Problems: .iisc.sterieatevadtheivetttints tried antes detest daeen a 
SUMMA css saetieseteoesssectvermtestscactaistseuben sessae tn steesoonist/ahans toes peseeneste at cuatete 
EXENCISES 22.5 2isSencibie 20d sec nesdaesee jatpalag aedass iia le ravage NaI eee Maseaeat teed 
PAISWEMS. Sceshetscaccsssocsan.teasasneteeesecsetetens-stheiceetonsctes.ssateettanasmtessueeaaseeses sonnets 


| 6 | Permutations and Combinations 


6.1 
6.2 
6.3 


Factorial: Notation: :iicis tie advan etien as Mie Rene ee 
PSMIMUTATIONS scidccdantutsedvadasdesleaeviecoddisurveddedsntat Suidessaddesdaadvadepesddsvaaaddateave dees 
COMM DIM ALOMS® 2sa.dcsdcasqineciesssuvcassxbletmessaa tagtedavenddadssabidesasaitpessriateesteretees 
Workéd-Out Problems ici seinincikchiln GAN RAMANA ANS 
SUMMIMANY cecesaastacccs.casstas.sissaechsunsnttesansseeecesteateadssnseaseresaashenprcahesanesaaseteess 
EXENGISES Ys o costes woca atest aod snedonados seuss nsgeacades cea hansatardcausteaveeses aisaes eres 


AISWEIS: sens cde did daaecdeinn sansa sduandaeeRivauddsweeddddasdendvaduadbedus teadebnund ddevedeaddddsgestaed 


Binomial Theorem 


7.1 
7.2 


a Matrices, Determinants and System of Equations 


8.1 
8.2 
8.3 


Binomial Theorem for Positive Integral Index 
Binomial Theorem for Rational INdeX ........cccccccccccessccecessssceeeestssaeeeeseesaeees 
Worked-OUit Problems: c.c.c:.cseeSssncactetasnsactdeasaciateraaaaieadeeabeaetonsdasniandneesssicaens 
SUMMMALY sass ssestes dace. sstanede eet dtsecstedied Ass ny Masks diastesnde leads niisheeea ele 
EXGRCISES: said seed ccilcccagbsduwasayaleusiaaavideguddvetieccedsages Sandtedtodeetea sade esdivesedddcsaareonee 
ANSWEYS) oot oiees road carsuseddeideisalespaceraeannun dies thane seat ausevsicuadeaseessstheaseatanneees 


MatriGesei i. ciiccissiicatdettasdbetwalelecasacsdussatewadaoccusspagusgenevaseuacessteseugeanwessoucessvannayd 
ID STS FIM GINS sxeenoisdcsansedoalsaannaedocandosccadsssagucsdacateraceasssaonbeabeamiuereosmaaeecaugenderes 


SOMMONS OF LINGO EGUSIONS: a: icsansticctvssone svisnpadeatssivedduncyaoieansniyantectonvand 


Worked-Out Problems ..........ccccccccccecssscceceessnececceesseeeececsseeecesesseeeecsessseeesesesseseeesesssececescsseesecsersuseeceserseeeeeeess 418 
UMMM ceesssactacescytaacetsasseececsseasestassstssthtntesceatenaasaseauigesaashepcusansascnavsssseestesstiae tees nocache cesasetneiusntag aottaaasame yess 443 
LEX EHCISSS: airaevisctssmscu ecto sats cued shoseoass hace caus oaca dh an cnndesgecmasseae saute oysters seicuseh mete cesta cede am sc teas Saveneesseawdeaaesteasaeeandess 449 
PAINSWOIS a sited sired Sailcctaebaduet sana ladda sv2eauqddeveiedad fades San ea Re eoduasaeap asditend WUdasnaveduntasgald dats doGdea ded leads duadaadeidendies ei tusdess 456 
9 | Partial Fractions 459 
PA -Rationall PraGtiOMs? sscachiocisvaye i atduahsevessenaadeoeadsvavebdatesattvesieatetnsdoatasonsodsaedeesteseantveissstaudscvareteecudvadsiietsssadivens 460 
G2) Partial Fractions: i issssiecdciessateianss secctevssashecanea eas imeeaieeeietaanddooees ni tiavateshne we pesado Mieeess 462 
Worked-Out Problems: testcecctotnscnsecvstaceesavafaedasaneaicardonnantoeciiieasoeasgaiecasatanteaesateuacesastssneeeatusadaedastaetieaeestene 466 
SUMIMALY, saveevectcs badd eeseh he Mies ds detedvce sass eves cues anes pbuceestaads Jysauys seed estuh po dvetsabyscusescadede suevtage bev sath eae saves side seectecdt as 470 
EXEECISES tei ccceade ese cace ga usng Tac ussso cued ania teinohea cand osdvenadeteabiansuevah- guts ss otesesasasetsgth Seassegedihesnehacunsu gent agasauasterueeeaneees 471 
ATISWETS a) oc cuicheraca ican cesedgedaehsictetnaedemess pendeee (hsaS A ydaddandeles aud ulesassgaucuae od dongs eddadebs ends davaled ee danes duseadsaareaaeraadanesss 473 


Index 475 
| | 


Sets, Relations and 
Functions 


Contents 


1.1 Sets: Definition and 
Examples 

1.2. Set Operations 

1.3 Venn Diagrams 

1.4 Relations 

1.5 Equivalence Relations 
and Partitions 

1.6 Functions 

1.7 Graph of a Function 

1.8 Even Functions and 
Odd Functions 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Sets: Any collection of well- 
defined objects. 


f(x) = x* 


function name Rae what to output 
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Mankind has been using the number concept as an abstraction without expressely formulating what, in precise terms, 
a number is. The first precise formulation was made by the Swiss mathematician George Cantor during the years 
1874-1897 while working on number aggregates. To start with one has to realize that the abstraction that is the number 
“five”, say, is the commonality that exists between all sets which can be put into one-to-one correspondence with the 
set of fingers on a normal human hand. In olden days a shepherd would carry a bag of pebbles just to say that he has 
that many sheep with him or, equivalently, there is a one-to-one correspondence between the pebbles in the bag and 
the sheep he possesses. The concept of set and the concept of one-to-one correspondence of sets were introduced 
by George Cantor for the first time into the world of mathematics. For a number like five or for any finite number, 
Cantor’s approach through one-to-one correspondence of sets may appear to be a triviality. But if we turn to infinite 
sets, we feel the difference. First of all, what is a set? The precise mathematical definition of a set had to wait for 
more than three decades after Cantor’s proposal: It is a collection of objects and several paradoxes that followed the 
Cantor’s viewpoint. 


1.1 | Sets: Definition and Examples 


For our present discussion we can be content with what most introductory mathematics texts are content with: the 
intuitive concept of a set. A set is just a well-defined collection of objects, well-defined in the sense that given any object 
in the world, one can say this much: Either the object belongs to the set or it does not. It cannot happen both ways. Let 
us consider a counterexample first and an example of a set later. 


Counter Example 


Let X be the collection of all sets A such that A is not an 

object in A or, A does not belong to A. We shall argue 

that X is not a set. Suppose, on the contrary, that X is a set. 
If X belongs to X, then X does not belong to X. 


Example 


A positive integer greater than one is called a prime 
number if it has exactly two positive divisors, namely 1 
and itself. Let P be the collection of all prime numbers. 
This is a well-defined collection of objects. For, given any 
object in the world, the question whether it belongs to 
this set or not has a unique answer. First recognize that if 
the given object is other than a positive integer, one can 
answer the question in the negative without any think- 
ing. If the object is a positive integer, the question arises 


DEFINITION 1.1 _ Set 


If_X does not belong to X,then X belongs to X. Either 
way, we get a contradiction. Therefore, we cannot decide 
whether X is an object in X. Thus, X is not a well-defined 
collection of objects and hence X is not a set. 


whether it is a prime number or not. For example, consider 
the number 2009. We may not be able to answer whether 
it is a prime number or not. But this much is certain that 
either 2009 is a prime or it is not. It can never be both. 
This is the property of being a well-defined collection. 


Any well-defined collection of objects is called a set. 


DEFINITION 1.2 Element Let X be any set. The objects belonging to X are called elements of X, or members 
of X. If x is an element X, then we say that x belongs to X and denote this by x ¢ X. If x does 
not belong to_X, then we write x € X. 


The sets are usually denoted by capital letters of English alphabet while the elements are denoted in general by small 
letters. A set is represented by listing all its elements between the brackets { } and by separating them from each 
other by commas, if there are more than one element. Here are some examples of sets and the usual notations used 
to denote them. 


1.1 | Sets: Definition and Examples 


1. The set of all natural numbers (i.e., the set of all 5. The set of all real numbers is denoted by R. 
positive integers) is denoted by N or Z’. That is, 6, The set of all positive real numbers is denoted by R’. 


ee: Eee ; 7. The set of all positive rational numbers is denoted 
2. The set of all non-negative integers is denoted by W; by Q*. 


that is W= {0,1,2,3,...}. 


8. C denotes the set of all complex numbers. 
3. Z denotes the set of all integers. 


4. Q denotes the set of all rational numbers. 


Example Fem 


Verify whether the following are sets: Note that the collections given in (1) and (4) are not 
(1) The collection of all intelligent persons in Visakha- StS because, if we select a person in Visakhapatnam, 
patnam. we cannot say with certainty whether he/she belongs to 


the collection or not, as there is no stand and scale for the 
i ae evaluation of intelligence or for being tall. However, the 
(3) The collection of all negative integers. collections given in (2) and (3) are sets. 


(4) The collection of all tall persons in India. 


(2) The collection of all prime ministers of India. 


A set may be represented with the help of certain property or properties possessed by all the elements of that set. 
Such a property is a statement which is either true or false. Any object which does not possess this property will not be 
an element of that set. In order to represent a set by this method we write between the brackets { } a variable x which 
stands for each element of the set. Then we write the property (or properties) possessed by each element x of the set. 
We denote this property by p(x) and seperate x and p(x) by a symbol: or |, read as “such that”. Thus, we write 


{x|p(x)} or {x :p(x)} 


to represent the set of all objects x such that the statement p(x) is true. This representation of a set is called “set builder 
form” representation. 


Examples 


(1) Let P be the collection of all prime numbers. Then it (3) Let X be the set given above in (2) and 
can be represented in the set builder form as 


1 
P={x|x is a prime number} ¥=|yly=0r tex} 
(2) Let X be the set of all even positive integers which 
are less than 15. Then Then 
X ={x|x is even integer and 0<x<15} y= L124 1 2 
~ [°° 2? 468 10° 12°14 


={2, 4, 6, 8, 10, 12, 14} 


DEFINITION 1.3 Empty Set The set having no elements belonging to it is called the empty set or null set and 
is denoted by the symbol ¢. 


Examples 


(1) LetX = {x|x is an integer and0<x< 1}. Then X isa (2) Let _X ={ala is a rational number and a= 2}. Then X 
set and there are no elements in X, since there is no is the empty set, since there is no rational number a for 
integer x such that 0<x<1. Therefore, X is the which a = 2. 
empty set. 
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Notation: The symbol = is read as “implies”. Thus a = b is read as “a implies b”. The symbol © is read as “implies 
and is implied by” or as “if and only if”. Thus a © b is read as “a implies and implied by b” or “a if and only if b”. 


Examples 


(1) xis an integer and0<x<2ax=1 (2) ais an integer and a =a @a=0ora=l1. 


DEFINITION 1.4 EqualSets ‘Twosets A and B are defined to be equal if they contain the same elements, in the 
sense that, 


xeAoxeB 


In this case, we write A = B. If A and B are not equal, then we denote it by A # B. 


Examples 
(1) Let A ={1,2,3, 4} and B= {4, 2,3, 1}. Then A = B. and Z={n|neZ and1<n’< 16} 
(2) Let Then Y= Zand X# Y,since -1 ¢ X¥ and-1 ¢ Y. Note that 


X = {-4,-3,-2,-1, 1,2,3, 4}. 
X ={n|ne Zand1<r’< 16} Cer eee 


Y ={n|neZand1<n<4} 


DEFINITION 1.5 _ Finite and Infinite Sets A set having a definite number of elements is called a finite set. A set 
which is not finite is called an infinite set. 


Examples 


(1) The set Z* of positive integers is an infinite set. (3) The set R of real numbers is an infinite set. 
(2) {a, b, c, d} is a finite set, since it has exactly four (4) {x|xeZand0<x< 100} is a finite set. 
elements. (5) {x|xeQand0<.x <1} is an infinite set. 


DEFINITION 1.6 Family of Sets A set whose members are sets is called a family of sets or class of sets. 


Note that a family of sets is also a set. Usually families of sets are denoted by script letters 4, 8, €, , etc. 


Examples 


(1) For any integer n, let A,={x|x is an integer and X,,= The set of persons belonging to the house h 
x >n}.Then {A,|n is an integer} is a family of sets. 


(2) F h Wie Then {X,|/ is a house in Visakhapatnam} is a family of 
or any house h, le 


sets. 


DEFINITION 1.7 Indexed Family of Sets A family © of sets is called an indexed family if there exists a set I 
such that for each element i € J, there exists a unique member A; in associated with i and 
@ = {A,:i¢ J}. In this case, the set J is called the index set. 


For example, the family of sets Z* of positive integers is an indexed family of sets, the index set being Z, the set of 
integers. In the example X,, =The set of persons belonging to the house h where {X, | 4 is a house in Visakhapatnam} 
also we have an indexed family of sets, where the index set is the set of houses in Visakhapatnam. If 4 is an indexed 
family of sets with the index set J, then we usually write 


A={A},., or {A,|iel} 


iel 


1.2 | Set Operations = 


DEFINITION 1.8 Intervalsin R For any real numbers a and b, we define the intervals as the sets given below: 
1. (a,b) ={x|x e@R anda<x<b} 
2. (a, b) = {x|xeRanda<x<b} 
3. [a,b) ={x|x eR andasx<b} 
4, [a,b] ={x|xeR anda<x<b} 


Examples 


(1) [2, 4]={x|xeRand2<x<4} (2) [0, 1J={x|xeRand0<x<I} 


Note that, for any two real numbers a and J, the intervals [a, b] or [a, b) or (a, b] is empty if and only if a = b. Also 
(a, b) is empty if and only if a> b. Further [a, b] has exactly one element if and only if a=b. Thus these intervals 
become non-trivial only if a < b. Usually (a, b) is called an open interval, (a, b] is called left open and right closed inter- 
val, [a, b) is called the left closed and right open interval and [a, b] is called a closed interval. 


1.2 | Set Operations 


We define certain operations between sets. These are closely related to the logical connectives “and”, “or” and “not”. 
To begin with, we have the following. 


DEFINITION 1.9 Subset For any two sets A and B, we say that A is a subset of B or A is contained in B if every 
element of A is an element of B; in this case we denote it by A Cc B. A is not a subset of B is 
denoted by Ac B. 


If A c B we also say that B is a super set of A or B contains A or B is larger than A or A 1s smaller than B. Sometimes, 
we write B > A instead of A c B. If A is asubset of B and A # B, then we say that A is a proper subset of B and denote 
this by A c B. Note that, for any sets A and B, A= Bif and only if Ac Band BCA. 


1. The set Z* of positive integers is a proper subset of | 4. Risa proper subset of the set C of complex numbers. 


the set Z of integers. 5. The set of Indians is a subset of the set of human beings. 
2. Z is a proper subset of the set Q of rational numbers. 6. If A={1, 2, 3, 4, 5} and B={x|xeR and °° —5x+ 
3. Qis a proper subset of the set R of real numbers. 6=0}, then BCA. 


DEFINITION 1.10 Power Set For any set X, the collection of all subsets of X is also a set and is called the 
power set of X. It is denoted by P(X). 


Note that the empty set ¢ and the set X are always elements in the power set P(X’). Also, X = @ if and only if P(X’) has 
only one element. Infact, X has exactly n elements if and only if P(X’) has exactly 2” elements, as proved inTheorem 1.1. 
First, let us consider certain examples. 


Examples 
(1) If X= {a}, then P(X) = {@, X} (4) If X= {1,2, 3,4, 5}, then P(X) has 32(=2°) elements 
(2) If X= {a, b}, then P(X) = {@, {a}, {b}, X} (5) If X is a set such that P(X) has 128 elements then X 
(3) If X={1,2, 3}, then has 7 elements, since 2’= 128 


P(X) ={0, {1}, {2}, 13}, (1, 2}, {2, 3}, {3, 1}, X} 
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DEFINITION 1.11 Cardinality If X is a finite set, then the number of elements in X is denoted by |X| or n(X) 
and this number is called the cardinality of X. 


THEOREM 1.1) Let X be any set. Then X is a finite set with n elements if and only if the power set P(X) is a finite 
set with 2” elements. 


Proor| Suppose that X is a finite set with n elements. We apply induction on n. If n=0, then X = @ and 
P(X) = {6} which is a set with 1 (=2°) element. Now, let n > 0 and assume that the result is true 
for all sets with n — 1 elements; that is, if Y is a set with n — 1 elements, then P(Y) has exactly 2” 
elements. 
Since n > 0, X is anon-empty set and hence we can choose an element ain X. Let Y be the set of 
all elements in X other than a. Then | Y|=n-—1 and therefore | P(Y)|=2""'. Clearly P(Y) c P(X). 
Also, if A ¢ P(X) and A ¢ P(Y), then A c X and A ¢ Y and hence a € A. Therefore, the number of 
subsets of X which are not subsets of Y is equal to the number of subsets of X containing a which 
in turn coincides with |P(Y)|. Hence, 


| P(X)|=|P(Y)|+|P(Y)|=2"7+ gn-ta gn 


Converse is clear; since each element x € X produces an element {x} € P(X), therefore X must 
be finite if P(X) is finite. Also, note that, for non-negative integers n and m, 2" = 2” if and only if 
n=m. a 


Coro tary 1.1 | For any finite set X,|X|<|P(X)|. 
DEFINITION 1.12 Intersection of Sets For any two sets A and B, we define the intersection of A and B to be 
the set of all elements belonging to both A and B. It is denoted by AM B. That is, 
AQB={x|x eA and x eB} 


Example EEA 


Let A ={x|x is an odd prime and x < 20} and B={x|xis A={3,5,7,11,13,17,19} and B={7,8,9,10,11,12,...} 
an integer and x > 6}. Find ANB. 
Therefore 


Solution: By hypothesis AB ={7, 11, 13, 17, 19} 


Example ces 


Let X = The set of all circles in the plane whose radiiis Solution: XAY=4, the empty set, since no circle of 
5cm and Y=The set of all line segments of length5cm _ positive radius can be a line segment. 
in the plane. Find XN Y. 


Example [aa 


Let F = The set of all boys in a school who can play Solution: ~=FAC= The set of all boys in the school who 
football and C=The set of all boys in the school who can ___can play both football and cricket. 
play cricket. Find FNC. 


Example eS 


Let A =The set of all non-negative integers and B=The Solution: AOB={x|.xisaninteger, x =0andx < 0} = {0}. 
set of all non-positive integers. Find AN B. 


1.2 | Set Operations 


The following can be proved easily. 


Try it out +) 


THEOREM 1.2 The following hold for any sets, A, B and C. 
1ACBSA=ANB 

~ANA=A 

ANB=BoOA 

(ANB)AC=AN(BNC) 

. ANd= ¢, where ¢ is the empty set. 

. For any set X, xX CANBif and only if X cA and X cB. 


An wn 


In view of (4) above, we write simply AN BOC for (AN B)AC or AN(BOC). In general, if A,, A,, ..., A,, are sets, 
we write 


(\A, for AN AAO A, 
i=1 


More generally, for any indexed family {A;},.,of sets, we write (\A, for the set of all elements common to all A,’s, 
ie I and express this by iel 


()A.={x|x € A, for allie 7} 


ie] 


DEFINITION 1.13  Disjoint Sets Two sets A and B are called disjoint if AX B is the empty set. In this case we 
say that A is disjoint with B or B is disjoint with A. 


Examples 
(1) Let E be the set of even integers and O the set of all co 1 
odd integers. Then F and O are disjoint sets. (4) {0 *| =p 
(2) Let A={)/p|pisa prime number}. Then ANQ=¢, since, for any given a> 0, we can find an integer n 


where Q is the set of rational numbers, since it is such that 0 < 1/n <a and hence a ¢ (0, 1/n). 
known that Jp is an irrational number for any prime p. 


(3) n:.. |= 


DEFINITION 1.14 Union of Sets For any two sets A and B, we define the union of A and B as the set of all 
elements belonging to A or B and denote this by A UB; that is, 


AUB={x|xe Aor xe B} 


Note that the statement “x eA or x eB” does not exclude the case “xe A and xe B”. 
Therefore 


AU B={x|x € Aor xe B or both} 


Example 


Let E be the set of even integers and O the set ofallodd = E and O are disjoint and hence we do not come across 
integers. Then EUO=Z, the set of integers. In thiscase, the case “xe EF and xe O”. 
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Example a 


Let A be the interval [0, 1] and B the interval [1/2, 2]. ={x|xeRand0<x<2} 
Then find AUB and ANB. 

=[0, 2] 
Solution: We have Also, 


AUB={x|x eA or xe B} ek 5 i 
OB=|-=, 
2 


={xlveRand ‘0sx<tor5<x<7} 


Example Fea 


Let A=[0,1]7 Q and B=(1,2)Q. Find AUB. ={x|xe Qand0<x <2} 


Solution: AUB={x|x¢ Aor xe B} =[0,2) VQ 
= {x|x e Qand ‘x €[0, lJ or x (1, 2y} 


Example (ne 


Let A be the set of all even primes and B the interval ={x|x ¢Rand2<x <3} 
(2,3). Find AUB. 
=[2,3) 


Solution: AU B={x|x isan even prime or x € (2, 3)} 


={x|x=2orxeR_ such that 2<x<3} 


The following can be easily proved. 


Try it out 


THEOREM 1.3] For any sets A, B and C the following hold. 
1. AQNBCAUB 

. For any set X, AUB Cc Xif and onlyifA c X¥ andBc Xx 

b AWA SA 

AWB = BiOAl 

- (AUB)UC=AU(BUC) 

ACBoeAUB=B 

AU Q=A 

A =A SAN el} SAWS 155 

. AN(AUB)=A 

» AU(AAB)=A 


ery nan pwn 


— 
= 


THEOREM 1.4} The following hold for any sets A, B and C. 
DisTRIBUTIVE| 4, A~(BUC) =(AMB) U(ANC) 
LAWS] 9 AU(BAC) =(AUB) A (AUC) 
These are called the distributive laws for intersection M and union vu. 


1.2 | Set Operations 9 


ProoF|) L.xeAN(BUC)SxeEA and xeBUC 

=xeA and (xe BorxeC) 

=>(xeAandxeB) or (xe AandxeC) 

=xeEANB or xE ANC 

=> xE(ANB)U(ANC) 

Therefore 
AN(BUC)C(ANB)U(ANC) (1.1) 
On the other hand, we have 

xE(ANB)U(ANC)SxE ANB or xE ANC 
=>(xeAandxeB) or (xe AandxeC) 
=>xeA and (xe BorxeC) 


=>xeA and xe Buc 


>xEAN(BUC) 
Therefore 
(AN B)V(AUC)CAN(BUC) (1.2) 
From Eqs. (1.1) and (1.2), we have AN(BUC)=(ANB)U(ANC). 
2. It can be proved similarly and is left as an exercise for the reader. a 
ety itout AU(BOC)=(AUB)N(AUC) ) 


THEOREM 1.5) For any sets A, B and C, 


AQNB=ANC and AUB=AUC imply B=C 
ProoF| Suppose that AN B= ANC and AUB= AUC. Consider 
B= Bo(AvB) [by part (9) of Theorem 1.3] 
=Bo(AUC) (since AUB=AUC) 
=(BNA)U(BAC) (by the distributive laws) 
=(CNA)U(CAB) (since ANB=ANC) 


=CO(AVB) (by the distributive laws) 
=CO(AUC) (since AUB=AUC) 
=C [by part (9) of Theorem 1.3] 


Therefore B= C. 
Since (AUB) U C=AU (BUC) for any sets A, B and C, we simply write AUBUC without 
bothering about the brackets. In general, if A,, A,, ..., A, are any sets, then we write 


UA, for AU AU U A, 
i=l 


For any indexed family {A,},_, of sets, we write U4 for the set of all elements belonging to at 
least one A, and express this by 


|) A= {x|x € A, for some ie J} 
iel 3] 


Chapter 1 | Sets, Relations and Functions 


Examples 


(1) For any positive integer n, let 
A,= (-n, n) = {x|xe¢ Rand-n<x <n} 


Then 


4, ={x|x © R and-n<x <n forsomeneZ*}=R 
n=1 


since, for any real number x, there exists a positive 
integer n such that |x|< and hence -n <x <n, so 
that xe A. 


(2) For any positive integer n, let 
P.={p|p is a prime number and p <n} 


Note that P, = @= P,, P, = {2} and P, = {2,3}. Now 


U P.= The set of all prime numbers 


n=1 


since, for any prime p, we have pe A,,,. 


(3) For any positive real number a, let 


A,=The set of human beings on the Earth whose 
height is less than or equal to acm 


Then 
U A,= The set of all human beings on the Earth 


aceR* 


(4) For any positive integer n, let 


x,-(-2,2}={xlre Rand -tex<t} 
nn n n 


a X,={0} and U X, = (-1, 1) 
n=1 n=1 


since X, c X, for allne Z’. 


DEFINITION 1.15 _ For any two sets A and B, the difference of A and B is defined as the set 
A-Bz={x|xeAandx¢ B} 


Example ex 


Find the difference of the following sets. 
(1) A=(0,1)={x|xe Rand0<x<1}and 


B={x\veR’ and <2} 
+ 


(2) R-Z where the symbols have there usual meaning. 


(3) A = The set of all students in a school and B = The 
set of all girls 


(4) Z-Z where the symbols have the usual meaning. 


Solution: 

(1) By hypothesis 
A=(0,1)={«|xe Rand0<x<1l}and B={x|xeR* 
and 1/x € Z}. We have 


eee 
234 


Now 


A-B={x|xe Aandx¢ B} 


-{xlveR,0<x<tand+ez} 
x 


=f tod 
U4) 


(2) R-Z={x|xeRandx¢Z} 


= {x|x is a real number and not an integer} 


=U(@n+l 


neZ 
=--U(2,-l) U(-1,0) U0, 1) UG, 2) U 
(3) A-—B=The set of all boys in the school 
(4) Z- Z* =The set of all non-positive integers 


={x|x eZ and x <0} 


THEOREM 1.6) For any sets A, B and C, the following hold: 


De Moracan's 


1 A-(BUQ)=(A-B)nA(A-C) 
Laws 


2. A-(BAC)=(A-B)U(A-C) 


PROOF 


1 xe A-(BUC)=>xeEA and x¢€BUC 


=>xeEA and (x¢Bandx¢C) 


1.2 | Set Operations Ci ===; 


=>(xeAandx¢B) and (xe Aandx¢C) 
=xeA-B and xe A-C 
=>xeE(A- B)A(A-C) 
and therefore, A — (BU C) Cc (A - B)N(A - C). Also, 
xE(A-B)A(A-C)>xeEA-B and xe A-C 
=>(xeAandx¢B) and (xe Aandx¢C) 
=>xeEA and (x¢Bandx¢éC) 
=xeA and x€BUC 
=>xeEA-(BUC) 
and therefore (A — B) X(A-—C) CA-(BUC). Thus 
A-(BUC)=(A-B)n(A-C) 


2. It can be similarly proved and is left as an exercise for the reader. a 


Ap Try it out 


THEOREM 1.7 


q 


The following hold for any sets A, B and C. 

1. BeoCSA-CcCA-B 

yy ASGISSA=CEIB=C 

3. (AU B)-C=(A-OQ U(B-0O) 

4. (An B)-C=(A-On(B-C) 

5. (A-B)-C=A-(BUQ)=(A-B)0N(A-O) 
6. A-(B-C)=(A-B)U(AnNC) 


THEOREM 1.8 
GENERALIZED 
De Morcan's 
Laws 


PROOF 


Let {A,},_, be any family of sets and B and C any sets. Then the following hold: 


1. a-[Ya]=(@- 4) 


iel iel 


2. B-(N4|-Ue-A) 


iel iel 


3. ( A\-B=UA-2) 


iel 


4 (M4]-8-14-5) 


iel iel 
These follow from the facts that 


xeVYA xed for someie I 
iel 

xe()A xed for allie I 
iel 

xe Axed for allie I 
iel 


and xé()A @xeA for someie/ ‘é 
iel 
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Examples 
(1) R-Z=R- [U i] (3) For any integer n, 
i R-(n,n+1)=(-%, n]U[n+1,) 
7 () (R- {n}) Here (—», 7) stands for the set of real numbers x 
a such that x <n and [n + 1, ) for the set of real num- 
(2) R-Z-(Utnnet)}-2 bers x such that n+1< x. 
a (4) Let 
=) ae 2) A=(xeZ'|x <10}={1,2, 3, 4, 5,6,7, 8, 9} 
_ U (n,n +1) and B=Theset of all prime numbers 
neZ Then 
Note that, here we have used the fact that, for any A-B=(I,4,6,8, 9} 


integer n, there is no integer m such thatn<m<n+l. 


It is convenient to write B’ for the set of all elements not belonging to B and to write A— B as ANB’. But the 
problem here is that B’may not be a set at all. However, if X is a superset of B, then certainly X — B is a set, which can 
be imagined as B’. For any two sets A and B, we can take X = AUB and then 


A-B= A(X - B)= ACB’ 


When we are dealing with a family {A},_, of sets (or set of sets), we can assume that each A, is a subset of some set _X; 
for example, we can take X = Lee A,. This common superset is called a universal set. Therefore, when we discuss about 
difference set A — B, we can treat A and B as subsets of a universal set _X and treat A-— B as AM B’, where 


B’={x|xe X and x¢ BI 


B’ iscertainly a set, since X and B are sets and sois X — B.This B’ is called the complement of B in X or, simply, the comple- 
ment of B, when there is no ambiguity about _X. Note that A- B= A—(AMB) and ANB isa subset of A. Therefore, we 
can call A — B is the complement of B in A. With this understanding, the properties proved above can be restated as follows: 


A-B=AB’ 
A-B=A-(AnNB) 
(BUC/S=B’ANC’ [Part (1), Theorem 1.6] 
(BACY=B'LC’ [Part (2), Theorem 1.6] 
BcoCSTCcBs’ [Part (1), Theorem 1.7] 
[U A] - () A; [Part (1), Theorem 1.8] 
iel iel 
(a A] = J 4’ [Part (2), Theorem 1.8] 
iel ieI 


A-(A-B)=ANB 
BcCAS>A-(A-B)=B or (B’/=B 
AN A’=6 


AU A’=X, the universal set 


DEFINITION 1.16 Symmetric Difference For any sets A and B, the symmetric difference of A and B is defined 
as the set 


AAB=(A- B)U(B- A)=(ANB’)) U(BO A’) 
That is, AA B is the set all elements belonging to exactly one of A and B. 


1.3 | Venn Diagrams 


Find the symmetric difference of the following: Therefore 


(1) A={1,2,3,4} and B= {4, 5, 6} AAB = {1, 2,3} U {5, 6} = {1, 2, 3, 5, 6} 


O) Aa 1e, be, dehand B= 19,6. /,8) (2) From the given sets we have 


Solution: A-B={a,d,e} and B-A={f,g} 
(1) We have A = {1,2, 3, 4} and B = {4, 5, 6}. Then Therefore 
A-B=({1,2,3} and B-A={5,6} AAB={a,d,e} U {f,g} = {a, d,e, fg} 


THEOREM 1.9 The following hold for any sets A, B and C. 
. AAB=BAA 

- (AAB)AC= AA(BAC) 

. AAG=A 

. AAA=6o 


& & NR = 


ProoF| 1. AAB=(A- B)U(B- A) 
=(B- A)U(A- B) 
=BAA 
2. (AA B)AC=[(AAB) A C’JU[CA(AAB)’] 
=[((ANB) U(BA A) OC] L[CA (ANB) U(BOAYS] 
=[(ANBAC)U(BNA DC’) VU[CO(A’UB) A(B’VA)] 
=(ANBAC)U(BAA NC) V[CI{(A’NB)U(A’N A) U (BOB) U(BOA)}] 
=(ANB AC) U(BAA‘OAC) V{C 9 (A’NB’) UV (ANB)}] 
=(ANB ACY) U(BAA AC) U(COA’NB’) U(CAATB) 
Therefore, we have 
(AA B)ACH=(ANB AC) U(AABACI)U(A’NB’AC)U(AN BNC) 


This is symmetric in A, B and C; that is, if we take B, C and A for A, B and C, respectively, the 
resultant is same. Therefore, 


(AA B)AC=(BAC)A A=AA(BAC) 


3. AAG=(A-G)U(O-A)=AUG=A 
4. AA A=(A- A)U(A- A) =O UG=6 a 


1.3 | Venn Diagrams 


A set is represented by a closed curve, usually a circle, and its elements by points within it. This facilitates better 
understanding and a good insight. A statement involving sets can be easily understood with pictorial representation of 
the sets. The diagram showing these sets is called the Venn diagram of that statement, named after the British logician 
John Venn (1834-1883). 

Usually the universal set is represented by a rectangle and the given sets are represented by circles or closed 
geometrical figures inside the rectangle representing the universal set. An element of set A is represented by a point 
within the circle representing A. 
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In Figure 1.1, the rectangle represents the universal set S, A and B represent two disjoint sets contained in S and 
aand b represent arbitrary elements in A and B, respectively. 


A B 


FIGURE 1.1 A Venn diagram. 


In Figure 1.2, two intersecting sets A and B are represented by the intersecting circles, indicating that the common 
area of the circles represents the intersection A” B. Figure 1.3 represents the statement “A is a subset of B”. 

The shaded parts in Figures 1.4-1.6 represent the union of two sets A and B, namely AUB in the cases 
ANB=6, ANB#¢ and AC B, respectively. Figures 1.7-1.9 represent the intersection AM B in these cases. 


A B 


FIGURE 1.2 Two intersecting sets A and B. 


FIGURE 1.3. Representation of “A is a subset of B”. 


A B 


FIGURE 1.4 Representation of AUB when ANB= 4. 
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A B 


FIGURE 1.5 Representation of AUB when ANB¥ 4. 


S 


FIGURE 1.6 Representation of AUB when ACB. 


S 


A B 


FIGURE 1.7 Representation of ANB when ANB=@¢. 


S) 


A B 


FIGURE 1.8 Representation of ANB when ANB #4. 


Ss 


FIGURE 1.9 Representation of ANB when ACB. 
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FIGURE 1.10 Representation of A— B when Bc A. 


Ss 
©) 


FIGURE 1.11 Representation of A— B when A cB. In this case A - B= @. 


IC 


FIGURE 1.12 Representation of A— B when ANB = @. 


| = 
A B 


FIGURE 1.13 Representation of A- BwhenA ¢ Band BCA. 


Ss 


The shaded parts in Figures 1.10-1.13 represent the difference A — B in various cases. The symmetric differences 
AAB[=(A-B) U (B-A)| are represented by the shaded parts in the Figures 1.14-1.17 in these cases. 


S 


FIGURE 1.14 Representation of AA Bwhen BCA. 
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FIGURE 1.15 Representation of AA Bwhen A cB. 


OG 


FIGURE 1.16 Representation of AA B when An B= ¢. 


A B 


FIGURE 1.17 Representation of AA BwhenA gc BandB ca. 


Figure 1.18 represents the complement of a set A in a universal set S. Figures 1.19-1.21 illustrate the cases A A B, 
(A A B)- Cand C- (A A B), respectively. (A A B) A Cis represented by Figure 1.22. From this one can easily see that 
(AA B)AC=(AAB)AC. 


FIGURE 1.18 Complement of a set A. 
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S 
A f : B 
" 
FIGURE 1.19 Representation of A A B 
S 


FIGURE 1.22 Representation of (A A B) AC. 


Figures 1.23 and 1.24 represent the property 
A-(BUC)=(A- B)A(A-C) 


1.3 | Venn Diagrams ay 


FIGURE 1.23 Representation of A—(BUC). 


FIGURE 1.24 Representation of (A — B) N(A-C). 


In the following, we derive certain formulas for the number of elements in the intersection, union, difference and 
symmetric difference of two given finite sets. First, recall that, for any finite set A, (A) or |A| denotes the number of 
elements in A. 


Examples 
(1) Let A = {a, b,c, d}, then n(A) =4. (4) If X ={m|me Z and mn’ = 1}, then n(X) = 2, since 
(2) If A = {2, 3, 5, 7}, then n(A) =4. X= {1,1}. 


(3) If X is a finite set and n(X) =m, then n[ P(X)] = 2”, 
where P(X) is the set of all subsets of X. 


THEOREM 1.10} For any two disjoint sets A and B, 
n(A VU B) =n(A) + n(B) 


ProoF}| Anyelement of A U B isin exactly one of A and B and therefore n(A U B) =n(A) + n(B) 
In Figure 1.25, the shaded part represents A U B when A and B are disjoint sets. 


A B 


FIGURE 1.25 Representation of AU B when A and B are disjoint sets. a 


20] Chapter 1 | Sets, Relations and Functions 


Coro.ttary 1.2} If A, A,,...,A,are pairwise disjoint sets, then 


(AU ALU A,)=n(A,) +n(A,) ++n(A,) 


THEOREM 1.11} For any finite sets A and B, 
n(AUB)=n(A)+n(B)-n(ANB) 


ProoF| Let A and B be finite sets, n(A) =a,n(B)=6b and n(ANB)=m. If ANB is empty then m=0 
and, by Theorem 1.10, 


n(AUB)=n(A)+n(B)=n(A)+n(B)-n(ANB) | 
Suppose that AN B#@.Then A-— B, B— A and ANB are pairwise disjoint sets (Figure 1.26) and hence we have 
n(AUB)=n[(A - B) U(B- A) U (ANB) =n(A- B)+n(B- A)+n(AnB) 
=n(A)+n(B)-n(ANB) 


since n(A)=n(A—- B)+n(ANB) and n(B)=n(B- A)+n(AnB). 
We have earlier proved that n(AU B) =n(A)+n(B), if A and B are disjoint sets. The converse of this is also true. 


A B 


FIGURE 1.26 Representation of pairwise disjoint sets. 


Coro.taAry 1.3) If A and Bare finite sets such that n(AUB) =n(A)+n(B), then A and B are disjoint. 


ProoF! If n(AUB)=n(A)+n(B), then by Theorem 1.11 n(ANB)=0 andhence ANB=49. a 


Coro.tary 1.4] For any finite sets A and B, 


n(A—- B)=n(A)-n(AnB) 


Coro.iary 1.5) If Aisa subset of a finite set B, then 


n(B)=n(A)+n(B- A) 


THEOREM 1.12) For any finite sets A, B and C, 
n(AUBUC)=n(A) + n(B) + n(C) — n1(AN B) - n(BAC)-n(CNA)+n(ANBaCc) 
Proor| Let A, Band Cbe any finite sets. Then 
n(AUBUC)=n(AVB)+n(C)-n[(AUB)AC] 
=n(A)+n(B)-n(AnB)+n(C)—-n[(ANC) U(BaC)] 


THEOREM 1.13 


PROOF 


THEOREM 1.14 


PROOF 


1.3 | Venn Diagrams 2: 


=n(A)+n(B)+ n(C) - n(ANB)-[n(ANC)+n(BacC)-n(ANCaBnc)| 
=n(A)+n(B) + n(C)- n(ANB)-n(BaC)-n(COA)+n(ANBnC) 


Let A, B and C be finite sets. Then the number of the elements belonging to exactly two of the sets 
A, Band Cis 


n(ANB)+n(BOC)+n(COA)-3n(ANBAC) 
The required number is 
n[(An B)-C]+n[(BAC)—- A]t+n[(C 9 A)- B]=[M(ANB)-n(ANBoCO)] 
+[n(BOC)-n(BAC AA)]+[n(COA)-n(COANB)] 
=n(ANB)+n(BoC)+n(CnA)-3n(ANBOC) a 


Let A, B and C be any finite sets. Then the number of elements belonging to exactly one of the 
sets A, B and Cis 


n(A) + n(B) + n(C) — 2n(AN B) — 2n(B OC) - 2n(CNA)+ 3n(AN BOC) 
The number of elements belonging only to A is 
n[A-—(BUC)]=n(A)—-n[An(BUC)] 
=n(A)-n[(An B)U(ANC)| 
=n(A)—-[n(An B)+n(ANC)-n(An BA ANC)] 
=n(A)-—n(An B)-n(ANC)+n(An Bac) 
Similarly, the number of elements belonging only to B is 
n(B)-n(BAC)-n(BadA)+n(AnBac) 
Also, the number of the elements belonging only to C is 
n(C) —n(CNA)-n(CAB)+n(ANBoC) 
Thus the number of elements belonging to exactly one of the sets A, B and Cis 
[n(A) — n(AN B)-n(ANC)+n(ANBOC)]+[n(B)-n(BaC)-n(BadaA)+n(AnBonc)] 
+[n(C) -—n(C AA) -n(CAB)+n(AN BOC) 
=n(A)+n(B)+ n(C) — 2n(AN B) - 2n(B AC) - 2n(C OA) + 3N(ANBOC) a 
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Summary of the formulas 6. The number of elements belonging to exactly one of 
Let A, B and C be given finite sets and S$ a universal A, B and Cis 

finite set ining A, B . Then the followi 

ae set containing A, B and C. Then the following ACWUO) IG EA 

1. n(AUB) +n(AMB)=n(A) +n(B) Be a) 
2. n(AUB) =n(A - B)+n(B-A)+n(ANB) 7. The number of elements belonging to exactly two of 
3. n(AUB) =n(A) +n(B) @ ANB=6 A, B and Cis 

4, n(A) =n(A - B)+n(AnB) n(ANB) +n(BOC) +n(COA) -3n(ANBNC) 
5. The number of the elements belonging to exactly = g n(A’ UB’) =n(S) —n(ANB) 


one of A and B is 
9. n(A’ OB’) =n(S) -n(AVUB) 
n(AA B)=n(A - B)+n(B- A) 
=n(A) + n(B)-2n(AN B) 
=n(AU B)-n(AnB) 


Example aaa 


If A and B are sets such that n(A)=9, n(B)=16 and Therefore, substituting the values we get 
AUB) =25, find ANB. 

Bear veneer 25=9+16—n(ANB) 

Solution: We have =25-n(ANB) 


n(AU B)=n(A) + n(B)-n(AaB) 0=n(AnB) 
Hence AN B=¢. 


Example BEES 


If A and B are sets such that n(A)=14,n(AUB)=26 Solution: We have 
and n(An B) = 8, then find n(B). thy =n AB) AB =n) 


=26+8-14=20 
Example ERES 
If A, B, C are sets such that n(A) = 12, n(B) = 16, n(C) = 18, n(A) + n(B) + n(C) — 2n(ANB) -2n(BOC) 
n(A 0 B)=6,n(B A C)=8, n(C 0 A) =10 and n(AN BA tna AAB 
C) =4, then find the number of elements belonging to exa- ee eer) 
ctly one of A, B and C. =12+16+18-2x6-2x8-2x10+3x4 


=10 
Solution: The number of elements belonging to exactly 
one of A, B and Cis 


Example ata 


In Example 1.13, find the number of elements belonging Solution: The number is 


t tly t f A, Band C. 
o exactly two o an nM ANB)+n(BOAC)+n(COA)-3n(AABOC) 


=6+8+4+10-3x4=12 


Example 


1.3 | Venn Diagrams 


If A, B and C are sets defined as A = {x|x € Z' andx< 
16}, B ={x|x eZ and -3 < x < 8} and C= {x|x is a prime 
number}, then find the number of elements belonging to 
exactly two of A, B and C, even though Cis an infinite set. 


Solution: We have 
n(A)=16, n(B)=10 and n(C)=< 
Example 


Now 
AB =({1, 2, 3, 4,5, 6, 7} 
BoC={2, 3,5, 7} 
ConA= {2, 3,5, 7, 11, 13} 
and ANBn C= (2,3,5, 7} 


Therefore, the required number is 
n(ANB)+n(BAC)+n(COA)-3n(ANBOC) 
=7+4+6-3x4=5 


In a group of 80 students, 50 play football, 45 play cricket 
and each student plays either football or cricket. Find the 
number of students who play both the games. 


Solution: Let F be the set of the students who play 
football and C be the set of students who play cricket. 
Then n(F) = 50 and n(C) = 45. 

Since each of the 80 students play at least one of the 
two games, we have n(F U C) = 80. Therefore, 


MF OC)=n(F)+n(C)-n(FUC) 
=50+ 45-80=15 


Example 


If 65% of people in a town like apples and 78% like 
mangoes, then find out the percentage of people who like 
both apples and mangoes and the percentage of people 
who like only mangoes. 


Solution: Let the total number of people in the village be 
100. Let A be the set of people who like apples and M the 
set of people who like mangoes. Then n(A) = 65, n(M) =78 
and n(A UM) = 100. Therefore 


n(AQM)=n(A)+n(M)-n(AUM) 
=65 + 78 — 100 = 43 


Hence 43% of people like both apples and mangoes. 
Also, 


n(M) —- n(ANM) =78 — 43 = 35 


Therefore, 35% of people like only mangoes. 


Example 


The total number of students in a school is 600. If 150 
students drink apple juice, 250 students drink pineapple 
juice and 100 students drink both apple juice and 
pineapple juice, then find the number of students who 
drink neither apple juice nor pineapple juice. 


Solution: Let 


A =The set of students who drink apple juice 
and P=The set of students who drink pineapple juice 


We are given that n(A) = 150, n(P) = 250 and 


n(A O P)=100. Then 
n(AU P)=n(A)+ n(P)- n(AnP) 
= 150 + 250 — 100 = 300 


Let S be the set of all students in the school, then S is 
the universal set containing A and P. We are given that 
n(S) = 600. Now, 
n[S —(AU P)] =n(S) —n(AUP) 
= 600 — 300 = 300 


Therefore 300 students drink neither apple juice nor 
pineapple juice. 
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Example EBL 


In a class there are 400 students. Following is a table 
showing the number of students studying one or more of 
the subjects mentioned: 


Mathematics 250 


Physics 150 
Chemistry 100 
Mathematics and Physics 100 
Mathematics and Chemistry 60 
Physics and Chemistry 40 
Mathematics, Physics and Chemistry 30 
Only Mathematics 

Only Physics 

Only Chemistry 


None of Mathematics, Physics and Chemistry 


Fill in the empty places in the above table. 


Solution: Let M, P and C stand for the set of students 
studying Mathematics, Physics and Chemistry. Let S be the 
set of all students in the class. The Venn diagram is as follows: 


S) 


We are given that 
n(S) = 400, n(M) = 250, n(P) = 150, n(C) = 100 
Also, from the table, 


n(Mn P) = 100, n(Ma C) = 60, n(P_ A C) = 40, 
n(Ma Po C) =30 


Example 


We have, 

n[M -(PUC)]=n(M) -7n[Ma(PUC)] 
=n(M)-n[(MAP)U(MnC)| 
=n(M)-[n(Mn P)+n(Mac) 

—nMAPAMAC)| 
=n(M)-n(Mn P)-n(MnC) 
+n(Man PAC) 
= 250 — 100 — 60 + 30 
=120 


Therefore 120 students study only Mathematics. Also 
nt P-(MUC)=n(P)-7n[PA(MULC)] 
=150-n[(PAM)U(POC)| 
=150-n(PAM)-n(POC) 
+n(PAM AC) 
= 150-100 — 40+ 30 
= 40 
Therefore 40 students study only Physics. Similarly, 
n[C —-(MUP)]=n(C)-n[CaA(M UP) 
=100 -n(CAM)-n(CoP) 


+n(CAMoP) 
= 100 — 60 — 40 + 30 
= 30 


Therefore 30 students study only Chemistry. Again 
n(MUPUC)=n(M) + n(P)+ n(C)-n(MoP) 
—n(PAC)-n(CAM)+n(MaPac) 
= 250 + 150 + 100 — 100 — 40 — 60 + 30 
= 330 
nS -(MUPUC)]=n(S)-n MUP UC) 
= 400 — 330 = 70 


Therefore 70 students study none of Mathematics, Physics 
and Chemistry. 


Let X,, X,,..., X4, be 30 sets each with five elements and 
Yay, Y,, be m sets each with 3 elements. Let 


se ae seat lia 3 


m 


Ux,=Uy=s 
i=l 


jl 


Suppose that each element of S belongs to exactly 10 of 


X7s and exactly 9 of Y;’s. Then find m. 
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Solution: Let n(S)=s.Sinceeachelement of Sbelongs Therefore, 10 s = 150 and hence s = 15. Similarly 
to exactly 10 of X;’s, so . 
' 3m = Y/n(¥;)=9x s=9x 15 = 135 
Yin(X,) = 10s ial 
= Therefore, m = 45. 
Since each_X, contains 5 elements, therefore 


30 
¥ n(X,) = 30 x 5= 150 


i=1 


1.4 Relations 


Let A be the set of all straight lines in the plane and B the set of all points in the plane. For any L € A and x € B, let 
us write L R x if the line L passes through the point x. This is a relation defined between elements of A and elements 
of B. Here L R x can be read as “L is related to x” and R denotes the relation “is passing through”. Therefore L R x 
means “ZL is passing through x”. We can also express this statement by saying that the pair of L and x is in relation R 
or that the ordered pair (L, x) € R. This pair is ordered in the sense that L and x cannot be interchanged because the 
first coordinate L represents a straight line and the second coordinate represents a point and because the statement 
“x passes through L” has no sense. Therefore, we can think of R as a set of ordered pairs (L, x) satisfying the property 
that L passes through x. We formalize this in the following. 


DEFINITION 1.17 Ordered Pairs A pair of elements written in a particular order is called an ordered pair. It 
is written by listing its two elements in a particular order, separated by a comma and enclos- 
ing the pair in brackets. In the ordered pair (L, x), L is called the first component or the first 
coordinate and x is called the second component or the second coordinate. 


The ordered pairs (3, 4) and (4, 3) are different even though they consist of same pair of elements; for example these 
represent different points in the Euclidean plane. 


DEFINITION 1.18 The Cartesian Product Let A and B be any sets. The set of all ordered pairs (a, b) with 
aéA and b € Bis called the Cartesian product of A and B and is denoted by A x B; that is, 


Ax B={(a,b)\ae Aand be B} 


Examples 
(1) Let A = {a,b,c} and B = {1,2}. Then (2) If A={x, y, z}and B={a}, then 
Ax B={(a,1), (a, 2), (b, 1), (b, 2), (c, 1), (¢, 2)} Ax B={(x,a), (y, a), (z, a)} 
and Bx A= {(1, a), (2, a), (i b), (2, b), (1, c), (2, c)} and BxA= {(a, *)s (a, y), (a, z)} 


Os QUICK LOOK 4 


1. For any sets A and B, 3. For any non-empty sets A and B, 
AxB=¢@ A= or B=6 Ax B= Bx ASAI B 


2. If one of A and B is an infinite set and the other is a 
non-empty set, then the Cartesian product A x B is 
an infinite set. 
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DEFINITION 1.19 IfA,,A,,...,A, are sets, then their Cartesian product is defined as the set of n-tuples (a, a), 
...,4,) Such that a, € A, for 1 <i<n.This is denoted by A, x A, x --- x A, or XA or []4. 
7 i=l 
That is, 


AX A,X+X A,={(a,,@,....4,)|a,€ A, for 1sisn} 


If A= A,=:--= A,=A, say, then the Cartesian product A,x A,x---x A, is denoted by A”; 
that is, 


A'=A, A= Ax A={(a,b)|a,be A} 


A’=Ax Ax A={(a,b,c)|a,b,ce A} 
A"={(4a, @,...,4,)|a,¢ A for 1<i<n} 


Examples 
(1) If A={a, b,c}, then (2) If A={1, 2}, then 
A’={(a, a), (a, b), (a,c), (b, a), (b, b), A’ ={(1,1, 1), 0,1, 2), 0; 2, 1),(1, 2,2), 


(b,c), (c, a), (c, b), (c, c)} (2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)} 


THEOREM 1.15} For any finite sets A and B, 
n(A x B)=n(A)-n(B) 
ProoF| Let A and B be finite sets such that n(A) =m and n(B) =n.Then A = {a,,a,, ...,a,,} and B={b,, b,,..., 
b,,} where a,’s are distinct elements of A and b;’s are distinct elements of B. In such case 
Ax B=|J({a} x B) 
i=l 


Since {a,} x B={(a,, b,)|1< j <n}, we get that n({a,} x B) =n(B) =n. Also, for any i#k, a,# a, and 
hence 


({a} x B) 0 ({a,} x B)=¢ 


Therefore, 


n(x B)=n{ (la) B)| 


i=l 


=Yin(la}x B) 


m-n=n(A)-n(B) o 


Coro.tary 1.6) If A, A,,...,.A,, are finite sets, then A,x A,x---x A, is also finite and 


n( Ax A,X A.) = n(A,) x n(A,) Xx n(A,) 


1.4 | Relations 


Corottary 1.7) If Aisa finite set and m is any positive integer, then 


In particular, n(A’) = n(A/. 


n(A™)=[n(A)]" 


Let A, B, Cand D be any sets. Then the following hold. 


PAB) se =A GIB) 

2. AX (BUC) =(Ax B)U(AxC) 

3. Ax (BOC) =(Ax B)A(AxC) 

4. (ANB)x C=(AxC) a (Bx C) 

5. (AUB)x(CUD)= 
(AxC)U(Ax D)U(Bx C)U (Bx D) 


6. (ANB) x (CAD) =(AxC)A(BxD) 
=(A XD) AUEXC) 

7. (A-B)xC=(AxC)-(BxC) 

8. Ax(B-C)=(Ax B)-(AxC) 


+ Try it out Prove the equalities in Quick Look 5. 


Examples 


(1) If A = {a, b,c, d} and B = {1, 2, 3}, then 
n(A x B)=n(A) x n(B)=4x3=12 
(2) If A = {a, b,c, d}, then 
n(A*) =n(A)y =4 = 16 
and n(A°*) =n(A) =4 = 64 
(3) For any sets A and B, we have 


Ax B=|J({a}x B)= (A x {d}) 


acA beB 
(4) Let S={(a, b)|a, be Z* anda+2b=7}.Then 


S={(1, 3), 3,2), 6, 1)} 
(5) Let 


A=({l, 2, 3, 4, 5, 6} and S={(a,b)|a, be A and a 


divides b} 


Then 
S={(1, 1), 0, 2), A, 3), 0, 4), CL 5), 0, 6)} V (2, 2), 
(2, 4), (2, 6)} U {(3, 3), (3, 6), (4, 4), (5, 5), (6, 6)} 
(6) If Aisa finite set and n(A) =m, then n[P(A x A)]= 2” 


(7) If A has 3 elements, then the number of subsets of 
Ax A is 2* =2’, since Ax A has 9 elements. 


(8) If A has only one element, then A” also has one 
element and P(A") has two elements for any posi- 
tive integer n. 


(9) For any non-empty finite sets A and B, 


n(A x B) dati ete) 


es aaa n(A) 


Example | 1.21 | 


If A and B are sets such that n(A x B)=6 and AxB 
contains (1, 2), (2, 1) and (3, 2), then find the sets A, B 


and A x B. 


Solution: Since n(A)-n(B) = n(A x B) = 6, n(A) and 
n(B) are divisors of 6. Hence n(A) = 1 or 2 or 3 or 6. 


Since (1, 2), (2, 1) and (3,2) e Ax B,1,2,3 € A and 
hence n(A) 2 3. Also, 2, 1 € B and hence n(B) = 2. Thus 
n(A) =3 and n(B) = 2. Therefore, A = {1, 2, 3} and B= 
{1, 2}, so that 


Ax B={(1, 1), C1, 2), (2, 1), (2, 2), (3, 1), (3, 2)} 
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Graphical Representation of Cartesian Product 


YA 
(d, 5) 
(i SR ios tet Fane Se Tete tree oe x ey miae: tateras gs ae aaa FETE tn ro 
'(a,4) | 
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FIGURE 1.27. Graphical representation of Cartesian product. 


Let A and B be non-empty sets. The Cartesian product A x B can be represented graphically by drawing two 
perpendicular lines OX and OY. We represent elements of A by points on OX and those of B by points on OY. 
Now draw a line parallel to OY through the point representing a on OX and a line parallel to OX through the point 
representing 4 on OY. The point of intersection of these lines represents the ordered pair (a, 4) in A x B. Figure 1.27 
represents graphically the Cartesian product A x B where A = {a, b,c, d, e} and B = {1,2,3, 4, 5}. 


DEFINITION 1.20 _ For any sets A and B, any subset of A x B is called a relation from A to B. 


Examples 


(1) {(a, 2), (b, 1), (a, 4), (c, 3)} is a relation from A to B, (2) For any sets A and B, the empty set @ and A x B are 
where A = {a, b,c, d} and B = {1, 2, 3, 4}. also relations from A to B. 


DEFINITION 1.21 Let Rbearelation from a set A into a set B. That is, RC A x B.If (a,b) € R, then we say that 
“ais R related to b” or “ais related to b with respect to R” or “a and b have relation R”. It is 
usually denoted by a R b. 


DEFINITION 1.22 Domain Let R be a relation from A to B. Then the domain of R is defined as the set 
of all first components of the ordered pairs belonging to R and is denoted by Dom (R). 
Mathematically, 


Dom(R) = {a| (a,b) € R for some b € B} 
Note that Dom(R) is a subset of A and that Dom(R) is non-empty if and only if R is non-empty. 
DEFINITION 1.23 Range Let R bea relation from A to B. Then the range of R is defined as the set of all 


second components of the ordered pairs belonging to R and is denoted by Range(R). 
Mathematically, 


Range(R) = {b|(a, b) € R for some a € A} 


Note that Range(R) is a subset of B and that it is non-empty if and only if R is non-empty. 


1.4 | Relations 1290s 


Examples 


(1) Let A = {1, 2, 3, 4}, B = {a, b, c,d, e},andR={(1,a), (3) Let R={(a,b) € Z*x Z| 2a=b}. Then R is a relation 


(2, c), (3, a), (2, a)}. Then from Z’ to Z* and is given by 
Dom(R) = {1, 2,3} and Range(R) = {a, c} R = {(a, 2a) |a isa positive integer} 
(2) Let A= {2,3,4}, B = (2,3, 4,5, 6,7, 8} andR={(a, bye Then 


Ax B | a divides b}. Then 
R={2, 2), 2,4), 2, 6) 2, 8) GB, 3), B, 6) 4, 4), 4, 8)} 
Dom(R) = {2,3,4} and Range(R) = {2,4, 6, 8, 3} 


Dom(R) = Z* 


and Range(R) = The set of all positive even integers 


THEOREM 1.16) Let A and B be non-empty finite sets with n(A) =m and n(B) =n. Then the number of relations 
from A to Bis 2””. 


ProoF)| It is known that the number of subsets of an n-element set is 2”. Since the relations from A to B 
are precisely the subsets of A x B and since n(A x B) =n(A)-n(B) = mn, it follows that there are 
exactly 2”” relations from A to B. oH 


Examples 


(1) Let A={1,2,3} and B= {a, b}. Then n(A) =3,n(B) =2 (2) Let A and B be two finite sets and K be the number 
and n(A x B) =n(A)-n(B) =3-2=6. Therefore there of relations from A to B. Then K is not divisible by 
are exactly 64 (=2°) relations from A to B. any odd prime number, since K = 2)" and 2 is 

the only prime dividing 2” for any positive integer m. 


Representations of a Relation 


A relation can be expressed in many forms such as: 
1. Roster form: In this form, a relation R is represented by the set of all ordered pairs belonging to R. For example, 
R={(1, a), (2, 5), (3, a), (4, c)} is a relation from the set {1,2, 3, 4} to the set {a, b, c}. 
2. Set-builder form: Let A = {2,3, 4,5} and B= {2,4,6,8, 10}. Let R={(a,b) € A x B | a divides 5}. Then R isa relation 
from A to B. This is known as the set-builder form of a relation. Note that 
R={(2,2), (2,4), (2, 6), (2, 8), (2, 10), (3, 6), (4,4), (4,8), (5, 10)} 


3. Arrow-diagram form: In this form, we draw an arrow corresponding to each ordered pair (a, b) in R from the first 
component a to the second component b. For example, consider the relation R given in (2) above. Then R can be 
represented as shown in Figure 1.28. There are nine arrows corresponding to nine ordered pairs belonging to the 
relation R. 


FIGURE 1.28 Representation of arrow-diagram form. 
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4. Tabular form: ‘To represent a given relation R, sometimes it is convenient to look at it in a tabular form. Suppose 
R is a relation from a finite set A to a finite set B. Let 


A={a,,a,,...,a,} and B={b,,b,,...,b,,} 


59), 


Write the elements b,, b,,...,5,, (in this order) in the top row of the table and the elements a,, a,, ..., a, (in this order) 
in the leftmost column. For any 1 <i<nand1<j<m, let us define 


1 if(a,b)eR 
(0 if(a,a)eR 


hj 


Write r, in the box present in the ith row written against a, and in the jth column written against b,. This is called the 
tabular form representation of the relation R. 


Examples 

Tabular Form R|}2/4|61|8| 10 

Let us consider sets A = {2,3, 4,5}, B = {2, 4, 6,8, 10}, and olatlataia/4 

relation R given by 3!lolol110lo0 

R={(a,b) € Ax B| a divides b} 4}/o0/1/0/1] 0 

That is 5|}0;0];0)]0] 1 

R={(2, 2), (2, 4), (2, 6), (2, 8), (2, 10), (3, 6), (4, 4), Instead of writing 1 and 0, we can write T and F 

(4,8), (5, 10) signifying whether a,Rb, is true or false. 


This relation R is represented in the following tabular form. 


Among all four representations of a relation, the set-builder form is most popular and convenient. The roster form, 
the arrow-diagram form and the tabular form can represent a relation R from A to B only when both the sets A and B 
are finite. The set-builder form is more general and can represent a relation even when A or B or both are infinite sets. 


Examples 


Let R = {(a, b) € Z*x Z'|a divides b}.Then R isarelation form or set-builder form or tabular form. Note that 
from Z* to Z”. This cannot be represented by the roster Dom(R)=7'—RanseR) 


DEFINITION 1.24 _ Binary Relation Any relation from a set A to itself is called a binary relation on A or 
simply a relation on A. 
For example, the relation R given in the above example is a relation on Z*. 
Remark: For any n-element set A, there are 2” relations on A. For example, if A = {a, b, c}, then there are 512 (= 2) 
relations on A. 
DEFINITION 1.25 Composition of Relations Let A, B and C be sets, R a relation from A to B and S a relation 
from B to C. Define 
SoR={(a,c)€ Ax C| there exists b € B such that (a, b) < R and (b,c) eS} 
Then SR isa relation from A to C. In other words for any ae A and cEC, 
a(S o R)c © aRb and bSc for some be B 
SoR is called the composition of R with S. 


Note that, for any relations R with S, Re S may not be defined at all even when S o R is defined. Also even when both 
RoS and SoR are defined, they may not be equal. 


Examples 
(1) Let R={(a, b) €Z*xZ'|b = 2a} and S={(a, b) € Note that (3,8) ¢ReS and (3, 10) €SoR. Therefore 
Z* x Z* | b=a+2}. Then both R and S are relations SoRZGReSand ReS ZSoR. 


from Z* to Z* and hence both RoS and SoR are (2) Let A = {1,2, 3,4}, B ={a, b,c, d}, and C = {x, y, z}. Let 
defined. For any positive integers a and c, we have 
R={(,¢), 2,4), (2,9, 3, a} 


and S = {(a, y), (b,x), (b, y), (a, z)} 


Then R is a relation from A to B and S is a relation 


a(R © S)c © aSb and bRc for some be Z” 


© b=a+2andc=2b for some be Z* 


&c=2(a+2)=2a+4 from B to C. 
and Dom(R)={1,2,3} and Range(R) = {a,c, d} 
a(S ° R)c @ aRb and bSc for some be Z* Dom(S) = {a, b} and — Range(S) = {x, y, 2} 
hte and =) +o forsome be?” R o Sis not defined. However S © R is defined and 
@c=2a+2 S°R={(2,y), 2, 2)} 


Since (2, a) €R and (a, y) €S, we have (2,y) €SoR 


For example, (3, 10) € ReS since (3,5) €S and (5, 10) Since'(2,a)<R and (4, 2) <8. we have zie SeR 


ER. Also, (3, 8) €SoR since (3, 6) ER and (6, 8) ES. 


THEOREM 1.17} Let A, B and C be sets, R a relation from A to B and S a relation from B to C. Then the following 
hold: 


1. SoR ¥ gif and only if Range(R) M Dom(S) # @ 
2. Dom(SeR) c Dom(R) 

3. Range(SoR) c Range(S) 

1 


ProoF| 1. Suppose that SoR # @ Choose(a, c) € SoR. Then there exists b € B such that (a, c) eR and 


(b, c) €S and hence b € Range(R) and b e Dom(S). Therefore b € Range(R) ~ Dom(S). Thus 
Range(R) ~ Dom(S) is not empty. 

Conversely, suppose that Range(R) ~ Dom(S) # @. Choose b € Range(R) A Dom(S). Then 
there exist a€ A and c € C such that (a, b) € R and (b,c) €S and hence (a,c) €SoR. Thus SoR 
is not empty. 

2. ae Dom(SoR) = (a,c) € SoR for some ce C 
=(a,b)eR and (b,c)eS forsomebe B 
=> ae Dom(R) 
Therefore Dom(SeR) c Dom(R). 
3. ce Range(SeR) => (a,c) €SoR for some ae A 
=>(a,b)eR and (b,c)eS forsomebe B 
= ce Range(S) 


Therefore Range (SoR) Cc Range(S). a 


Example ae2| 


Find SeR, Dom(SoR), Range(S oR) for the following: (2) The sets are the same as above. The relations are 
(1) A =({1, 2, 3, 4}, B = {a, b, c} and C = {x, y, z}. The rela- R={(1,2), (2, b), (2,0), (4,)} 

tions are R = {(2, a), (3, b), (2, b), (3, €)} and $= {(a, 

y), (b,x), (b, y)}. and S={(, x), (b,y), (4, 2} 
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Solution: (2) Using the given data we have 

(1) From the given data, we have SoR ={(2, x), (2, y)} 
Dom(R) = (2, 3} and Range(R) = {a, b, c} Dom(S oR) = {2} Cc {1, 2, 4} = Dom(R) 
Dom(S) = {a,b} and Range(S) = {x, y} Range(S oR) = {x, y} < {x, y, z} = Range(S) 


(a) SeR={(2, y), 3, x), 3, y), (2,%)} 
(b) Dom(SeR) = {2,3} = Dom(R) 
(c) Range(SeR) = {x, y} = Range(S) 


THEOREM 1.18} Let A, B, Cand D be non-empty sets,R CA x B,S CBx CandT c Cx D. Then 
(ToS)oR=To(SoR) 
ProoF| ForanyaeA anddeD, 
(a, d) €(T°S)oR = (a,b) € Rand (6, d) € TS for some be B 
=> (a,b) ER, (b,c) €S and (c,d) €T for some b € BandceC 
=> (a,c) €SoR and (c,d) eT,ceC 
= (a,d) €To(SoR) 


Therefore, 

(TeS)eR €To(SoR) 
Similarly 

To(SoR) C(TeS)oR 
Thus, 


(ToS)oR=To(SoR) | 


DEFINITION 1.26 Inverse ofa Relation Let A and B be non-empty sets and R a relation from A to B. Then 
the inverse of R is defined as the set 


{(b,a) € Bx Al(a,b) € R} 
and is denoted by R™. 


Note that, if R is arelation from A to B, then R™ is arelation from B to A and that Re R'isarelationon BandR™'oR 
is arelation on A. 


Examples 
Let A = {1,2,3, 4} and B = {a, b,c, d, e}. RoR'={(a,a), (b,b),(b, c),(a, e), (d, a), 
Let R ={(1,a), (2,b), (3, a), (4, 4), (2, c), (3, e)}. Then (c, b), (c,€), (e, 4), (e, €)} 
RI a {(a, 1), (b,2), (a, 3), (d, 4), (c, 2), (e, 3)} and R" oR= {d, 1), (2, 2), (3, 3), (4, 4)} =A, 


(the diagonal of A). 


THEOREM 1.19} LetA, Band Cbe non-empty sets and R a relation from A to B and S a relation from B to C. Then 
the following hold. 


1. (SoR)'=R™7oS" 
2. (Ry =e 
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1. SoR is relation from A to C and therefore (SoR)” is relation from C to A. Now consider 
(c,a) €(SoR)' & (a,c) ESoR 
© (a,b) € Rand (b,c) €S for some be B 
© (c, b) eS” and (b, a) € R" for some be B 
© (c,a)€ RS" 


Therefore (SoR)'=R™‘oS™. 


PROOF 


2. It is trivial and left as an exercise for the reader. |_| 


1.5 | Equivalence Relations and Partitions 


A partitioning of a set is dividing the set into disjoint subsets as shown in the Venn diagram in Figure 1.29. In this 
section we discuss a special type of relations on a set which induces a partition of the set and prove that any such 
partition is induced by that special type of relation. Let us begin with the following. 


FIGURE 1.29 Partitioning of a set. 


DEFINITION 1.27 Let X be a non-empty set and R a (binary) relation on X. Then, 
1. R is said to be reflexive on X if (x,x) €R for all x eX. 
2. Ris said to be symmetric if (x,y) ¢ R= (y,x) ER 
3. R is said to be transitive if (x,y) € R and (y,z) ER > (x, z) ER. 
4 


. R is said to be an equivalence relation on X if it is a reflexive, symmetric and transitive 
relation on X. 


Examples 


(1) Let X= {1, 2,3, 4} and R = {(1, 2), (2, 1), 1, 1), (2, 2)}. 
Then R is a relation on_X. R is not reflexive on_X, 
since 3 € X and (3,3) ¢R. However R is symmetric 


(4) For any set X, let 
Ay={((.x)|x eX] 


and transitive. You can easily see that R is reflexive 
ona smaller set, namely {1,2}. Therefore R is an equ- 
ivalence relation on {1, 2}. 


Then A, is reflexive, symmetric and transitive rela- 
tion on X and hence an equivalence relation on X. 
Ay is called the diagonal on_X. 


(2) Let R={(a, b) € Z* x Z*|a divides b}. Then R is a __ (5) For any positive integer n, let 
reflexive and transitive relation on the set Z of posi- R, = {(a,b) € ZxZ | n divides a—b} 
tive integers. However, R is not symmetric, since 
(2,6) €R and (6, 2) ¢R. Note that a relation R ona For any ae Z, n divides 0=a—a and hence (a, a) € R,,. 
set S is symmetric @ R=R". Therefore R,, is reflexive on Z. For any a,b € Z, 
(3) Let X= HE 2, 3, 4} and R= {(, 1), (2, 2); (3, 3), (4, 4), (a, b) € R,, = n divides (a = b) 


(2, 3), (3, 2), (3, 4), (4, 3)}. Then R is a reflexive and 
symmetric relation on X. But R is not transitive, since 
(2,3) € Rand (3,4) ER, but (2,4) éR. 


= n divides — (a — b) 
= n divides (b — a) 
= (b,d) ER, 
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Therefore R, is symmetric. Also, for any a, b and Therefore R,, is transitive also. Thus R, is an equiva- 
ceZ, lence relation on Z and is called the congruence relation 
sg modulo n. 
(a,b) ER, and (b,c) €R, => n divides (a— b) and (b—-c) 
_ (6) Let A and B be subsets of a set X such that AN B=@ 
= n divides (a — b) + (b-c) and AUB = X. Define 
= n divides (a —c) R={(x,y) ¢X x X|either x, y¢A or x,y eB} 


= (a,c) ER, Then R is an equivalence relation on X. 


THEOREM 1.20} Let R be asymmetric and transitive relation on a set X. Then the following are equivalent to each 
other. 


1. R is reflexive on_X. 
2. Dom(R) = X. 
3. Range(R) = X. 
4. R is equivalence relation on X. 
ProoF| Since R is already symmetric and transitive, (1) <= (4) is clear. 


Also, since (a, b) € R if and only if (b, a) ER, it follows that (2) © (3). 
If R is reflexive on_X, then (x, x) € R for all x e X and hence Dom(R) = X. Therefore (1) © (2) 


° ae we shall prove (2) => (1). Suppose that Dom(R) = X. Then, 
xe X => x e€Dom(R) 
=> (x,y) €R for some ye X 
=> (x, y) € Rand (y, x) € R (since R is symmetric) 
=> (x, x) € R (since R is transitive) 
Therefore (x, x) € R for all x eX. Thus R is reflexive on X. | 


DEFINITION 1.28 Partition Let _X be a non-empty set. A class of non-empty subsets of X is called a partition 
of X if the members of the class are pairwise disjoint and their union is X. In other words, a 
class of sets {A,},_, is called a partition of X if the following are satisfied: 

1. For each i €/, A; is anon-empty subset of X 
2. A;NA,= ¢ for alli# jel 
3. UA=xX 


iel 


Examples 


(1) For any set X, the class {{x}},., is a partition of X; (3) For any non-empty proper subset A of a set X, the 
that is, the class of all singleton subsets of X is a class {A, X — A} is a partition of X. Note that X- A 
partition of X. is not empty since A is a proper subset of X. 


(2) Let E=the set of all even integers and O = the set of 
all odd integers. Then the class {E, O} is a partition of Z. 


DEFINITION 1.29 Let R be an equivalence relation on a set X and x € X. Then define 
RQ) = ty ex|(% y) eR} 


R(x) is a subset of X and is called the equivalence class of x with respect to R or the 
R-equivalence class of x or simply the R-class of x. 
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Examples 


(1) Let X= {1, 2, 3,4} and R= {(1, 1), (2, 2), (3,3), (4,4), R,(a) = {y eX | (a, y) €R,} 
(2, 3), (3, 2)}. Then R is an equivalence relation on X 


and the R-classes are as follows: = {ly ¢X| n divides a — y} 


R(1) = {x eX | (1,x) eR}={1} ={y¢X|a—y=nx for some x € Z} 


R(2) = {x eX | (2,x) €R} = {2,3} 
R(3) = {x eX | (3,x) eR} = {2,3} 


={a+nx|x eZ} 


We can prove that R,(0), R,(1), .... R,( — 1) are all 
the distinct R,-classes in Z. If a=n or a< 0, we can 


R(4) = {x eX | (4,x) eR} = {4} write by the division algorithm that 
(2) Let n be a positive integer and a=qn+r 
R, = {(a, b) €Z x Z | n divides a — b} where gq, re Z and 0<r<n. Hence R,(a)=R,(7), 
O<sr<n. 


Then R,, is an equivalence relation on the set Z of 
integers. For any ae Z, the R,-class of “a” denoted 
by R,, (a) is given by 


THEOREM 1.21} LetRbeanequivalence relation ona set X and a,b € X. Then the following are equivalent to each other: 
1. (a,b)ER 
2. R(a) = R(d) 
3. R(a) V1R(b) # @ 
ProoF| (1) > (2): Suppose that (a, b) ¢ R. Then (5, a) € R (since R is symmetric) and 
x €R(a) > (a,x) ER 
=> (b,a)¢ Rand (a,x)ER 
=> (b,x) ER _ (since R is transitive) 
=x eER(b) 
Therefore R(a) CR(b). Similarly R(b) CR(a). Thus R(a) = R(b). 
(2) => (3) is trivial, since a € R(a) and if R(a) = R(d), then a € R(a) NR(b). 


(3) = (1): Suppose that R(a) ~ R(b) # ¢. Choose an element c €e R(a) 1R(b). Then (a, c) € R and 
(b,c) € Rand hence (a, c) € R and (c, b) ER. Since R is transitive, we get that (a, b) ER. a 


THEOREM 1.22) LetR be anequivalence relation ona set X. Then the class of all distinct R-classes forms a partition 
of X; that is, 


1. R(a) is anon-empty subset of X for each ae X. 
. Any two distinct R-classes are disjoint. 


2 
3. The union of all R-classes is the whole set X. 
1 


ProoF]| 1. By definition of the R-class R(a), we have 


R(a) ={xeX| (a,x) €R} 
Therefore R(a) is a subset of X. Since (a, a) € R we have a € R(a). Thus R(a) is a non-empty 
subset of X for each a €.X. 
2. This is a consequence of (2) <= (3) of Theorem 1.21. 
3. Since a € R(a) for all a € X, we have 


UR® =X 2 
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Examples 


Let X = {1,2,3,4,5, 6,7, 8} and R = {(x,y) e Xx X | both 
x and y are either even or odd}. Then 


R(1) = {1,3, 5,7} = RG) = R(5) = R(7) 


and —_—-R(2) = {2,4, 6,8} = R(4) = R(6) = R(8) 


Therefore, there are only two distinct R-classes, namely 
R(1) = {1,3,5,7} and R(2) = {2, 4, 6, 8} and these two form 
a partition of X. 


In Theorem 1.22, we have obtained a partition from a given equivalence relation on set a X. Infact, for any given 
partition of X, we can define an equivalence relation on X which induces the given partition. This is proved in the 


following. 


THEOREM 1.23) Let X be a non-empty set and {A}},., a partition of X. Define 


R= {(x, y) ¢X x X | both x and y belong to same A,, i €/} 


Then R is an equivalence relation whose R-classes are precisely A,’s. 


ProoF| Weare given that {A;} 


ie] 


1. Each A, is a non-empty subset of X. 


2. A, A,= ¢for alli#jel. 
3. JAax. 


iel 


is a partition of X, that is, 


For any x € X, there exists only one i € J such that x € A, and hence (x, x) € R. This means that R 
is reflexive on X; clearly R is symmetric. Also, (x, y) € R and (y, z) ¢R > x,y € A, and y, z € A, for 


some i,j € I. This implies 


A, A,# ¢ and hence i =j and A;= A, 


=>x,zEA,iel 


=>(x,z)EeR 
Thus R is transitive also. Therefore R is an equivalence relation on X. For anyie J and x € A,,we 
have 
yeA,e(x%,y)eRSyeR(x) 
and have A, = R(x). This shows that A,’s are all the R-classes in X. Bo 


Theorems 1.22 and 1.23 imply that we can get a partition of X from an equivalence relation on X and conversely 
we can get an equivalence relation from a partition of X and that these processes are inverses to each other. 


Examples 
For any i=0, 1 or 2, let 
A, = {a € Z’ | on dividing a with 3, the remainder is i} 
That is, 
Ay = (3, 6, 9, 12, ...} = (3n|n € Z*} 
A,={1, 4, 7, 10,...}={38n+ 1]0<neZ"} 
A, = {2, 5,8, 11,...}=8n+2/0<neZ*} 


Then {Aj, A,, A,} is a partition of Z*. The equivalence 
relation corresponding to this partition is 


R={(a,b)eZxZ \a,be Ajora, be A, 
ora,be A,} 
= {(a, b) € Z' x Z* |The remainders are same 
when a and bare divided by 3} 
={(a, b)€ Z x Z* |3 divides a — b} 


In this case, R(1) = A,, R(2) = A, and R(3) = A, and these 
three are the only R-classes in Z”. 


1.5 | Equivalence Relations and Partitions 


THEOREM 1.24} Let Rand S be two equivalence relations on a non-empty set X.Then R 1 S is also an equivalence 
relation on X and, for any x < X, 


(RAS)(x) = R(x) AS8(x) 


ProoF| For any x €X, (x, x) eR and (x, x) € S (since R and S are reflexive on X). Hence (x, x) Ee RAS. 
Therefore R 7 S is reflexive on_X. Also, 


(x,y)ERASS>(x%,y)eR and (x,y)eES 
=(y,x)e€R and (y,x)eES 
=> (y,x) ERAS 
Therefore R 1 S is symmetric. Further 
(xy), z) ERAS => (a, y),0,z)ER and (x,y),(y,z) eS 
=>(x,z)eR and (x,z)eS 
=> (x,z)eERAS 
Therefore R 1 S is an equivalence relation. For any x € X, we have 
(RAS)(x) = {ye X |(x, y) ERAS} 
={yeX|(x,y) eER}N{yeX|(x, y) €S} 
=R()AS(x) oO 
We have proved in Theorem 1.24 that the intersection of equivalence relations on a given set X is again an 
equivalence relation. This result cannot be extended to the composition of equivalence relations. In this direction, we 


have the following theorem that gives us several equivalent conditions for the composition of equivalence relations to 
again become an equivalence relation. 


THEOREM 1.25] Let Rand S be equivalence relations on a set _X. Then the following are equivalent to each other. 

1. RS is an equivalence relation on_X. 

2. RoS is symmetric. 

3. Ro S is transitive. 

4. ReS=SoR. 

ProoF| (1) > (2) is clear. 
(2) = (3): Suppose that R o S is symmetric. Then 
ReS=(ReS)'=S'cR'=SoR 
and (R°S)o(ReS)=Reo(SoR)oS 

=Ro(ReS)oS 
=(ReR) 0 (SS) 
=(R°S) 


Since R and S are reflexive, we get that RoA,=R=AyoR and So Ay=S=A,°S. Also, 
since R and S are transitive, Ro RC R=RoAyCcRo R'sothatRoR=R. Similarly, SoS =S. 
Therefore, R°S is transitive. 


(3) => (4): Suppose that R oS is transitive. Then (ReS)o(ReS) = ReS. Now, consider 
SoR=(AyeS)o(RoA,y)C(ReS)o(ReS)=ReS 
and ReS=R'oS°=(SeR) E(ReS)'=S°oR =SeR 
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Therefore 
RoS=SoR 
(4) = (1): Suppose that ReS =SoR. Then 
(RoS)'=StoR'=ScR=ReS 


Hence ReS is symmetric and transitive also. Further A, =A, °o Ay Ro S and therefore R o S is 
reflexive on X. Thus, ReS is an equivalence relation on X. ia 


1.6 | Functions 


Functions are a special kind of relations from one set to another set. The concept of a function is an important tool 
in any area of logical thinking, not only in science and technology but also in social sciences. The word “function” 
is derived from a Latin word meaning operation. For example, when we multiply a given real number x by 2, we 
are performing an operation on the number x to get another number 2x. A function may be viewed as a rule which 
provides new element from some given element. Function is also called a map or a mapping. In this section, we discuss 
various types of functions and their properties. The following is a formal definition of a function. 


DEFINITION 1.30 Function A relation R from a set A to a set B is called a function (or a mapping or a map) 
from A into B if the following condition is satisfied: 
For each element a in A there exists one and only one element b in B such that (a,b) ER. 


That is, RC A x Bis called a function from A into B if the following hold: 
1. For each a € A, there exists b € B such that (a,b) ER. 
2. If (a,b) € R and (a,c) ER, then b=c. 


ALTERNATE DEFINITION A relation R from A to B is a function from A into B if Dom(R) =A and whenever 


the first components of two ordered pairs in R are equal, then the second components 
are also equal. 


Examples 


(1) Let R = {(x, 2x) |x © Z}. Then Ris a function from Z (4) Let A and B be as in (3) above and R= {(1,a), (2, b), 


into Z. (3, c), (3, a), (4, a)}. Then R is not a function from A 
(2) Let R ={(x,|x|) |x @R}. Then R is a function from into B, since we have two ordered pairs (3,c) and (3,a) 
the real number system R into itself. in R whose first components are equal and the 


second components are different. Also, if S = {(1, a), 
(2, b), (4, c)}, then S is not a function of A into B, 
since Dom(S) # A. 


(3) Let A = {1, 2,3, 4} and B = {a, b, c}. Let R = {(1, a), 
(2, a), (3, b), (4, b)}. Then R is a function from A into B. 


Notation 

1. If R is a function from A into B and ae A, then the unique element b in B such that (a, b) € R is denoted by R(a). 
2. Usually functions will be denoted by lower case letters f, g,h, .... 

3. If fis a function from A into B, then we denote this by f: A > B. 
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. If f:A > B is a function and aé A, then there exists a unique element 5 in A such that (a, b) €f. This unique 
element is denoted by f(a). We write f(a) = b to say that (a, b) € for afb. Some authors also write (a)f= b or simply 
af = b to say that (a, b) ef. However in this chapter we prefer to use f(a) = b. 


DEFINITION 1.31  Letf:A— B bea function. Then A is called the domain of f and is denoted by Dom(/). B is 
called the co-domain of fand is denoted by codom(f). The range of fis also called the image 
of f or the image of A under f and is denoted by Im(f). That is, 


Im(f) = {f(a) | ae A} 


Note that Im(/) is a subset of B and may not be equal to B. If f(a) = b, then b is called the image of a under f and a is 
called a pre-image of b. Note that for any a € A, the image of a under fis unique. But, for b € B, there may be several 
pre-images of b or there may not be any pre-image of b at all. To describe a function f: A > B it is enough if we pre- 
scribe the image f(a) of each ae A under f. 


Examples 
(1) Define a function f: R > R by f(x) =x’ forallxeR. (2) Define f: ZR by f(x) =x/2 for all x € Z. Then the 
That is, f ={(x, x°)|x € R}. Here x’ is the image of domain of fis Z and the co-domain of fis R. Also 
any x ER. Note that x° is always non-negative for 
any x €R and hence a negative real number has no Im(f)={f(x)|xeZ}= 5 |xe zp 
pre-image under f. For example, there isno x € Rsuch 2 


that f(x) =—1. Here both the domain and co-domain 
of the function are R and the image of f (or range 
of f) is equal to the set of non-negative real numbers. 


Here note that every integer n has a pre-image, namely 
2n,since f(2n) = n. The real number 1/3 has no pre-image. 


Quite often a function is given by an equation of type f(x) = y without specifically mentioning the domain and co- 
domain. We can identify the domain and co-domain by looking at the validity of the equation. The following examples 
illustrate these. 


Example Beg 


Let f be the function defined by The expression of the right-hand side has meaning for 
all real numbers except when x =6 or x = 2. Therefore, 
ees the domain of fis the set at all real number other than 6 
x -8x+12 and 2, that is, 


v+2x4+1 


f(x)= 


Find out the domain of f- Dom(f) = R — {2,6} 


Solution: We are given that 


x+2x4+1 
IO)= 3 8x42 
Example Rea 
Consider a function defined by Suppose 
x2 
? 2={7) =~ 
r={(« = :) x<R| Lee? 
1+x Then 
Then fis a function from R into R. Find the range of f. ytyr=x* or x(1l-y)=y 
Solution: We have metre 
Bea r= =a or x=+ mean 
f(x) = —— for allx ER 1-y 1l-y 
1+ x? 
provided y/(1— y) 20; that is, 0< y<1. Thus the range 
of fis [0, 1). 


DEFINITION 1.32 Letf:A— Band g:B- C be functions. Then the composition of f with g is defined as the 
function gof': A > C given by 


(ge f)(@ =s(f(@) forallaec A 
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Note that go f is defined only when the range of fis contained in the domain of g. If f: A > B is a function and g: D > Cis 
another function such that Range(f) Cc D = Dom(g), then g o f can be defined as a function from A into C. When we regard 
functions as relations, then the composition of functions is same as that of the relations as given in Definition 1.25. That is, 


(a,c)egofs(a,b)ef and (b,c)eg forsomebeB 
@ef(a)=b and g(b)=c 
= g(f(a)) = 
© (gef)(a) =¢ 


Example acs | 


Let f: ZR and g: RR be defined by (0c +2)/3P -1 
See SANAAIG 
f= for allx ¢Z [(x + 2)/3P +1 
(x+2yP-9 
ie Ac en! ce 
and g(x) = = : for allx eR (x+27+9 
x + 
“ _ x +4x-5 
hea peers 


Solution: We have 


(e> Aix)=a(F) = (=) 


3 
Example BES 
Let A = {1,2,3, 4}, B = {a, b, c} and C = {x, y, z}. Let Solution: We have f:A > B and g:B—>C are func- 


f={C,0), (2,0), 3,5), (4,a)} tions. Then gof: A > Cis given by 


and g={(a,y),(b,z), (c,x)} gof={(1,y), (2, x), (3,2), (4,y)} 


Try it out 
THEOREM 1.26 


Let f:A—>B and g:B—>C be functions. Then Dom(gef) = Dom(f) and codom(gof) = 
codom(g). 


Two functions fand g are said to be equal if their domains are equal and f(x) = g(x) for all elements x in Dom (f). 
For any functions f and g, even when both gof and fog are defined, gof may be different from fog, as seen in the 
following example. 


Example ier 


Let f: Z—> Zand g: ZZ be defined by (f ° g)(x) = f(g(x)) 

f(x)=x°’ and g(x)=x+2 forallxeZ = f(x+2)=(x4 2 
Show that gof # fog. = +4x4+4 
Solution: We have Therefore gof # fog. 


(g° f(x) = 8(f(x)) = g(") =x" +2 


The following is an easy verification and is a direct consequence of Theorem 1.18. 


Try it out 
THEOREM 1.27) Let f:A—>B,g:B—Candh:C-— D be functions. Then 


ho(gof)=(hog)of 


In the following we discuss certain special types of functions. If f : A > B is a function, a, and a, are elements of A 
and b, and b, are elements of B such that f(a,) = b, and f(a,) = b, and if a, = a,, then necessarily b, = b,. In other words, 
two elements of B are equal if their pre-images are equal. It is quite possible that two distinct elements of A may have 
equal images under f. A function f: A > B is called an injection if distinct elements of A have distinct images under f. 
The following is a formal definition. 


DEFINITION 1.32 Injection A function f: A — B is called an injection or “one-one function” if f(a,) # f(a,) 
for any a, #4, in A; in other words, 


f(a) =f (a) = a, = a, 


for any a,,a,€ A. 


Examples 
(1) Let f: Z— Z be defined by Then fis not an injection, since two distinct elements 
f(x) =x4+2 forallx eZ have the same image; for example, 1 #—1 but f(1) = 1’ 
=(-ly =f). 


Then fis an injection, since, for any x, y, € Z, 
fo=fO)3Sx+2=y+2>x=y 
(2) Let f: Z— Z be defined by 
f@)=x forallxeZ 


THEOREM 1.28} Letf:A— Band g:B-— Cbe functions. Then the following hold. 
1. If fand g are injections, then so is gof. 
2. If gofis an injection, then fis an injection. 
ProoF| 1. Suppose that both fand g are injections. For any a,, a, € A, we have 
(g° f)(a)=(g° f(a) 
= 8(f(4))= 8(f(@)) 
=> f(a)=f(a) (since g is an injection) 
>a,=a, (since fis an injection) 
Therefore, gofis an injection. 


2. Suppose that gefis an injection. Then, for any a,, a, € A, we have 


f(4)=f(@)=> s(fl@)=s8(f(@)) (eg isa function) 
= (g° f(a) =(g° f(a) 


>4a=4a, (since gofis an injection) 


Therefore fis an injection. o 


Note that gofcan be an injection without g being an injection. An example of this case is given in the following. 
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Example 


Define 
f:Z > Z by f(x) =x +2 for all x eZ* 
and g: ZZ by g(x) =x for allx eZ 
Then gof: Z” > Zis given by 
(gof)(x) = e(f(x)) = g(x +2) = (x + 2) for all x eZ" 
Now, for any x,y €Z’, 


(gof)() = (gf) 


=> (x+2/’=(y+2y 
=>x+2=y+2 (since x and y are positive) 
=>x=y 


Therefore gof is an injection. However, g is not an injec- 
tion, since 


g(2) =2° = (-2)*= g(-2) 


Next we discuss functions under which every element in the codomain is the image of some element in the domain. 


DEFINITION 1.33 Surjection A function f: A —- B is called a surjection or “onto function” if the range of f is 
equal to the co-domain B; that is, for each b € B, b = f(a) for some ae A. 


Examples 


(1) Let f: R > R be defined by 
f(x) =2x+1 forallxeR 


Then, for any element y in the co-domain R, we have 


(y — 1)/2 is in the domain R and 


Therefore fis a surjection. Note that fis an injection 


also, since 


f(x) =fQ) > 2x4+1=2y+loax=y 


(2) Let N be the set of all non-negative integers. Define 
f:ZON by f(x) =|x| for all x eZ. Then f is a 
surjection, since f(x) =x for all xeN and NcCZ. 


However, fis not an injection since 


f(-l=|-l/=1=f) and -141 


(3) Define f: R > R by f(x) =x’ +1 for all x €R. Then 
fis neither an injection nor a surjection. It is not an 
injection, since 

f(D=(1" +1=2=V+1=f(1) and -141 
fis not a surjection, since we cannot find an element 
x in R such that x* + 1 =0; that is f(x) =0. 

(4) Define f: ZR by f(x) =x + 2 for all xe Z. Then 

f is an injection and it is not a surjection, since we 


cannot find an integer x such that f(x) = 1/2. Note that 
f(x) =x +2 is always an integer for any integer x. 


THEOREM 1.29) Letf:A— Band g: B > Cbe functions. Then the following hold: 
1. If fand g are surjections, then so is gof. 


2. If gofis a surjection, then g is a surjection. 


ProoF| 1. Suppose that fand g are surjections. Also gofis a function from A into C. The domain of go fis 
A and the co-domain of go fis C. Now, 


ceC=>c=g(b)forsomebe B (since g isa surjection) 


= f(a)=band g(b)=c forsomeae Aandbe B (since f is a surjection) 


= ae Aand (ge f)(a) = g(f(a)) = g(b) = 


=>(geof)(a)=c forsomeacA 


Thus go fis a surjection. 


2. Suppose gofis a surjection. To prove that g: B > Cis a surjection, let ce C. Since gof: A> C 
is a surjection, there exists a € A such that (gof)(a) =c. Then f(a) € B and 


Thus g is a surjection. 


s(f(@) = (gef)(a) = 


Note that gofcan be a surjection without f being a surjection. This is substantiated in the following. 


Example 


Define f: R > R by f(x) = [2x] for x e Rand g:R > Zby 
g(x) = [x] for all x eR, where [x] is the integral part of x 
(i.e., [x] is the largest integer <x). Then gof: RZ is 
given by 


(go f)(x) = g(F(*)) =[[2]] = [2x] 


In this case go fis a surjection, since, for any n €Z,n/2ER 


and 
(eo (4)=]2-4|=[=n 


However f is not a surjection, since f(x) is always an 
integer and we cannot find x € R such that f(x) = 1/2. 


It is a convention that, when f: A — B is a surjection, we often denote this by saying “fis a function of A onto B” 
or fis asurjection of A onto B. We use the word onto only in the case of surjections. Whenever we want to mention that 
f:A— Bisa surjection, we say that fis a surjection (or surjective function or onto function) of A onto B. 


DEFINITION 1.34 _ Bijection A function f: A — B is said to be a bijection or a one-one and onto function or a 
one-to-one function if f is both injective and surjective. 


Examples 


(1) For any set X, define 1: X > X by I(x) = ~ for all 
x € X. Then clearly / is an injection and a surjection, 
and hence a bijection. This is called the identity 
function on X or identity map on X.To specify the set 
X also, we denote the identity function J on X by J,. 


(2) Define f:Z > Z by f (x) =x +3 for all x € Z.Then fis 
a bijection of Z onto Z (the term “onto” is used, since 
any bijection is necessarily a surjection). 


(3) For any real numbers a and b with a#0, define 
f:R—-Rby 


f(x) =ax+b for allxeR 


Then fis an injection, since 


fx) =f0)=> ax + b=ay+bs>ax=ay 
=>x=y (sincea#0) 


Try it out 
THEOREM 1.30 


Let f: A> B be any function. Then 


Also, f is surjective, since, for any y ER, 
a a 


Thus, fis a bijection of R onto itself. 


(4) Let E be the set of all even integers and Z the set of 
all integers. Define f: E > Z by 


y- 
a 


if x=4y 


x= 
FG) ( if x =2yand yis odd 


Then fis a bijection. One can verify that 


f(0)=0 f(-2)=-1 
F(2)=1 f(-4)=-2 
f(A) =2 

f(6)=3 fcn)=—-f(n) 
f(8)=4 


Ino f=f=feol, 
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THEOREM 1.31} Iff:A—-Band g: B >Care bijections, then go f: A > Cis a bijection. 


ProoF| This is an immediate consequence of Theorems 1.28 [part (1)] and 1.29 [part (1)], since a bijection 
is both an injection as well as a surjection. a 


In the following, we give a characterization property for bijections. 


THEOREM 1.32| Let f:A-— B bea mapping. Then f is a bijection if and only if there exists a function g: BA 
such that 


peopel, and fog= 1, 
that is, g(f(a)) =a for alla eA and f(g(b)) = b for all b € B. 
ProoF)| If there is a function g: B > A such that 
gef=1, and fog=I, 
then, by Theorem 1.28 [part (2)], fis an injection (since go f =J, which is an injection. Also, by 


Theorem 1.29 [part (2)], fis a surjection (since f o g = 1, which is a surjection). Thus fis a bijection. 
Conversely suppose that fis a bijection. Define g: B— A as follows: 


g(b) = The pre-image of b under f 
That is, if f(a) =b, then g(b) is defined as a. First observe that every element be B has a 


pre-image a € A under f (since fis a surjection). Also, this pre-image is unique (since fis an injection). 
Therefore g is properly defined as a function from B into A. Now, for any ae€ A and be B, we have 


(ge f)(a)=g(f(a))=a 
since a is the pre-image of f(a) and 
(fog)(b) = f(g(b))=b 
since g(b) = a if f(a) = b. Thus go f =I, and fog=I,. a 


DEFINITION 1.35 _ Inverse of a Bijection Let f: A — B and g: BA be functions such that go f=J, and 
fe g=I,.Then both fand g are bijections (by the above theorem). Also, g is unique such that 
gof=I, and fo g=T,, since, for any ae A and b € B, we have 


fla) =b & g(fla)) = 8(b) @ a= g(b) 


The function g is called the inverse function of f and fis called the inverse function of g. Both 
fand g are interrelated by the property 


f(@ =b @a=g(b) 
for all ae A and b €B. The inverse function of f is denoted by f-'. When we look at fas a 
relation, then f” is precisely the inverse relation as defined in Definition 1.26. 


To confirm that fis a bijection, the existence of g satisfying both the properties go f = 1, and fog =/, are necessary. 
Just go f =, may not imply that fis a bijection. In this context, we have the following two results. 


THEOREM 1.33| Let f:A—B be a function. Then fis an injection if and only if there exists a function g:B—> A 
such that go f=I,. 


ProoF| Ifg:B—Aisa function such that go f= /,,then by Theorem 1.28 [part (2)], fis an injection, Conversely 
suppose that f is an injection. Choose an arbitrary element a, € A and define g: B > A as follows: 
( if b= f(a) for someae A 


(P= a, if b¢ Range (f) 


Recall that Range(f) = {f(a)|a ¢ A} cB. Since f is an injection, there can be at most one ae A for 
any b € B such that f(a) = b. Therefore, g is a well-defined function from B into A. Also, for any a € A, 


(gc f)(a=s(f(a)) =a 
and hence gof =J,. 


THEOREM 1.34| Let f:A-— B be a function. Then fis a surjection if and only if there exists a function g:B > A 
such that fo g=J,. 


ProoF| Ifthere isa function g: B > A such that fo g=/,, then, by Theorem 1.29 [part (2)], fis a surjection. 
Conversely, suppose that fis a surjection. Then each element b in B has a pre-image ain A [i.e., 
ais an element in A such that f(a) = b]. Now, for each b € B, choose one element a, in A such that 

f(a,) = b. Define g: BA by 


g(b) =a, for each be B 


Then g is a function from B into A and, for any b € B, we have 
(f°g)(b) = f(g(b)) = f(4,) =b 
Therefore fog=J,. H 


DEFINITION 1.36 _ Real-Valued Function If /f:A— B is a function and a € A then the image f(a) is also called 
a value of f at a. If the value of fat each a € A is a real number, then fis called a real-valued 
function on A; that is, any function from a set A into a subset of the real number system R is 
called a real-valued function on A. 


If f: A > Bisa function and B Cc C, then fcan be treated as a function from A into C as well. Therefore, a real-valued 
function on A is just a function from A into R. 


e. QUICK LOOK 6 


Let fand g be real valued functions onaset A.Thenwe 4. (f-g)(a)=f(a)f(b) 
define the real-valued functions f+ g,—f, f—g and f-: g 


; Note that the operation symbols are those in the real 
on A as follows: 


number system R. Also, if g(a) #0 for all a € A, then 
1. (f+ 8)(@) =f(@ + 8(@) the function f/g is defined as follows: 


2. (f)(a) =-f(a) oe 
MS iaenoeea 5. (f/g)(a) = f(a)/g(a) for allac A 


Examples 
(1) Let fbe a polynomial over R, that is Then fis a real-valued function on R. 
fraqtaxtaet-tax' (3) Define f :[0,22z]— R by 
where dp, d,, a, ..., a, are all real numbers. For any i 
a éR, let us define Then f is a real-valued function defined on [0, 27] 


and is denoted by sin. 
(4) Define f:R° >R by 


f(a)=qt+aataa+---+a,a" 
Then f: R > R is a real-valued function on R and is 
called a polynomial function. f(a)=Va_ forallaeR* 


(2) Define f:R > R by This is a real-valued function defined on R*. Here Ja 
f(a)=e' forallaeR stands for the positive square root of a. 
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We have earlier made use of the notation [x] to denote the largest integer < x and called it the integral part of x. 
Now, we shall formally define this concept before going on to prove certain important properties. 


DEFINITION 1.37 _ Forany real number x, the largest integer less than or equal to x is called the integral part of x 
and in denoted by [x]. The real number x —[.] is called the fractional part of x and is denoted 


by {x}. 
Note that, for any real number x, [x] is an integer and {x} is a real number such that 
x=[x]+{x} and O<{x}<1 


Also, this expression of x is unique in the sense that, if n is an integer and a is a real number such that x=n+a 
and 0<a<1, thenn=[x] and a= {x}. 


Examples 
) 5) .5 -1 1 9 
” | |=oana {eh =2 4 se |- ala 10 
(2) For any 0<a<1,[a]=0Oand {a}=a 


THEOREM 1.35) The following hold for any real number x. 
[x] <x <[x]+1 

x-1<[x]<x 

» Os {x}=x-[x] <1 

[x] =) cic, 4 if x > 0 

JHaxexeZo {x}=0 

} =x if and only if [x]=0 

{° if x is an integer 


AN RYN = 


. [x 
ie {x 


~_ 


[x]+[-x]= ie 
-1 if x isnot an integer 


ProoF| (1) through (6) are all straight-forward verifications using the definition that [x] is the largest 
integer n such that n< x and that x —[x]= {x}. 
To prove (7), let [x] =n. Then n<x<n+1 and therefore 


—n-1<-x<-n 


If x is an integer, then so is —x and hence [x]+[-x] =x + (—x) =0. If x is not an integer, then —x is 
also not an integer and therefore 


—n-1<-x-n 


So [-x]=-n —-1and hence [x] + [-x]=n+ (-n-1)=-1. a 
Examples 


cv [-2]+[2]--20=-1 9 [*]+[S]etcaes 


@) (3/4 6)=-343-0 (4) =]. 


THEOREM 1.36) The following hold for any real numbers x and y: 
[x]+[y] if fx}+{y}<1 
1. [x+y]= 
[x]+[y]+1. if {x}+{y} 21 
2. [x + y] 2[x]+[y] and equality holds if and only if {x} + {y}<1 
3. If x or y is an integer, then [x + y] =[x]+[y] 


ProoF| 1. Let x=n+r and y=m-+s, where n and m are integers, 0<r<1 and 0<s<1. Then [x]=n, 
{x}=r,[y] =m and {y} =s. Now, 
x+ y=[x]+[y] + (xd + ty) 
and O<{x}+{y}<2 
Therefore 
[x]+[y] if fa}+fy}<1 
[x+ y]= 
[x]+[y]+1. if {x}+{y} 21 


2. This is a consequence of (1). 


3. This is a consequence of (2) and the fact that x is an integer if and only if {x} =0. o 
Examples 
Note that 
(1) [=] +|2 =14+1=2 
a ES 7 f6|_3,1_ 19 
was wo 
o BSL EH} 
(3) E +5] 2 7=2+5 [F]+19 
Note that 3 3 3 


7 17 24 7 17 
4 a ae a ee eg 
1efe{et-2+g-2o1 @ [ioe | | mark Huka 
aS 3 Note that 
a (2) 15 
+ =l=tlal 
6 6 6 6 


THEOREM 1.37} The following hold for any real number x and any non-zero integer m: 


acu 


2. Ifn and k are positive integers and k > 1, then 


ee FZ 


ProoF| 1. Let [x]=n.Thenx=n+r,0<r<1 (where r={x}). Let m> 0. By division algorithm, we have 


n=qm+s, g,s€Z and O0<s<m 


Alternately 
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Therefore, 
x n 
m m 
Also, 
xX nt+rin rr S+r 
= =—+—=q+t , Os<str<st+lsm 
m m mm m 


and therefore 


Similar technique proves this when m <0 also. 
2. Let n and k be positive integers and k > 1. Let 


Then 
aa es O<r<l 
k 
Therefore 
We Rpt yah and Tosca 
k k k 
Now, 
=| =) 2m if r+(/k)<1 
—, + —$ |= 
k k 2m+1 ifr+(1/k)21 
2n 2m if 2r<1 
and l= ; 
k 2m+1 if 2r21 


Note that, if r+(1/k) 21, then 2r >2 —-(2/k) 21(- k 22). Thus 


Buses . 


Examples 
(1) 3 |+| 2 ]-o+0-0<1-| 2] (3) [2 |+| FE ]-or0-0<1-| 55] 

25 |" (25 25 15 |" | 15 15 

71/8 2x7 1 || Sit 21x2 
Q) [7+] =|-o41=1-| 27] |] - Jecow i) 2=| 2 


DEFINITION 1.38 Let A beasubset of R and f:A — R bea function. A positive real number p is called a period 
of fif f(x) =f(« + p) whenever x and x + p € A.A function with a period is called a periodic 


function. 


Note that, if p is a period of a function f: IR > R, then np is also a period of ffor any positive integer n, since for any x ER, 


f(x) = f(x+ p)= f(xt2p)=-- 


Examples 


(1) Define the function f: R > R by 
f(x) = {x}, the fractional part of x 


Note that any real number x can be uniquely 
expressed as x=n+r, where n is an integer and 
0<r<1 and this ris the fractional part of x denoted 
by {x} and this n is the integral part of x denoted by 
[x]. Ifx=n+r,thenx+1=(n+1)+rand hence 
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(3) The function f:R—R, defined by f(x) =c, for all 
x €R, where c is a given constant, is a periodic func- 
tion. Infact, every positive real number is a period 
of this. 


(4) The function f: R > R defined by 
f@) = [x] 


is not a periodic function. Note that 


(the integral part of x) 


fx) ={x}= (e+ Y= f+) 


for all x € R. Thus, 1 is a period of f and hence every 
positive integer n is a period of f. Therefore, f is a 
periodic function. 


[x+n]=[x]+n 


for all x € R and for all integers n. 


(2 


— 


We will be learning later in Vol. II that functions like 
sin x, COs x, cosec x, etc. are all periodic functions and 
27 is a period of all these. 
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A function f from a set A into a set B is a relation from A to B; that is, fc A x B and hence it can be represented as 
a subset of the Cartesian product A x B graphically. In particular, when the function is a real-valued function defined 
on the real number system or a subset of R, we can plot the point (a, f(a)) on the coordinate plane by treating the 
x-axis as the domain and the y-axis as the co-domain of the function. This type of representation facilitates a better 
insight into understanding various properties of the function. First, let us have the formal definition of the graph in 
the following. 


DEFINITION 1.39 Graph ofa Function Let f: A > B be a function. Then the graph of fis defined as the set 
of all ordered pairs whose first coordinate is an element a of A and the second coordinate is 
the image of a under f. This is denoted by Graph (f). That is, 


Graph (f) = {(a, f(a)) |a€ A} 


Note that the graph of a function f: A — B is a subset of the Cartesian product A x B. For each a € A, there is exactly 
one ordered pair in Graph (f) with a as the first coordinate. In the following, we shall provide graphs of certain 
important functions and draw diagrams of these. 


Example | 1.28 | 


Let f: R > R be defined by f(x) = x for all xe R. (Recall 
that fis called the identity function on R and is denoted 
by /,.) What is the graph of f? Sketch the same. 


Solution: The graph of fis 


{(a, f(a))|a€ R}={(4,a)| ae R} 


This is known as the diagonal relation on R. As shown in 
Figure 1.30, it is a straight line passing through the origin, 
contained in the first and third quadrants and bisecting 


the right angle XOY. 


FIGURE 1.30 Example 1.28. 
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Example 


For any given real numbers m and c, let us define the 
function f: R > R by 


f(x)=mx+c forallxeR 
Sketch the graph of the same. 
Solution: The graph of fis 
{(x, mx +c) |x €R} 


As shown in Figure 1.31, this is a straight line whose 
slope is m and the intercept on the y-axis is c. If we take 
m = 1 and c = 0, we get the identity function given in 
Example 1.28. 


Example 


> | 


(0, c) 


Oo 


FIGURE 1.31 Example 1.29. 


Sketch the graph for m= 0 in Example 1.29. 


Solution: Ifm=0in Example 1.29, then we get 
f(x)=c forallxeR 


This is called the constant function with image c. 
The graph of f is a straight line parallel to the x-axis 
(Figure 1.32). 


FIGURE 1.32 Example 1.30. 


Example ea 


Define f: R > R by 
f(x)=|x| for allxeR 
Sketch the graph of f. 


Solution: The given function is 


x ifx 20 


r=| 


-x ifx< 0 
The graph of fis 

{(x, x)|x = 0} U {(x, —x)|x < O} 
This is the combination of two straight lines: one passing 
through the origin, bisecting XOY and contained in the 
first quadrant and the second passing through the origin, 


bisecting X’OY and contained in the second quadrant 
(Figure 1.33). 


FIGURE 1.33 Example 1.31. 
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Example RE 


Let f: R > R be defined by f(x) = [x] for all x €R, where 
[x] is the largest integer < x. For example 


#(13) =1, f(-2.5) =-3, f(2.5)=2 
f(2)=2, f(-4.2) =-5, f(5.01) =5 
f(3.9) =3, f(-8.9)=-9, — f(-6.01) =-7 
Sketch the graph of f. 


Solution: The graph of f is U (in, n+1)x {n}) and 
is given in Figure 1.34. This function is called the step 
function. The graph of f restricted to an interval [n,n+1), 
with n an integer, is a line segment parallel to the x-axis. 


FIGURE 1.34 Example 1.32. 


Example eae 


Let f: R > R be defined by 


0 ifx=0 
f(~)= 
[x] if x #0 
x 
Sketch the graph of this function. 
Solution: We have 
0 ifx=0 
f= 
[x] if x #0 
x 
Then 
-1 ifx<0 
f(x)=5 0 ifx=0 
1 ifx>0 


This function is called the signum function. The graph 
of this f is in three parts: one is the line y = 1 which is 
parallel to x-axis and contained in the first quadrant; 
the second is the origin (0, 0) and the third is the line 
y =-1 which is parallel to the x-axis and contained in the 
third quadrant (Figure 1.35). 


Y=R 


y= 


FIGURE 1.35 Example 1.33. 


Example | 1.34 | 


Let f: R > R be defined by 
if x<0 


if x=0 


1l-x 
f(x)=41 
l+x if x>0 


Sketch the graph for this function. 


Solution: Note that f(x) =1+|x| for allxeR. The graph 
of fis given by 


{(x, 1+ x) |x >0}U{(0, D}L {(x, 1- x) |x < 0} 


FIGURE 1.36 Example 1.34. 
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This is in three parts: one is the straight line bisecting _ bisecting MPY and contained in the second quadrant 
LPY and contained in the first quadrant, the second (Figure 1.36). 
is the point P = (0, 1) and the third is the straight line 


DEFINITION 1.40 Let A be a subset of R and f:A —R be a function. Then we say that f is increasing if 
f(x) < f(y) whenever x < y. fis said to be decreasing if f(x) = f(y) whenever x < y. 


Example (a35" 


Let 1 <aeRand define f: R > R by f(x) =a for allx ER. Y= 
Sketch the graph of f. A 


Solution: Since a>1, f is an increasing function. 
The graph of f is a curve which goes upward when x 
increases [i.e., f(x) increases when x increases] and goes 
downwards when x decreases [i.e., f(x) decreases when 
x decreases]. Also, since a >1, a is positive and hence 
a’ is positive for all x. This implies that the graph of 
f(x) =a" is contained in the first and second quadrants 
(Figure 1.37). fe) ae 


y=a%,a>1 


(0, 1) 


FIGURE 1.37 Example 1.35. 


Example EEG 


Let0<a<1and define f:R > R by f(x) =a@ forallx ER. y=a%, 0<acl Y= 
Sketch the graph of f. Here, f(x) decreases as x increases A 
(since 0 <a< 1) and hence fis a decreasing function. The 
graph of f is the curve shown in Figure 1.38. The curve 
cuts the y-axis at (0, 1). Also, since a > 0, a“ > 0 for all 
x €R. Therefore, the graph of f is contained in the first 
and second quadrants only. 


(0, 1) 


O 


FIGURE 1.38 Example 1.36. 


Example EE 


Let f: RR be a periodic function with a period p. Y=R 
What would the graph of this function look like? A 
Solution: In this case, the graph of f between the lines 
x=0 and x =p is similar to that between the lines x = p X=R 
and x = 2p. For example, consider the function f: R- R -2 -1 0 1 2 3 
defined by 

f(x) = {x}, the fractional part of x 


This is a periodic function with 1 as a period. The graph FIGURE 1.39 Example 1.37. 
of this function is as shown in Figure 1.39. Note that 
0 < f(x) <1 for all real numbers x. 
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1.8 | Even Functions and Odd Functions 


If we consider the function f : R > R defined by f(x) = x’, then we have f(x) = f(—x). Functions satisfying this property 
are called even functions. If fis a real-valued function such that f(x) =—f(x) for all x, then fis called an odd function. 
In this section we discuss certain elementary properties of even and odd functions. We shall begin with a formal defini- 
tion in the following. 


Even Functions 


DEFINITION 1.41 Symmetric Set A subset X of the real number system R is said to be a symmetric set if 


xeXo-xeX 


Examples 


(1) The interval [-1,1]is asymmetric set,since-1<x<1 (4) The sets {0}, {-1, 1}, {-1, 0, 1} are symmetric. 
if and only if—1 <—x <1. (5) [-2,-1]U[1, 2] is a symmetric set. 
(2) The interval [0, 1] is not symmetric. 


(3) The set Z of integers, the set Q of rational numbers 
and the whole set R are all symmetric sets. 


DEFINITION 1.42 Even Function Let X be a symmetric set and f:X — R a function. Then f is said to be an 
even function if 


f(-x) =f(x)  forallxeX 


Examples 


(1) If f:]R > R is the function defined by f(x) =x’ for all (3) Any constant function f: R > R is even, that is, for 


x €R, then fis an even function, since, for any x ER, any c ER, the function f: R > R, defined by f(x) =c 
oe for all x ER, is even. 
eR Se) (4) The function f : [-z, z] > R, defined by f(x) =cos x 
(2) The function f: R > R, defined by f(x) =|x| for all for all-az <x < 7, is an even function, since cos(—x) = 
x ER, is even, since cos x. 


f(-x) =|-x|=|x|=f(x) forallxeR 


Graphs of Even Functions 


The graph of an even function is symmetric about the y-axis, in the sense that, when y-axis is assumed as plane mirror, the 
graph in the left part is the image of the right part. Equivalently, if the graph is rotated through 180° about the y-axis, we 
get the appearance of the graph as original. Figure 1.40 shows the graphs of the even functions given in the example above. 


Odd Functions 


DEFINITION 1.41 Odd Function Let X be asymmetric set. A function f: X > Ris said to be an odd function if 
f(-x)=-f(x) for allxe X 
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Y=R Y=R 
A A 
> >= 
Oo X=R O X=R 
(a) (b) 
Y=R Y=R 
A A 
(0, 1) 
> X=R 
(0, 0) 
(0, c) 
(0,-1) 
> 
O X=R 


(c) (d) 
FIGURE 1.40 Graphs of the functions: (a) f(x) =x’; (b) f(x) = |x|; (c) f(x) =c; (d) f(x) = cos x. 


Examples 


(1) The identity function f:R —R, defined by f(x)=x (3) Define f: [-z, 2] > R by f(x) =sin x for all-7<x< 


for all x ER, is an odd function, since f(—x) = —x = x. Then f is an odd function, since f(—x) = sin(—x) = 
—f(x) for allx ER. —sin x =—f(x) for all x €[—a, z]. 

(2) In general, for any integer n, the function f:R—R, (4) Define f: (-2/2, 2/2) >R by f(x)=tan x for all 
defined by f(x) = x°', is an odd function, since —m/2<x< 7/2. Then f is an odd function, since 
f(-*) = (-x)*"" = -x°""" = -f(x) for allx ER. tan(—x) =-tan x for all x €(—/2, 2/2). 


Note: If fis an odd function defined on a symmetric set S containing 0, then necessarily f(0) =0, for f(0) =f (—0) =-f (0). 
Hence 2f(0) =0,so that f(0) =0. 


Graphs of Odd Functions 


The graph of an odd function is symmetric about the origin. If the graph is rotated through 180°, either clockwise or 
anticlockwise, about the origin, the resulting figure gives the same appearance as original. Figure 1.41 gives the graphs 
of the odd functions given in the above example. 
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Y Y 
A A 
. 5 > xX . > x 
(a) (b) 
Y 
A 


(7/2, 1) 


(-7/2, 1) 


-1/2 


(d) 
FIGURE 1.41 Graphs of the functions: (a) f(x) = x; (b) f(x) =x°; (c) f(x) =sin x; (d) f(x) = tan x. 
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Remark: Unlike in integers, a function can be neither even nor odd. For example, consider the function f: R > R 
defined by f(x) =x? +x +1 for all x € R. Then f(-1) =1 and f(1) =3 and hence 


f(-D#fG) and f-l) 4-f() 


Therefore fis neither even nor odd. Next, note that a function fis both even and odd if and only if f(x) =0 for all x. 


Examples 


(1) Define f: RR by f(x) =e' +e" for all x e R. Then ~442-41-x 


f(-x) =e* +e =e + e* =f (x) for all x e R and 


therefore fis an even function. a (4/1 _~-4142 ) 


(2) Define f:[-1, 1] > R by f(x) =4/1- x - 4/14+x° for =—f(x) 
all-1 <x <1.Then 


f(-x) = 4/1 - (=x) - 41+ (x) 


THEOREM 1.38 


PROOF 


THEOREM 1.39 


PROOF 


THEOREM 1.40 


PROOF 


for all x €[-1, 1]. Therefore fis an odd function. 


Let X be asymmetric set and fand g functions of X into R. Then, the product fg is an even function 
if both fand g are even or both fand g are odd. 


Suppose that both fand g are even functions. Then, for any x € X, we have 
(f8)(%) = Fx)a(™) = FCx*)8C x) = (fg)(-%) 


and hence fg is an even function. One the other hand, suppose that both f and g are odd functions. 
Then, for any x € X, we have 


(fs)(—x) = Fx) 8(-x) = (FO) C8) = F@)8() = (f8)) 


and therefore fg is an even function. | 


For any real-valued functions f and g defined on a symmetric set X, the product fg is an odd 
function if one of f and g is odd and the other is even. 


Note that fg = gf, since rs = sr for any real numbers r and s. Without loss of generality, we can 
suppose that fis even and g is odd. Then, for any x €_X, we have 


(fa)(—x) = f-x)a(—x) = Fx) a(x) = Fa) 8%) = a) 


Therefore fg is an odd function. ia 


Let f be a real-valued function on a symmetric set X. Then the following hold: 
1. fis even if and only if af is even for any O#aeER. 

2. fis odd if and only if afis odd for any 0 #aeER. 

3. fis even (odd) if and only if —fis even (odd). 


1. Let us recall that for any a € R the function af is defined by (af) (x) = af(x) for all x € X. Suppose 
that fis even. Then, for any ae RandxeX, 


(af)(—x) = af(-x) = af (x) = (af) 


and hence af is even. Conversely, suppose that 0 # a e R such that af is even. Then, for any x € X, 
we have 


af(—x) = (af)(—x) = (af)(@) = af) 


Now, since a # 0, f(—x) = f(x). Therefore, fis even. 


2. It can be proved similarly. 
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3. It is a simple consequence of (1) and (2); take a = 1 in (A) and (2). i) 


THEOREM 1.41) If fand gare even (odd), then so is f+ g. 


ProoF| Suppose that fand g are even. Then, for any x € X, we have 


(f+ 8)(—x) = f(-x) + g(x) = f(x) + 8) =(F+8)() 


Therefore f+ g is even. This together with the above theorem implies that f— g is also even. 
Similarly, we can prove that, if fand g odd, then so is f+ g. | 


THEOREM 1.42) Any function can be expressed as a sum of an even function and an odd function. 


ProoF| Let f:X—R bea function whose domain X is a symmetric set. Define g: X¥ — Rand h: X > R by 


g(x) = fer icn) and h(x) = facyes 


for allx ¢ X.Then 


g(-x) = f(-x) Hee) = f(x) ares = g(x) 
and h( x) = f(x) =fC) = foo f(x) = h(x) 


for all x € X. Therefore, g is an even function and h is an odd function. Also, for any x € X, 


g(x) + h(x) = f(x) ie es f(x) = f(-x) _ f(x) 


and hence f=g+h. 


2 
a 


Note: The above representation of fis unique in the sense that if g+h=f=a+ B, where g and q@are even and h and 
Bare odd, then g= a and h = #; for, in this case g — @ = B—h, which is both even and odd. Therefore, g- a=0=B-h 


or g=qaandh=B. 


The unique functions g and h/ given in the proof of Theorem 1.42 are called the even extension of f and odd 


extension of f, respectively. 


Examples 


(1) Let f:R > R be defined by 
f(x)=x°4+2x4+1=(x+1YP 
Note that fis neither even nor odd, since 
f(-1) =(19 + 2(-1)+1=0 
and fQ)=() + 21) +1=4 


Therefore f(—1) #f(1) and f(-1) #-f(1). However, 
consider the functions g and h defined by 


g(x)=x°+1 and h(x)=2x 


g(x) = 


Then g is even, is odd and f= g +h. Note that 
f(x) + fx) _ 


a(x) and LO-ICH) = C9 _ a) 


(2) Consider the function f: R > R defined by 


f(x) =e for allxeR 


Then f=g+h, where 


ete” 
2 


and h(x)= —— 


Note that g is even and h is odd. 
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Example 1,38 | 


Determine the even and odd extensions of the function 
f:R-R given by f(x) =e". 


Solution: The even extension of fis given by 


_f@tfCxy_et+e 
2 2 


g(x) 


and the odd extension of fis given by 


x 


pn) LOI) =e 
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Single Correct Choice Type Questions 


1. If A is the set of positive divisors of 20, B is the set of 
all prime numbers less than 15 and C is the set of all 
positive even integers less than 11, then (A 7 B) U Cis 
(A) {2, 3,5, 7, 8, 10} (B) {2,4, 5,7, 8, 10} 

(C) {2,4,5, 6,7, 8, 10} (D) {2, 4,5, 6, 8, 10} 


Solution: It is given that 
A={1,2,4,5, 10,20} 
B =({2,3,5,7, 11, 13} 
C={2,4,6,8, 10} 
Therefore 
An B={2,5} and (AN B)UC={2, 4,5, 6,8, 10} 


Answer: (D) 


2. Which of the following sets is empty? 
(A) {x ER|x°=9 and 2x = 6} 
(B) {xe R|x°=9 and 2x = 4} 
(C) {xe R|x+4=4} 
(D) {xeR|2x+1=3} 


Solution: We have x°=9 only if x =+3. For this value 
of x the equation 2x = 4 is not satisfied. Sets in (A), (B), 
and (D) are non-empty. 
Answer: (B) 
3. For each positive integer n, let 
A,, = The set of all positive multiples of n 

Then A, A), is 

(A) Ain (B) Az) (C) Ary (D) Aw 
Solution: Given that A, = {a € Z'|n divides a}. Now 


ae A.A, Both n and m divide a 
© The LCM of {n, m} divides a 
© ae A,, where r= LCM {n, m} 


Therefore, 
Ag oO Ajy= Ax 
since LCM {6, 10} = 30. 
Answer: (C) 


4. Let A={a, b,c, d} and B = {a, b, c}. Then the number 
of sets _X contained in A and not contained in B is 


(A) 8 (B) 6 (C) 16 (D) 12 


Solution: If Xc Aand X g B, then necessarily de X 
CA and hence X= YU {d}, where Y is any subset of 
B. The number of subsets of B is 2° and therefore the 
required number is 8. 


Answer: (A) 


5. Let A, B and C be three sets and_X be the set of all 
elements which belong to exactly two of the sets A, B 
and C. Then_X is equal to 


(A) (AN B)U(BAC)U(CO A) 
(B) AA(BAC) 
(C) (AUB)A(BUC)A(CU A) 
(D) (AU BUC)-[AA(BAC)] 
Solution: We have 
xeX@xeANB and x€C 
or xE€BOC and x¢A 
or xECOA and x¢€B 
Therefore 
X=[(AN B)-C]U[(BAC)-A] U[(CO A) - B] 
=(AUBUC)-[AA(BAC)] 
since 
AA(BAC)=(ANBAC)U(ANBAC)uU 
(ASA BAC) U(AN BAC) 
Answer: (D) 


6. Let g(x) denote the powerset of X.If A = {a, b, c, d, e} 
and B= {a,c,d, x, y}, then 9(A A B)= 
(A) {9 {a, ch, fe, d}, {a, c,d}, {a}, {c}, {a} 
(B) {¢, {a}, {ce}, ta, ch fe, a], (a, dj, (a,c, dj} 
(C) PAV B) 
(D) 9(A) 0 (B) 
We have X CANBS XcAand X cB. 
Answer: (D) 


Solution: 


7. Let A and B be finite sets with n(A) = mand n(B) =n. 
If the number of elements in (A) is 56 more than 
those in ¢@(B), then 


(A) m=6,n=4 
(B) m=6,n=3 
(C) m=7,n=4 
(D) m=5,n=3 
Solution: 
n(@(A)) = 2” = 56 + n(g(B)) = 56 + 2” 

Now 2” — 


It is given that 


2” = 56 and m>n. Hence we get 
2”(2"" -1)=56=8x7=2'(2'-1) 
Therefore n = 3 and m—n=3 and hence m =6 andn=3. 


Answer: (B) 


8. If A and B are two subsets of a universal set _X, then 
AS _ B = 


(A) A-B (B) (A-B)* 
(C) BAAS (D) (B- A) 
Solution: We have 


A - B= A A(BY=ANB=BOA 
Answer: (C) 


9. If A={1, 2, 3, 4}, B={1, 2, 5, 6}, C={2, 7, 8, 9} and 
D = (2,4, 8,9}, then (A AB) A(CAD)= 


(A) {3, 4,5, 6, 7} (B) {3, 4,5, 7} 
(C) (3,5, 7, 8} (D) {3, 5, 6, 7} 
Solution: We have 


AA B=(A- B)U(B- A) ={(3, 4,5, 6} 
CAD=(C- D)U(D-C)={7, 4} 
and (AA B)A(C A D)=(AA B)-(CAD) 
U[(C A D)-(AA B)] 
= (3, 5, 6} U {7} = (3, 5, 6, 7} 
Answer: (D) 


Worked-Out Problems 


10. Let S= {1,2,3,4,5,6,7,8,9} and A = {2,3,4,5,6}.Then 
the number of subsets B of S such that A A B = {5} is 


(A) 1 (B) 2 (C) 3 (D) 0 
Solution: For any subsets X, Y and Z of S, we have 
XAX=6,X Ab=X 
and XAY=ZEQY=XAZ 
Now, 


AA B={5}@ B=AA {5}= (2, 3, 4, 6} 
Answer: (A) 
11. Let A, B and C be finite sets such that AN BON C=6 


and each one of the sets A A B, B AC and CAA has 
100 elements. The number of elements in AU BU Cis 


(A) 250 (B) 200 (C) 150 (D) 300 


Solution: 
Then, 


MAU BUC)=n(A)+ n(B)+n(C)-n(An B) 
—-nBAC)-n(Cn A)+n(An BOC) 
=} n(A)- ¥n(An B) 
(since AN BANC=¢@) 


Let n(X) denote the number of elements in X. 


Now, 
AA B=(A- B)U(B- A)=(AUB)-(ANB) 
Therefore 
n(A A B)=n(AvU B)-n(An B) 
=n(A)+n(B)-2n(Anr B) 
and 
300 =} n(A A B) = )[n(A) + n(B) - 2n(A 2 B)] 
= 2] ¥n(A)- Yi n(An B)| 
Therefore 
n(AU BUC)= > n(A)- ¥n(An B) = 300/2 = 150 


Answer: (C) 


Alternate Method 
Draw the Venn diagram as follows: 


60] Chapter 1 | Sets, Relations and Functions 


The shaded part is AM BM C which is given to be empty. 
Let a, b, c denote n[A-(BUC)], n[B-(CUA)], n[C- 
(AU B)] respectively. Let x, y, z denote the number 
of elements in (AN B)-—C, (BNC)-A, (CN A)-B 
respectively. Then 


NAUBUC)=atb+c+x+ytz 
We are given that 
100 = n(A A B) =(a+z)+ (b+ y) 
100 =n(B AC) =(b+ x) +(c +z) 
and 100 = n(CAA) =(c+ y)+ (a+ x) 
Adding the above three, we get that 
300 =2(a+b+c)+2(x+y+z)=2n(AU BUC) 


and hence n(A U BUC) = 150. 
Answer: (C) 


12. Let n be a positive integer and 
R={(a,b)¢ZxZ\a—b=nm for some 04 me Z} 
Then R is 
(A) Reflexive on Z 
(B) Symmetric 
(C) Transitive 
(D) Equivalence relation on Z 
Solution: R is not reflexive, since (2, 2) ¢R. R is sym- 
metric, since 
(a,b)e R>a-—b=nm for some 04#meZ 
=>b-a=n(-m) and 0#-meZ 
=>(b,a)eR 
R is not transitive, since (2,n+2)e R and (n+2,2)eER, 
but (2,2)¢R. 
Answer: (B) 


13. Let R = 1 and P, be the number of partitions on 
a finite set with n elements. For n = 1, a recursion 
formula for P. is given by 


(A) P= P+ P.. forn22 


on 

OQ 

Neca 

a 

x 
ll 
= 

ee 
er 

fips) 


Solution: We are given that P, = 1. If X is a set with 
only one element, then clearly P, = 1. Now, let _X be a set 


with n+ 1 elements, 1 >0. If A is a non-empty subset of 


X with K-elements (such sets are in number), 


then the number of partitions of the set X- Ais F,,,1) «- 
For each ¢# AC X and for each partition of X—A, 
we get a partition of X. Conversely, any partition of X 
corresponds to a non-empty subset A of X and a parti- 
tion of X — A. Therefore 


n+1 n+ 1 n(n 
Fonst)= | K ee 3 ("le 
K=1 r=0 


Answer: (C) 
Note: If nis a positive integer and 0 <r <7n is an integer, 


n 
then denotes the number of selections of n distinct 
r 


objects taken r at a time (see Chapter 6). 


14. The number of equivalence relations on a five element 


set is 
(A) 32 (B) 42 (C) 50 (D) 52 
Solution: Note that equivalence relations and partitions 


are same in number. By Problem 13, we have 
4 4 + 4 4 4 
p=| e+] lat]. |B+],/a+] | 
ere g 0 1 2 3) ° \4 
1 1 
BRa=hh=1,2= 0 Bt l P=14+1=2 


2 2 2 
P=| (B+) |P+) |B=14+2-141-2=5 
~ \0 1 2) 

3 3 3 3 
P=||R+|_ |P+|. |B+| 2 |B 

0 1 2) ~ \3)° 


=1-143-14+3-24+1-5=15 
(eGo 
0 1 2 3 4 
=114+4:14+6:24+4-5+4+1-15=52 
Answer: (D) 


15. Which one of the following represents a function? 
(A) 


—-~ 


(B) 


(C) 


(D) 


Solution: In (A),3—band3-— d. It does not represent 
a function, since one element in the domain cannot be 
sent to two elements in the codomain. Similarly (B) and 
(C) do not represent functions. But (D) represents a func- 
tion f, where f(1) =a, f(2) =b, f(3) =b and f(4) =d. 
Answer: (D) 


16. Let A be the set of all men living in a town. Which 
one of the following relations is a function from 
Ato A? 


(A) {(a, b) € A x A | b is the son of a} 

(B) {(a,b) ¢A x A | b is the father of a} 

(C) {(a,b) ¢ Ax A|aand b are same} 

(D) {(a,b) € A x A | ais the grandfather of b} 


Solution: Here (B) is nota function, since for anya € A, 
there should be exactly one 5 such that b is the father 
of a. Then again there should be c € A such that c is the 
father of b and so on. This chain breaks at some stage, 
where there is man a whose father is not in that town. 
Therefore, not every element in A has an image. In (A) 
and (D) an element can have more than one images and 
hence they do not represent a function. However, (C) is a 
function; in fact, it is the identity function on A. 


Answer: (C) 


Worked-Out Problems Ls) 


17. Let f: ROR be the function defined by 


x-4x+3 ifx<2 
fad=f 3 ifx>2 
Then number of real numbers x for which f(x) =3 is 
(A)1 (B) 2 (C) 3 (D) 4 
Solution: We have 
x<2and f(x)=3 > x -4x+3=3 
=> x(x -4)=0 


=>x=0 (since x <2) 


Also x 22 and f(x)=35x-3=3=5 x= 6. Therefore, 
only x =0 or 6 satisfy f(x) =3. 


Answer: (B) 
18. Let 


ax 
=— for #-1 
F(x) x+1 . 


Then the value of a such that (f° f)(x)= x for all 


x#-—lLis 
(A) -1 (B) V2 (C)-v2. )1 
Solution: We have 


s=(Fonted=a[ ax - alax/(x + 1)] 


x+1) [ax/(x+1)]+1 
Therefore 
ax 


x =——  forallx#-1l 
ax+x+4+1 


(a+1)x°+(1-a°)x=0 forall x#-1 


This is a quadratic equation which is satisfied by more 
than two values of x (infact, for all x #—1). Therefore, the 
coefficients of x° and x must be both zero. Hence 


a+1=0 and 1-a@=0 
and so 
a=-l 


Answer: (A) 


19. If f(x) is a polynomial function satisfying the relation 
rox)+ 7{2}=reor(4) for all x #0 
x x 


and f(4) = 65, then f(2) = 


(A)7 (B) 4 (C)9 (D) 6 
Solution: Since f(4) = 65, f(x) must be a non-zero poly- 
nomial. Let 


f(x) =a,+ AX+4X ++ +4,x", a, #0 
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Suppose that 
f(x) + (=)=re2(=) for all x #0 
Xx x 


Then 


r=0 x" 


That is, 


(ayx"+ ax te tax") + (xt ax" +--+4a_,x+4,) 
= (tax t--+a,x" ax" tax" '+--+4,,x4+4,) 


Equating the corresponding coefficients of powers of x, 
we have 


Fy, = MA, Ay_1 = My, 1+ HA, 
G,_9= GA, + 4,1 + A, 7M 
2a,= a, + a. 
4, = aa, => a,= 1 (since a, #0) 
4, ,= 4a, ,+a4a,>a4a,=0>a=0 
G,_7= HO, + G4, 1+ 4,» > 4,,=44,+4,,>a4=0 


Continuing this process, we get that a, ,=0 and2=1+ a". 
Hence a,= +1. Therefore 


f(xy)=1t x" 
Since we are given that f(4) = 65 we have 
65=1+ 4" 


Therefore f(x) cannot be 1 — x". Thus, f(x) =1+-x" and 
65 =1+ 4" and hence n = 3. So f(x) = 1+ and f(2) =9. 


Answer: (C) 


20. Let f(x) =9°/(9' +3 ) for all x € R. Then the value of 
> 2" £(r/2009) is 


(A) 1004 (B) 1005 (C) 1004.5 (D)1005.5 
Solution: Consider 
on gi* 
+ fd = + 
7) ra %) Or + 3 ghry 3 
9" 9 
a + 
+3 943-9" 


_.¥ x 9 
9+3 3(3+9") 
eo 
31349) — 


Therefore, 

208 fy 1 2008 

> (so)-| Caos) (3) 
( r (7) 
Tl 5009 2009 


=2 (30) *(!~ as] 


Answer: (A) 


Note: If ais any positive integer and f(x)=a‘/(a’*+ a), 
then 


f(x)+ fl-x)=1 


21. Let [x] and {x} denote the integral part and fractional 
part of x, respectively. Then the number of solutions 
of the equation 4{x} =x + [x] is 
(A) 1 (B) 2 (C) 0 (D) infinite 

Solution: Let 4{x} =x + [x] =2[x] + {x}. Therefore 3{x} 

= 2[x]. Since 0< {x} <1, we have 0 <3{x}<3 and there- 

fore 0 < 2{x} <3. Since 2[x] is even integer, 


[x]=O orl and {x}=0 or = 


Therefore 


Answer: (B) 


22. If the function f:R — R satisfies the relation f(x) + 
f(x+4) =f(x+ 2) + f(x + 6) for all x ER, then a period 
of fis 
(A) 3 (B)7 (C) 5 

The given relation is 


f(x) + f(x +4) = f(x +2) + f(x + 6) 


(D) 8 
Solution: 


(1.3) 


Replacing x with x — 2, we get that 


f(x —2)+ f(x +2) = f(x) + f(x + 4) (1.4) 
From Eqs. (1.3) and (1.4) we get 
f(x -2)= f(x + 6) for allxeR 
or f(x) = f(x +8) for allxeR 
Answer: (D) 


23. Let A=RxR, R the real number system and 
R={((x, y), (a, b))€ Ax Aleither x <a 
or x =aand y>b} 


Then which one of the following is true, if ((x, y), 
(a, b)) € Rand ((a, b), (p, q)) € R? 

(A) (ay), O)ER — (B) ((~ y),(G, p))ER 
(C)(aygM)eR  (D)(,*), (ER 


Solution: Suppose that ((x,y),(a,b)), ((a,b),(p,q)) ER. 
Then 

either x<a or x=a and y>b 
and either a< p ora=p and b>q 


Ifx < aanda <p, then x < pand hence ((x, y),(p,q)) ER. 
Same is the case when x < aand a =p and also when x =a 
and a<p.If x=a,y>b,a=p and b>q, then x=p and 
y>b>q.Therefore ((x, y), (p,q)) ER. 


Answer: (A) 


24. Let abe a positive real number and f: R> R a func- 
tion such that 


f(x +a) =1+ J2f(x) — f’(x) for allxeR 
Then a period of fis 
(A) 2a (B) 3a 


Solution: Given f(x+a)=1+./2f(x)- f(x) for all 


x €R. Replacing x with x — a we get 


(C) 4a (D) 5a 


f(x)=14 J2f(x-a)—(f(x-a)y and 1< f(x) <2 


Multiple Correct Choice Type Questions 


1. Let A and B be two sets. If X is any set such that 
ANX=BoX andAUX=BUX, then 


(A)BCcA (B)ACB (C)A=B (D)AAB=0 
We have 

A=(AUX)OA 

=(BUX)OA 


Solution: 


Worked-Out Problems 


Therefore 
[F(x + a) - 1)°=2 f(x) -[F@)/ 
Replacing x with x + a, we get 
[f(x + 2a) — 1) = 2f(x +a) — [fe + a) 
=-[f(x+a)-1f+1 
=—[2f(x) {FCP ] +1 
=[f(@)=1) 


(1.5) 


[by Eq. (1.5)] 


Therefore, 
f(x+2a)-1= f(x)-1 [since f(x +a), f(x) 21] 
f(x + 2a) = f(x) forallxeR 


Thus 2a is a period of f. 
Answer: (A) 


25. The range of the function f defined by 


is 
(A). B40 ©) MELO 
Solution: Here f(x) is defined for all real x, since 
e+ e"!# 0 for all x eR. Also 


0 for x 20 


f(x) =4 ee" 7 et 


TE for x <0 
e+e* e411 


Therefore 
ee for all x <0 
ett 
For x <0, 


y=f(x) S02 y=1- Sa 


ev+1 


From this it follows that the range of fis (-1, 0]. 
Answer: (B) 


=(BN A)U(X NA) 
=(BN A)U(X OB) 
=Ban(AvUX) 
=Ba(BUX)=B 


Therefore A = B and hence all are correct answers. 
Answers: (A), (B), (C) and (D) 
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2. S is a set and the Cartesian product S x S has 9 elem- 
ents of which two elements are (—2, 1) and (1,2). Then 


(A) (2,-2)eSx S$ (B) (-2,-2)eSxS 

(C) (-2,2)¢SxS$ (D) S = {-2, 1, 2} 
Solution: SxS has 9=3’ elements and hence S must 
have 3 elements. Since (—2, 1) and (1,2) € S x S, we have 


-2, 1,2 € S and therefore $= {-2, 1, 2}. Therefore (2, 
—2)¢ Sx Sand (-2,-2)e SxS. 


Answers: (A), (B) and (D) 


3. Let f: R > R be a function satisfying the following: 
(a) f(-x)=-f(x) 
(b) fatD=f@)+t 


© #(=)-©& 
Then 

(A) f(x) =~x for allx eR 

(B) f(x + y) =f(x) + f(y) for all x,y ER 
(C) fry) =f() f(y) for all x,y eR 


(D) 7({2}-2 for all x, ye R with y#0 


Solution: We shall prove that f(x) = x for all x €R and 
hence (A), (B), (C) and (D) are all true. By (a), fis an odd 
function and hence f(0) = 0. 

0= fO)=fC1+D=fC)+1 [by )] 
Therefore f(—1)=—1. For any x #0 and -1, we have 


i 1 )-2-fon 
xt+1) (x+1P  (x+1/Y 


for all x #0 


(1.6) 


Also, 


Il 

| 

Ss 
“oN 
es 
+) & 
=—= 
ee 

+ 

= 


—f[(x + 1)/x] <4 
[(x + 1)/x]? 


eitext) 


~ [(x+D/xP 
= —x°[ f/x) +1] 


+1 
(x +1)? 


_ = [UF }4+ 1 
(x+1/ 
_Afe+"),, 
(x+1/ 


+1 


Therefore 


r{ 1 pete (17) 


x+1 (x+1/ 
From Eggs. (1.6) and (1.7), we get 
f(x)+1=(x4+1)—-2x- f(x)=2x +1 - f(x) 


Therefore, 2 f(x) = 2x and hence f(x) =~ for allx eR. 
Answers: (A), (B), (C) and (D) 


4. Ifa#beRand f:R—-— Risa function such that 


apts) + bf 2) == 1 for al0#xeER 


Then 
2a+b 
(A) f(2)= a B) (B) f(1)=0 
(C) fC) = 2a + b) (D) f(-) = 2(@- b) 
Solution: We are given that 
afta) bf{=)= 4-1 (1.8) 
Replacing x with 1/x, we get 
bfts)+af{2]=2-1 (1.9) 


From Eqs. (1.8) and (1.9), we have 


(a — b°) f(x) = a(x -1)- o(=- i 


Therefore 
a+b/2 2a+b 
2 = SF 
f( ) a- b? 2a - b’) 
f()=0 
—2a+2b —2 
d Lh= = 
is FY a-b a+b 


Answers: (A), (B) and (C) 


5. Let P(x) be a polynomial function of degree n such that 


k 


POAT 


for k=0, 1,2, ...,1.Then P(n + 1) is equal to 
(A) -1 ifn is even (B) 1 if n is odd 


n n : : 
(C) pad Dae) if nis odd 


ifn is even 


Solution: Consider the polynomial 


O(x)=P(x\at+I-x 


Then Q(x) is a polynomial of degree n+ 1 and 0,1,2,...,n 
are the roots of the equation Q(x) = 0.Therefore 


Q(x) = Ax(x- I(x -2)-(x=n) 


where A is a non-zero constant. Substituting x =—1, we 
get that 


1=Q(-1)= A(-1)""(n+ 1)! 


Matrix-Match Type Questions 


1. IfA={1,2, 4,5}, B = (2,3, 4,5} and C= {4,5, 6, 7}, then 
match the items in Column I with those in Column II. 


Column I Column IT 

(A) (A-B)UC (p) {1,2, 3} 

(B) (A-B)U(B-C) (q) {1,3, 4,5, 6, 7} 
(C) (AUB)-C (r) {1, 4, 5, 6, 7} 


(D) (AAB)AC (s) {1,2, 3,4} 


Solution: This can be solved by simple checking. 


Answer: (A)->(r), (B)>(p), (C)(p), (D)>(q) 


2. Let A, B and Cbe subsets ofa finite universal set _X. Let 
n(P) denote the number of elements in a set P. Then 
match the items in Column I with those in Column II. 


Column I Column IT 

(A) n(A - B) (p) n(X) - (ANB) 
(B) n(A AB) (q) n(C) —n(COB) 
(C) n(AS vu B’) (r) n(A) —n(ATB) 


(D) n(C 0 B’) (s) n(A) + n(B) — 2n(ATB) 


Solution: This can be solved by simple checking. 


Answer: (A)—\(r), (B)(s), (C)(p), (D)>(q) 


Comprehension-Type Questions 


1. In a group of 25 students aged between 16 years and 
18 years, it was found that 15 play cricket, 12 play 
tennis, 11 play football, 5 play both cricket and foot 


Worked-Out Problems 165 


Therefore 


P(nt+l)= [((n +1) +(-1)"""] 


we 
n+2 
1 if nis odd 


if nis even 


n+ 


Answers: (B) and (C) 


3. Let P: [0, °°) + Z* be defined as 


13 ifO0<x<1 


n= i +15n 


iin<x<nt+lneZ 


Then match the items in Column I with those in 
Column II. 


Column I Column IT 
(A) P(3-01) (p) 68 
(B) P(4-9) (q) 63 
(C) P(3-999) (r) 73 
(D) P([4-99]) (s) 58 


Solution: Given that P(x)=13+15[x] for all x20, 
where [x] is the integral part of x. Then 

P(3-01) =13+15x3=58 
Remaining parts can be solved similarly. 


Answer: (A)—(s), (B)(r), (C)(s), (D) (1) 


Note: Functions of this type are called Postage-stamp 
functions. 


ball, 9 play both cricket and tennis, 4 play tennis and 
football and 3 play all the three games. Based on this, 
answer the following questions. 
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(i) The number of students in the group who play 
only football is 


(A) 2 (B) 3 (C)4 (D) 5 
(ii) The number of students in the group who play 
only cricket is 


(A)1 (B) 2 (C) 3 (D)4 
(iii) The number of students in the group who play 
only tennis is 


(A)1 (B) 2 (C) 3 (D)4 
(iv) The number of students who do not play any of 
the three games is 


(A)1 (B) 2 (C) 3 (D)4 


Solution: Let C, T and F denote the sets of students in 
the group who play cricket, tennis and football, respec- 
tively. Consider the Venn diagram. 


aN 


We are given that 
n(C)=x+a+c+3=15 
n(T)=y+b+at+3=12 
n(F)=z+c+b4+3=11 

Then 

n(CAT)=a+3=9 
n(T A F)=b+3=4 
n(C A F)=c+3=5 
n(CATOF)=3 


and by solving these, we geta=6,b=1,c=2,x=4,y=2 
and z = 5.The number of students who do not play any of 
these games is 25-(a+b+c+x+y+z+3)=2. 


Answer: (i) — (D); (ii) — (D); (iii) — (B); (iv) — (B) 


2. Let f: R— {0,1} > Rbea function satisfying the relation 
x-1 
fx) (74) =x 
x 


for all x € R — {0, 1}. Based on this, answer the follo- 
wing questions. 


(i) f(x) is equal to 


aera 
@ ape | 
One 


1 1 
D + + 
( sf = 


(ii) f(—1) is equal to 


(A)3/4— (B)-3/4.— (C) 5/4 (D) -5/4 
(iii) f(1/2) is equal to 
(A)5/4— (B)-7/4. (C)7/4.—s (DY 9/4 
Solution: Given that 
f(x)+f (=) =x (1.10) 
x 


for all x #0,1. Replacing x with (x — 1)/x both sides, we 


get that 
x-1 (a=) 1),_ 2-1 
r( x J+[ (x — 1)/x i: x 
That is, 
(24)+7(4)- a (1.11) 
x 1-x 
Again replacing x with (x — 1)/x in this, we get 
1 1 
(4) =F f(x) = or (1.12) 


Then by taking Eq. (1.10) + Eq. (1.12) — Eq. (1.11), we get that 
1 x-1 


1-x x 


2f (x)=x+ 


(1.13) 


Substituting the values x =—1 and 1/2 in Eq. (1.13) we get 
the solution for (ii) and (iii). 


Answer: (i) — (A); (ii) — (D); (iii) — (C) 


Assertion-Reasoning Type Questions 


In the following question, a Statement I is given and a 
corresponding Statement IJ is given just below it. Mark 
the correct answer as: 


(A) Both [and IJ are true and II is a correct reason for I 
(B) Both I and II are true and II is not a correct reason for I 
(C) Lis true, but II is false 
(D) Lis false, but I is true 


1. Statement I: If A = {1, 2, 3, 4} and B= {2, 3,5, 6, 7}, 
then n((A x B) N(Bx A)) =4. 


Statement IL If two sets A and B have n elements in 
common, then the sets A x B and B x A have n’ elements 
in common. 


Integer Answer Type Questions 


1. Let f:R > R be a function such that f(1) = f(0) = 0 
and | f(x) — f(y)| < |x — y| for all x # y in [0, 1]. If 
2| f(x) - f(y)| < K for all x, y € [0,1], then K can be 


Solution: LetO<x<y<1.Then 
If() - FMISIFCDI+1FO)!| 


=| f(x) - FOl+I FO) - FO 


<|x-0]+|y-1| 
=x+1l-y (1.14) 
Also, 
If(x)- fl <|x-yl=y-x (1.15) 
By adding Eqs. (1.14) and (1.15), we have 
2|f(x)- FO) <1 
Answer: 1 


2. Let f:R — R be a function such that f(x + y) =f(x)+ 
f(y) -—xy-1 for all x, yeR and f(1)=1. Then the 
number of positive integers n such that f(n) =n is 


Solution: By taking x =0=y, we get that f(0)=1. By 
hypothesis, f(1) = 1. For any integer n > 1, 


fi=fl@-)+Y=f@-)+f-@-)1-1 
=f(n-)-(@-1)<f(a-) 


Worked-Out Problems 


Solution: Note that, for any sets A, B, C and D, 
(Ax B)A(C x D)=(ANC)x(BOD) 
and hence 
(A x B) A(Bx A)=(AN B)x(BO A) 
=(AnN B)x(AnN B) 
Therefore 


n((A x B) A(Bx A))=[n(A 7 B)f 
Answer: (A) 


Therefore, we have 1 = f(1) > f(2) > f(3) >--- and hence 
f(n) #n for all n > 1. Thus 1 is the only positive integer n 
such that f(n) =n. 


Answer: 1 


3. Let f: R > R be a function such that f(2 + x) =f(2 —x) 
and f(7 +x) =f(7 —x) for all real numbers x. If f(0) =0 
and there are atleast m number of integer solutions 
for f(x) =0 in the interval [-2010, 2010], then m can 
be : 


Solution: For all x ¢ R, we have 


f2+x)=f2—-x)=f[7-G+%)] 
= f[7+ (5+ x)]= fG2 + x) 
By replacing x with x —2 we get that 


f(x) = f(x +10) for allx eR (1.16) 


Now, 


0= fO)=f2-2H=f2+2)=f(4) (117) 


From Eqs. (1.16) and (1.17), we have f(4+10n)=0 for 
all integers n. Also, since f(0)=0, we have f(10n) =0 
for all integers n. There are 403 integers of the form 
10n and 402 integers of the form 10 + 4 in the interval 
[-2010, 2010]. Therefore, there are atleast 805 integers n 
in [-2010, 2010] for which f(n) =0. 


Answer: 805 
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SUMMARY 


1.1 
1.2 
1.3 


1.4 


1. 


ul 


1.6 


1.7 


1.8 


1.9 


Set: Any collection of well-defined objects. 
Elements: Objects belonging to a set. 
Empty set: Set having no elements and is denoted ©. 


Equal sets: Two sets A and B are said to be equal, if 
they contain same elements or every element of A 
belong to B and vice-versa. 


Finite set: A set having definite number of elements is 
called finite set. A set which is not a finite set is called 
infinite set. 


Family or class of sets: A set whose numbers are 
family of sets or class of sets. Family of sets or class 
of sets are denoted by script letters 4, B, €, &, P etc. 


Indexed family of sets: A family C of sets is called 
indexed family if there exists a set J such that for 
each element ie/, there exists unique member 
A € Cassociated with 7. In this case the set J is called 
index set, C is called indexed family sets and we 
write C={A,:ie J}. 


Intervals: Let a, b be real numbers and a < b. Then 
(a, b)={xe Rla<x<b} 
[a,b)={xe Rlasx<b} 


(a, b]={xeRla<x<b} 


[a, b]}={xeRla<sx<b} 


(—00, +00) or (00,00) is R 

Subset and superset: A set A is called a subset of a set 
B, if every element of A is also an element of B. In this 
case we write A cB. If A is a subset of B, then B is 
called superset of A. If A is not a subset of B, then we 
write A g B. 


1.10 Proper subset: Set A is called a proper subset of a 


set B if A is a subset of B and is not equal to B. 


1.11 Powerset: If X is a set, then the collection of all 


subsets of X is called the powerset of X and is 
denoted by P(X). 


1.12 Cardinality of a set: If X is a finite set having n 


elements, then n called cardinality of X and is 
denoted by |X| or n(X). 


1.13 


1.14 


1.15 


1.16 


1.17 


1.18 


1.19 


1.20 


If |X| =n, then |P(X)| = 2”. 


Intersection of sets: For any two sets A and B, the 
intersection of A and B is the set of all elements 
belonging to both A and B and is denoted by 


An B={x|xe Aand xe B} 


Theorem: The following hold for any sets A, B and C. 
(1) ACBSA=ANB 

(2) ANA=A 

(3) ANB= BoA (Commutative law) 

(4) (ANB)AC=AN(BNOC) (Associative law) 

(5) AN® =@, where @ is the empty set. 

(6) For any set X,X CANB@& XCA and XCB. 
(7) Inview of (4) we write AN BA Cfor AA(BOC). 


(8) For any sets A,, A,, ..., A, we write (\-4 for 
A, NA, A,0++: OA, 


Disjoint sets: Two sets A and B are said to be 
disjoint sets if AN B=@. 


Union of sets: For any two sets A and B, their union 
is defined to be the set of all elements belonging to 
either A or to B and this set is denoted by AUB. 
That is AU B={x|xe Aor xe Bh. 


Theorem: For any sets A, B and C the following 
hold. 


(1) ANBCAUB 

(2) For any set xX, AUBCX¥ SACK and BCX 
(3) AUA=A 

(4) AUB = BUA (Commutative law) 


(5) (AUB)UC=AU(BUC)and we write AUBUC 
for (AUB)UC 


(6) ANB=A @G@AUB=B 
(7) AUM=A 

(8) AN(AUB)=A 

(9) AU(ANB)=A 


Theorem (Distributive laws): If A, B and C are 
three sets, then 


(1) AN(BUC) =(ANB)U(ANC) 
(2) AU(BNC) =(AUB)A(AUC) 


Theorem: For any sets A, B and C, ANB=AMQC and 
AUB=AUC> B=C. 


1.21 


1.22 


1.23 


1.24 


1.25 


1.26 


1.27 


1.28 


1.29 


1.30 


If {A},., is an indexed family of sets then UA is 
the set of all elements x where x belongs to atleast 
one A,. 


Set difference: For any two sets A and B, A — B = 
{xe A|x¢ B}=A-(ANB) 


De Morgan’s laws: If A, B and C are any sets, then 
(1) A-(BUC) =(A- B)A(A-C) 
(2) A-(BOC)=(A- B)U(A-C) 


Theorem: Let A, B and C be sets. Then 

(1) BCCS>A-CCA-B 

(2) ACBSA-CcCB-C 

(3) (AUB)-C=(A-C)U(B-C) 

(4) (ANB)-C=(A-C)n(B-C) 

(5) (A - B)- C=A-(BUC) =(A-B)N(A-C) 
(6) A-(B-C)=(A-B)U(ANC) 


Universal set: If {A},., is a class of sets, then the set 
X= U4: is called universal set. In fact the set _X 
whose subsets are under our consideration is called 
universal set. 

Caution: Do not be mistaken that universal set 
means the set which contains all objects in the 
universe. Do not be carried away with word universal. 
In fact, the fundamental axiom of set theory is: 
Given any set, there is always an element which does 
not belong to the given set. 


Complement of a set: If X is an universal set and 
A CX then the set X — A is called complement of 
A and is denoted by A’ or A“. 


Relative complement: If X is an universal set and 
A, B are subsets of X, then A — B= AB’ is called 
relative complement of Bin A. 


De Morgan’s laws (General form): If A and B are 
two sets, then 

(1) (AUB) =A’'n B’ 

(2) (ANB) =A’UB’ 


Symmetric difference: For any two sets A and B, 
the set (A — B) U(B-— A) is called symmetric differ- 
ence of A and B and is denoted by AAB. Since A 
—-B=AcB’ and B- A= BOA’, AAB= (AT B’) 
U(BOA’). 


Theorem: The following hold for any sets A, B and C. 
(1) AAB= BAA (Commutative law) 
(2) (AAB) AC=AA(BAC) (Associative law) 


1.32 


1.33 


1.34 


1.35 


(3) AAO=A 
(4) AAA=@ 


Theorem: If A and B are disjoint sets, then 
(1) n(AUB) =n(A) +n(B) 


(2) If A,, A,,...,A,, are pairwise disjoint sets, then 


n{ A) = (A) +4.) 42-4 4) 


Recall that for any finite set P, n(P) denotes the 
number of elements in P. 


Theorem: For any finite sets A and B, n(AUB) = 
n(A) + n(B)-n(AnB). 


Theorem: For any finite sets A, B and C, 


n(AUBUC) =n(A) +n(B) + n(C) -n(ANB) 
—n(BAC)-—n(CAA)+n(ANBnC) 


Theorem: If A, B and C are finite sets, then the 
number of elements belonging to exactly two of the 
sets is 


n(ANB)+n(BOC) +n(COA) -3n(ANBOC) 


Theorem: 

(1) If A, B and C are finite sets, then the number of 
elements belonging to exactly one of the sets is 
n(A) + n(B) + n(C) —2n(ANB) -2n(BaC) 

—2n(CNA)+n(AN BNC) 

(2) If A and B are finite sets, then the number of 


elements belonging to exactly one of the sets 
equals 


n(A A B) =n(A) + n(B) -2n(ANB) 
=n(A UB) -n(AnB) 


Relations 


1.36 


1.37 


Ordered pair: A pair of elements written in a 
particular order is called an ordered pair and is 
written by listing its two elements in a particular 
order, separated by a comma and enclosing the pair 
in brackets. In the ordered pair (x, y), x is the first 
element called first component and y is the second 
element called second component. Also x is called 
first coordinate and y is called second coordinate. 


Cartesian product: If A and B are sets, then the 
set of all ordered pairs (a, b) with ae A and be B 
is called the Cartesian product of A and B and is 
denoted by A x B (read as A cross B). That is 


Ax B={(a,b)|ae Aand be B} 
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1.38 


1.39 


1.40 


1.4 


—_ 


1.42 


1.43 


1.44 


Let A, B be any sets and @ is the empty set. Then 
(1) AxB=O@SGA=Oor B=@. 
(2) If one of A and B is an infinite set and the 


other is a non-empty set, then A x B is an infi- 
nite set. 


(3) AXB=BxACA=B. 


Cartesian product of n sets (n is a finite positive 
integer greater than or equal to 2): Let A,, A,, A;, 
..., A, be n sets. Then their Cartesian product is 
defined to be the set of all n-tuples (a,, a,, ..., a,) 
such that a,¢ A, for i=1,2,3,...,1 and is denoted by 


A,X A,X A,X<X A, or XA, or [JA 
= i=l 


That is, 
A,X A,x-+-X A, ={(a, a, ...,4,)|a4¢ A, for 1 <i<n} 


The Cartesian product of a set A with itself n times 
is denoted by A”. 


Theorem: If A and B are finite sets, then n(A x B) = 
n(A)-n(B). In general, if A,, A,,...,A,, are infinite 


sets, then n(A, x A, x +--+ x A,,) = n(A,) x n(A,) x 
--- x n(A,,). In particular, n(A”) = (n(A))” where A 


is a finite set. 


Theorem: Let A, B, C and D be any sets. Then 

(1) Ax (BUC) =(Ax B)U(AxC) 

(2) (AUB) x C=(AxC)U(BxC) 

(3) Ax (BAC) =(Ax B)A(AxC) 

(4) (ANB) x C=(AxC)N(BxC) 

(5) (AUB) x (CUD) =(A x C) U(Ax D) U (Bx 
C)U (Bx D) 

(6) (ANB) x (CAD) =(AxC) (Bx D)=(AxD) 
(Bx C) 

(7) (A -B)x C=(AxC)-(BxC) 

(8) Ax (B-C)=(AxB) -(AxC) 


Relation: For any two sets A and B, any subset of 
A x Bis called a relation from A to B. 


Symbol aRb: Let R be a relation from a set A toa 
set B(RCA~x B). If (a,b) ER, then a is said to be 
R related to b or ais said to be related to b and we 
write aRb. 


Domain: Let R be a relation from a set A toa set B. 
Then the set of all first components of the ordered 
pairs belonging to R is called the domain of R and 
is denoted by Dom(R). 


1.45 


1.46 


1.47 


1.48 


1.49 


Range: If R is a relation from a set A to a set B, 
then the set of all second components of the 
ordered pairs belonging to R is called range of R 
and is denoted by Range(R). 


Theorem: If A and B are finite non-empty sets 
such that n(A) = m and n(B) =n, then the number 
of relations from A to B is 2”” which include the 
empty set and the whole set A x B. 


Relation on a set: If A is a set, then any subset of 
A x Ais called a binary relation on A or simply a rela- 
tion on A. 


Composition of relations: Let A, B and C be sets, R 
is a relation from A to B and S is a relation from B 
to C. Then, the composition of R and S denoted by 
SoR defined to be 


SoR={(a,c)e€ Ax C|there exist be B 
such that (a, b) € R and (b, c)e S} 


Theorem: Let A, B and C be sets, R a relation from 
A to B and S a relation from B to C. Then the 
following hold: 


(1) SoOR#@if and only if Range(R) 7 Dom(S) #@ 
(2) Dom(Se R) = Dom(R) 
(3) Range(ScR) c Range(S) 


Theorem: Let A, B, C and D be non-empty sets, 
RcAxB,ScBx Cand Tc Cx D.Then 


(ToS)oR=To(SoR) (Associative law) 


Inverse relation: Let A and B be non-empty sets 
and R arelation from A to B. Then the inverse of R 
is defined as the set {(b, a) € Bx A|(a,b)€R} and 
is denoted by R™. 


Theorem: Let A, B and C be non-empty sets, R a 
relation from A to B and S a relation from B to C. 
Then the following hold: 


(1) (SoR)'=R7eS" 
(2) (R')'=R 


Types of Relations 


1.53 


1.54 


Reflexive relation: Let X be anon-empty set and R 
relation from X to _X. Then R is said to be reflexive 
on X if (x,x) eR for allx eX. 


Symmetric relation: A relation R on a non-empty 
set X is called symmetric if (x, y) ¢R => (y, x) ER. 
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1.59 


1.60 


1.61 


1.62 


1.63 


Transitive relation: A relation R on a non-empty set 
X is called transitive if (x, y)¢R and (y,z) =¢R> 
(x,z) ER. 


Equivalence relation: A relation R on a non-empty 
set X is called an equivalence relation if it is reflexive, 
symmetric and transitive. 


Partition of a set: Let X be a non-empty set. A 
class of subsets of X is called a partition of X if they 
are pairwise disjoint and their union is X. 


Equivalence class: Let X be a non-empty set and R 
an equivalence relation on X. If x €¢ X, then the set 
{y € X|(x, y)e R} is called the equivalence class of x 
with respect to R or the R-equivalence of x or simply 
the R-class of x and is denoted by R(x). 


Theorem: Let R be an equivalence relation on a set 
X and a, b € X. Then the following statements are 
equivalent: 


(1) (a,b) ER 
(2) R(a) = R(b) 
(3) R(a) AR(b) #@ 


Theorem: Let R be an equivalence relation on _X. 
Then the class of all R-classes form a partition of X. 


Theorem: Let X be a non-empty and {A}},., a parti- 
tion of X.Then 
R={(x, y)e X x X|both x and y 
belong to the same A,, i € /} 


is an equivalence relation on X, whose R-classes are 
precisely A,’s. 


Theorem: Let R and S be equivalence relations on 
a non-empty X. Then R 1 S is also an equivalence 
relation on X and for any x € X, (RM S)(x) = R(x) 
A S(x). 


Theorem: Let R and S be equivalence relations 
on a set X. Then the following statements are 
equivalent. 


(1) RoS is an equivalence relation on X 
(2) RoS is symmetric 
(3) RoS is transitive 


(4) RoS=SoR 
Functions 
1.64 Function: A relation f from a set A to a set B is 


called a function from A into B or simply A to B, if 


1.65 


1.66 


1.67 


1.68 


1.69 


1.70 


1.71 


1.72 


1.73 


1.74 


for each a € A, there exists unique b € B such that 
(a, b) ef. That is fC A x Bis called a function from 
A to B, if 

(1) Dom (f) =A 

(2) (a,b) ef and (a,c) ef b=c 


If fis a function from A to B, then we write f:A > B 
is a function and for (a, b) € f, we write b = f(a) and b 
is called f-image of a and ais called f-preimage of b. 


Domain, codomain and range: Let f: A > B bea 
function. Then A is called domain, B is called codo- 
main and Range of f denoted by f(A) ={ f(a) |ae A}. 
f(A) is also called the image set of A under the 
function f. 


Composition of functions: Let f: A > B and g: 
B—- Cbe functions. Then the composition of f with 
g denoted by gofis defined as gof: A > C given by 


(gcf)(a)=g(f(a)) forallacA 


Theorem: Let f: A > B,g:B > Candh: C> D be 
functions. Then 


(hog)of=ho(gof) 


One-one function or injection: A function f:A > B 
is called “one-one function” if f(a,) # f(a.) for any 
a,#a,in A. 


Theorem: If f: A > B and g: B > C be functions. 
Then the following hold: 
(1) If fand g are injections, then so is gof. 


(2) If go fis an injection, then fis an injection. 


Onto function or surjection: A function f: A > B 
is called “onto function” if the range of fis equal to 
the codomain B. That is, to each b € B, there exists 
aeéA such that f(a) =b. 


Theorem: Let f: A > B and g: B > C be functions. 
Then, the following hold: 

(1) If fand g are surjections, then so is gof. 

(2) If go fis a surjection, then g is a surjection. 


Bijection or one-one and onto function: A function 
f:A- Bis called “bijection” if fis both an injection 
and a surjection. 


Theorem: If f: A > B and g: B > Care bijections, 
then gof: A > Cis a bijection. 


Identity function: A function f: A > A is called 
an identity function if f(x) =x for all x € A and is 
denoted by J,. 
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1.75 Theorem: Iif.A > Bisa function then Iyof=/=foly QUST 


Identity function is always a bijection. 
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Theorem: Let f: A > B be a function. Then, f is 
a bijection if and only if there exists a function 
g:B-— Asuch that 


gof=1l, and fog=T, 
That is 
g(f(a))=a forallaeA 
and f(g(b))=b forallbeB 
Inverse of a bijective function: Let f: A > B and 


g:B—-A be functions such that gof=J, and fog= 
[,. Then f and g are bijections. Also g is unique such 
that gof=T1, and fog =TJ,. g is called the inverse of f 
and fis called the inverse of g. The inverse function 
of fis denoted by f™. 


 auick Look 


If f: A > B is a bijection, then f': B > A is also a 
bijection and f '(b) =a © f(a) =b for be B. 
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Real-valued function: If the range of a function is 
a subset of the real number set R, then the function 
is called a real-valued function. 


Operations among real-valued functions: Let f 
and g be real-valued functions defined on a set A. 
Then we define the real-valued functions f+ g, —f, 
f-gand f-g on the set A as follows: 

(1) (f+ g)(a) = f(a) + g(a) 

(2) (-f)(a) =-f(@) 

(3) (f— g)(@) =f(@) - g(a) 

(4) (f-g)(a) =f(@) g(a) 

(5) If g(a) #0 for all ae A, then 


P\q-£@ 
[Flo g(a) 


(6) If 1 is a positive integer, then f"(a) = (f(a))". 


Integral part and fractional part: If x is a real 
number, then the largest integer less than or equal 
to x is called the integral part of x and is denoted by 
[x]. x — [x] is called the fractional part of x and will 
be denoted by {x}. 


0 s {x} <1 for any real number x. 


1.81 


1.82 


1.83 


1.84 


1.85 


1.86 


1.87 


Theorem: The following hold for any real numbers 
x and y. 


[x]+ly] if {x} +fy}<1 
[x+y]= 
[x]+[y]+1. if {x}+{y} 21 
(2) [x + y] = [x] + [y] and equality holds if and only 
if {x}+{y} <1 
(3) If x or y is an integer, then [x + y] = [x] + [y]. 


(4) =]-|2] for any real number x and 
m m 


non-zero-integer m. 
(5) If n and k are positive integers and k > 1, then 


n n+1 2n 
+ < 
k k k 
Periodic function: Let A be a subset of R and 
f:A—R a function. A positive real number p is 
called a period of fif f(x +p) =f(x) whenever x and 
x +p belong to A.A function with a period is called 


periodic function. Among the periods of f, the least 
one (if it exists) is called the least period. 


Step function (greatest integer function): Let 
f:R- Rbe defined by f(x) = [x] for all x € R where 
[x] is the largest integer less than or equal to x. This 
function fis called step function. 


Signum function: Let f:R > R be defined by 


-1 if x<0 
f(x)=45 0 if x=0 
1 if x>0 


is called Signum function and is written as sign(x). 


Increasing and decreasing functions: Let A be a 
subset of R and f: A > R a function. Then, we say 
that fis an increasing function if f(x) < f(y) whenever 
x < y. fis said to be decreasing function if f(x) = f(y) 
whenever x Sy. 


Symmetric set: A subset X of R is called a symmetric 
setifxe X¥ O-xeEX. 


Even function: Let X be a symmetric set and 
f:X—R a function. Then fis said to be even func- 
tion if f(—x) = f(x) for all x eX. 


1.88 Odd function: Let X be a symmetric set and 
f: XR a function. Then f is said to be odd 
function if f(—x) = —f(x) for all x eX. 


quick ook 


If fis an odd function on a symmetric set X and 0 
belongs to X, then f(0) is necessarily 0. 


1.89 Theorem: Let X be asymmetric set and f, g be func- 
tions from X to R. Then, the following hold: 
(1) f- g is even if either both fand g are even or both 
are odd. 
(2) f- g is odd if one of them is odd and the other 
is even. 


1.90 Theorem: Let f be a real valued function defined 
on a symmetric set_X. Then the following hold: 
(1) fis even if and only if af'is even for any non-zero 
aéeR. 
(2) fis odd if and only if af'is odd for any non-zero 
aéeR. 
(3) fis even (odd) if and only if —fis even (odd). 
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1.91 Theorem: If f and g are even (odd) functions then so 
isftg. 


1.92 Theorem: Every real-valued function can be 
uniquely expressed as a sum of an even function 
and an odd function. The representation is 


F(x) =S1F() + FEO] + S1F) - FE] 


1.93 Number of partions of a finite set: Let P, = 1 and 
P., be the number of partions on a finite set with 
elements. Then for n = 1, 


where is the number of selections of r objects 
r 


(0 <r <n) from n distinct objects and this number 


Single Correct Choice Type Questions 


1. Let U={1,2,3,4,5,6,7, 8,9}, A ={1,2,3, 4}, B= (2,4, 
6, 8} and C = (3, 4,5, 6}. Then 
(A) (BA C)*= {2, 4,5, 6, 7} 
(B) (An C)= {1, 2, 3, 4,5, 8, 9} 
(C) (BUC) ={1,7, 8, 9} 
(D) (An B) = {1, 3,5, 6, 7, 


2. If A and B are two non-empty subsets of a set X, then 
which one of the following shaded diagrams represent 
the complement of B— A in X? 

(A) 


X 


(B) Ex 


is equal to 
n! 
ri(n = r)! 
(C)|x 
A B 
(D) 5 
A B 


3. Let A A B denote the symmetric difference of A and B. 


Then, for any sets, A, B and C, which one of the following 
is not correct? 

(A) AAB=CS A=BAC 

(B) AAB=CABSA=C 

(C) (AAB)A(BAA)=¢@ 

(D) AAB=¢@¢@SAcB 
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10. 


11. 


12. 


13. 


. A, B,C are three finite sets such that A 7 BOC has 


10 elements. If the sets AA B, BAC and CAA have 
100, 150 and 200 elements, respectively, then the 
number of elements in AU BUC is 


(A) 325 (B) 352 (C) 235 (D) 253 


. Inaclass of 45 students, it is found that 20 students liked 


apples and 30 liked bananas. Then the least number of 
students who liked both apples and bananas is 


(A) 5 (B) 10 (C) 15 (D) 8 


. Ina class of 45 students, 25 play chess and 26 play 


cricket. If each student plays chess or cricket, then 
the number of students who play both is 


(A) 5 (B) 6 (C)7 (D) 4 


. The number of subsets of the empty set is 


(A)1 (B) 2 (C)0 (D) 3 


. The number of non-empty subsets of the set {1, 2, 3, 


4, 5} is 


(A) 30 (B) 32 (C) 31 (D) 33 


. The number of subsets of a set A is of the form 10 


n+4, where n is a single-digit positive integer. Then 
nis equal to 
(A)8 (B) 4 (C)5 (D) 6 

If A and B are sets such that n(A UB) = 40, n(A) = 25 
and n(B) = 20, then n(A A B)= 
(A)1 (B) 2 (C) 5 (D) 4 


Let N be the set of all natural numbers and 
R={(a,b)eNxN|g.c.d. of {a, b} = 1} 


Then R is 

(A) reflexive on N 

(B) symmetric 

(C) transitive 

(D) an equivalence relation 


Let Q denote the set of non-zero rational numbers 
and 


R={(a, b)e Ux Q'ab=1} 


Then R is 

(A) symmetric 

(B) reflexive on Q” 

(C) an equivalence relation 
(D) transitive 


Which one of the following diagrams represents a 
function? 


14. 


15. 


(A) 


(B) 


(C) 


(D) 


gray 


Let A = {1,2,3,4}, B = {5, 6,7} and c = {a, b,c, d, e}. If 
f={CL, 5), (2,5), G, 6), (4, 7)} and g = {6, 4), (6, d), 
(7, c)} are functions from A to B and from B to C, 
respectively, then 


(A) (ge f)(4)=d 
(C) (ge f)(2)=e 


(B) (g° f)G3)=4 
(D) (ge f)\()=a 


Which one of the following diagrams does not repre- 
sent a function? 


(A) 


rt 


(B) (C) 


, mae 


(C) 


(D) 


>R 


(D) 


Y 


17. Let f: [1, ) >[2, -) be the function defined by 


fx)=x4— 


If g: [2,0¢) > [1, +), is a function such that (gof)(x) =x 
for all x >1, then g(t) = 
16. Which one of the following graphs does not represent 


a function from the real number set R into R? (A) t+ us (B) t- Z 
t t 
(A) [Pe _,/P— 
A (cy ttve-4 (D) £ r-4 
2 2 
=<} 
18. Let fand g be the functions defined from R to R by 
~ 5 >R —2 ifx<0 
f(x)=}) 0 ifx=0 and g(x)=1+ {x} 
2 ifx>0 
, where {x} is the fractional part of x. Then, for all x € R, 
f(g(x)) is equal to 
B R 
®) r (2 (80 =x WO? 
19. The number of surjections of {1, 2, 3, 4} onto {x, y} is 
(A) 16 (B) 8 (C) 14 (D) 6 
= O exe 20. If f(x) is a polynomial function satisfying the relation 
1 1 
f+ f(2)= reor(2} 
x x 
Y 


for all0 #x eR and if f(2) = 9, then f(6) is 
(A) 216 (B) 217 (C) 126 (D) 127 
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21. 


22. 


23. 


24. 


25. 


26. 


Let a be positive real number and n a positive 
integer. If f(x) =(a—x")'”, then (f° f)(5) is 
(A) 5 (B) 2 (C) 3 (D) 4 


For any 0 < x <1, let f(x) = max {x’, (1 — x)’, 2x(1 - 
x)}. Then which one of the following is correct? 


2x(1—x), O<x<1/3 
(A) f(x)=) (l-xy, 1/3<x<2/3 
x, 23<x<1 
(1-xy, O<x<1/3 
(B) f(x)=4 2x(1- x), 1/3 <x<2/3 
x, 2/3<x<1 
x, 0S ¥51/3 
(C) f(x) =4 2x(1-x), 1/3<x<2/3 
(l-x)y, 2/3<x<1 
(l-xy, O<x<1/3 
(D) f(x) = x, 1234x5273 
2x(1--x), 2/3<xsl 


Let [x] denote the greatest integer < x. Then the 
number of ordered pair (x, y), where x and y are 
positive integers less than 30 such that 


21ly 


Piel a Alalee eee 


(B) 2 


is 


(A)1 (C2 (D) 4 


Let P :[0,-) > N be defined by 


13 ifO0<sx<l1 


eo ie +15n 


ifn<x<n+lneN 


Then P is 

(A) an injection 

(B) a surjection 

(C) a surjection but not an injection 
(D) neither an injection nor a surjection 


If [x] and {x} denote the integral part and the fractional 
part of a real number x, then the number of negative 
real numbers x for which 2[x]— {x} =x + {x} is 


(A) 0 (B) 2 (C)3 (D) infinite 


The number of real numbers x > 0 which are solutions 
of [x] + 3{x} = x + {x} is 
(A) 1 (B) infinite 


(C)0 (D) 2 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


The number of solutions of the equation 2x + {x + 1} = 
4[x + 1]-6is 
(A)1 (B) 2 (C) 3 (D) 

Let [x] denote the integral part of x. If ais a positive real 
number and f:R — R is defined by f(x) =x —[x—a], 


then a period of fis 
(A)1 (B) a (C) 2[a] 
If f(x) = k (constant) for all x € R, then the least 
period of fis 
(A) 1/3 

(C) 2/3 


(D) 2a 


(B) 1/2 
(D) does not exist 


Leta>Oand f:R-R a function satisfying 


f(x +a) =1+ [2-3 f(x) + 3f(xP— fy] 


for all xe R. Then a period of f(x) is ka where k is 
a positive integer whose value is 


(A)1 (B) 2 (C) 3 (D)4 


Let a<c<b such that c-a=b-c.If f:R-R isa 
function satisfying the relation 

f(xta)+ f(x+b)=f(x+c) forallxeR 
then a period of fis 


(A) (ba) 
(C) 3(b- a) 


(B) 2(b-a) 
(D) 4(b-a) 


If f: R— {0, 1} > R is a function such that 


roy] for all x #0, 1 
then the value of f(2) is 
(A)1 (B) 2 (C) 3 (D) 4 


If f: R-R is a function satisfying the relations 
f(2+x) =f(2-x) and f(7 + x) =f(7-x) forallxeR 
then a period of f is 


(A) 5 (B) 9 (C) 12 (D) 10 


If f: R > Ris defined by 


fa)=[e]+]x+5]+ [x45 ]-ae4s 


where [x] is the integral part of x, then a period of fis 
(A) 1 (B) 2/3 (C) 1/2 (D) 1/3 


If a function f: RR satisfies the relation 


f(x+1)+ f(x-1)=~3 f(x)for allxeR 
then a period of fis 


(A) 10 (B) 12 (C) 6 (D) 4 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


The domain of f(x) = 1//|x|—x is 
(A)[0,1) (B) (Qe) (C) (=, 0) (D) (Le) 


Thedomainofthe function definedby f(x) = min{1 +x, 
J1l—x} is 


(A) (1,2) (B) (-,2°)  (C) LL) (D) Ce, I 


The domain of definition of the function f(x)=y 
given by the equation 2*+ 2”=2 is 


(A) =, 1) (B) (-=,1) (C)(-=,0) (D) 1) 


Thefunction f : [1, «°) > [2, c)isdefined by f(x) = x + 
(1/x). Then f(x) is equal to 
(Ay —* = (B) S(x+ Jie=4) 


14+x 
(C) 5(x- y=) (D) 1+./x°-4 


Let 0 #ae R and f(x) =ax/(x +1) forall-l#xeR. 
If f(x) = f(x) for all x, then the value of a is 


(A)1 (B) 2 (C)-1 (D) -2 


If f(x) =k (constant) for all real numbers x, then the 
least period of fis 


(A) 1/6 (B)1/4 (C)1/3_ (D) does not exist 


Let f(x)=(x+1) for all x>-1. If g(x) is the 
function whose graph is the reflection of the graph 
of f(x) with respect to the line y=x, then g(x) is 
equal to 


(A) Jx+1 (Byax—4 
(C) vx +1 (D) 1 _ 
(x+1/ 
Let f: R > A 1s defined by 
Pa) = a 3 


Multiple Correct Choice Type Questions 


I 


Let 9(X) denote the power set of a set X. For any 
two sets A and B, if (A) = (B), then 

(A) AUB=AAB (B) A=B 

(C) ANB=¢ (D) AA B=@ 


. Let A and B be two sets such that the number of 


elements in A x B is 6. If three elements of A x B are 
(x, a), (y, b) and (z, b) then 

(A) A={x, y, 2} 

(B) B={a, b} 


44. 


45. 


46. 


47. 


48. 


If fis to be a surjection, then A should be 

[03 (B)|-2.0] 
3 3 

©) [2 )|-2.2] 
3 3 


Let f: [0,1] > R be defined by f(x) =1 + 2x. If g: 
R > Ris an even function such that g(x) = f(x) for 
all x €[0, 1], then, for any x € R, g(x) is equal to 
(A) 1-2x (B) 2x-1 

(C) 1-2|x| (D) 1+ 2|x| 


Let N be the set of natural numbers and R the set of 
real numbers. Let f: NR be a function satisfying 
the following: 


i) f= 
(ii) Y rf) =n(n+1)f(n) for all n> 2 


Then the integral part of f(2009) is 
(A) 0 (B) 1 (C) 2 (D) 3 


A school awarded 22 medals in cricket, 16 medals in 
football and 11 medals in kho-kho. If these medals 
went to a total of 40 students and only two students got 
medals in all the three games, then how many received 
medals in exactly two of the three games. 


(A)7 (B) 6 (C)5 (D)4 


Let P(x) be a polynomial of degree 98 such that 
P(kK) =1/K for K =1, 2, 3,...,99. Then (50)P (100) 
equals 


(A)1 (B) 2 (C) 3 (D)4 


For any positive integer K, let f,(K) denote the 
square of the sum of the digits in K. For example 
f,12)=(1+ 2 =9.Forn=2, let f (K)=f,(f, ,(K)). 
Then fooio (11) is equal to 


(A) 1005 (B) 256 (C) 169 (D) 201 


(C) B= {a, b, x, y} 
(D) Ax B= {(x, a), (x, b), (y, a), (y, b), (z; a), (Z c)} 


3. Let A={1, 2, 3}, B= (3, 4} and C ={1, 3, 5}. Then 


(A) n(Ax(BUC))=12  (B) n(Ax(BOC))=3 
(C) n(Ax(B-C))=3 — (D) n(Bx(A-C))=2 


4. For any three sets A, B and C, 


(A) Ax(BUC)=(Ax B)U(AxC) 
(B) Ax(BOAC)=(Ax B)A(AxC) 
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(C) Ax (B-C)=(Ax B)-(AxC) 
(D) Ax(BAC)=(Ax B)A(AxC) 


5. Let A be the set of all non-degenerate triangles in 
the Euclidean plane and 


R ={(x, y)¢ Ax A|xis congruent to y} 


Then R is 


(A) reflexive on A 

(B) transitive 

(C) symmetric 

(D) an equivalence relation on A 


. Let n be a positive integer and 
R={(a, b) € Z x Z|n divides a — b} 


Then R is 


(A) transitive 

(B) reflexive on Z 

(C) symmetric 

(D) an equivalence relation on Z 


. Let A be the set of all human beings in a particular 
city at a given time and 


R ={(x, y)<¢ Ax A|x and y live in the same locality} 


Then R is 

(A) symmetric 

(B) reflexive on A 

(C) transitive 

(D) not an equivalence relation 


. For any integer n, let J, be the interval (n, n + 1). 
Define 


R ={(x, y) € R|both x, ye J, for some ne Z} 
Then R is 


(A) reflexive on R 
(B) symmetric 
(C) transitive 

(D) an equivalence relation 


. Let R be the set of all real numbers and S = {(a, b) € 
RxR|a-—b <0}. Then S is 
(A) reflexive on R 
(B) transitive 
(C) symmetric 
(D) an equivalence relation on R 


10. For any ordered pairs (a,b) and (c,d) of real numbers, 


define a relation, denoted by R, as follows: 


(a,b) R(c,d)ifa<c or (a=candb<d) 


11. 


12. 


13. 


14. 


15. 


Then R is 


(A) transitive 

(B) an equivalence relation on Rx R 
(C) symmetric 

(D) reflexive on R x R 


Let M, be the set of square matrices of order 2 over 
the real number system and 


R={(A, B)< M,x M,|A= P' BP for some 
non-singular P « M} 
Then R is 
(A) symmetric 
(B) transitive 


(C) reflexive on M, 
(D) not an equivalence relation on M, 


Let L be the set of all straight lines in the space and 
R={(,m) € Lx L|land mare coplanar} 


Then R is 


(A) reflexive on L 

(B) not an equivalence relation on L 
(C) symmetric 

(D) transitive 


Let Q' be the set of all non-zero rational numbers and 
R={(a,b)e UxQ |ab=1} 


Then R is 


(A) reflexive on Q’ 
(C) symmetric 


(B) not reflexive on Q” 
(D) not symmetric 


Let Q be the set of all rational numbers, Z the set of 
all integers and 


R={(a, b)e Qx Qla—beZ} 
Then which of the following are true? 
(A) (x,2x)eR forall xeQ 
(B) ZxZcR 
(C) (3:5, 4-5) el 
(D) (6-3, 7-2) eI 


wa 


wa 


Let A=({1, 2, 3,4}, B={5, 6, 7} and C = {a, b,c, d, e}. 
Define mappings f:A > B and g:B>C by 


f= {(.5), (2,6), (3,5), (4, 7)} and g= {(5, b), 
(6,c), (7, a)} 


Then which of the following are true? 


(A) (ge f)(2)=c (B) (go f)(4) =b 
(C) (ge f)3)=5 (D) (ge f)()=a 


16. Let A = {1,2,3,4} andf:A—>Aandg:A7A 
be mappings defined by f(1) = 2, f(2) = 3, f(3) = 4, 
f(4) = 1, g () = 1, 8) = 3, g(3) = 4 and g(4) = 2. 
Then which of the following are true? 

(A) fis a bijection (B) gis an injection 
(C) gis a surjection (D) fis an injection 


17. Let f: R> R and g:R— R be mappings defined by 
f(x) =x°+ 3x42 and g(x) =2x -3. Then which of 
the following are true? 

(A) (feg)()=0 (B) (ge f)()=9 
(C) (feg)(3)= 20 (D) (ge f)(3) = 20 


18. Let f:R—R and g:R—R be mappings defined by 
f(x)=x° and g(x) = 2x + 1 If (fog)(x) =(gef)(*), 
then x is equal to 


(A) 2+ (B) -2 
(C) 2-+ (D) 0 


19. Let f:[-1,-) > R be defined by f(x) = (x + 1)’ -1. If 
(fef)(x) =x, then the value of x is 
(A) 1 (B) 0 (Cyl (D) -2 


20. Let f:IR > R be a function such that f(x + y) = f(x) + 
f(y) for all x, y € R. Then which of the following hold? 
(A) f (0) =0 
(B) fis an odd function 
(C) f(n) =nf (1) forneZ 
(D) fis an even function 


21. Iff:R—R isa function such that f(0) =1 and f(x + f(y)) = 
f(x) + yforall x, y € R, then 
(A) 1 is a period of f 
(B) f(n) = 1 for all integers n 
(C) f(n) =n for all integers n 


(D) f(-1) =0 


22. Let f,g: RR be functions defined by f(x) =ax+b 
and g(x) = cx + d, where a, b, c, d are given real 
numbers and c #0. If (f°g)(x) = g(x), then 
(A) a=1 (B) b=0 
(C) ab=1 (D) f(4) =4 


Matrix-Match Type Questions 


In each of the following questions, statements are given in 
two columns, which have to be matched. The statements 
in Column I are labeled as (A), (B), (C) and (D), while 
those in Column II are labeled as (p), (q), (r), (s) and 
(t). Any given statement in Column I can have correct 


23. If f: R- Ris defined by f(x) =ax + b, where a and 
b are given real numbers and a #0, then 


(A) fis an injection (B) fis a surjection 
(C) fis not a bijection (D) fis a bijection 


24. If f : [0, ee) > [0, -) is the function defined by 
x 
ae 


then 


(A) fis an injection but not a surjection 

(B) fis a bijection 

(C) Each 0< y<1 has an inverse image under f 
(D) fis a surjection 


25. Let f be a real-valued function defined on the inte- 
rval [-1, 1]. If the area of the equilateral triangle with 
(0,0) and (x, f(x)) as two vertices is J3/4, then f(x) 
is equal to 


(A) J1-x (B) J1+x 
(C) -J1-x° (D) —,/1+ x 


26. Consider the equation x°+ y =1. Then 
(A) y in terms of x is a function with domain [-1, 1] 


(B) y=+,/1-.° isa function with domain [-1, 1] 
(C) y=+ 1-2 isan injection of [0,1] into [0, 1] 
(D) y=+J1-x° isa bijection of [0,1] onto [0, 1] 


27. Let f(x)= x’ for all x €[-2, 2]. Then fis 
(A) an even function 
(B) not an even function 
(C) a bijection 
(D) not an injection 


matching with one or more statements in Column II. The 
appropriate bubbles corresponding to the answers to 
these questions have to be darkened as illustrated in the 
following example. 
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Example: If the correct matches are (A) —> (p), (s); 
(B) > (q), (s), (t); (C) > (r); (D) > (x), (t) that is if the 
matches are (A) — (p) and (s);(B) > (q), (s) and (t); (C) 
— (r); and (D) = (r), (t) then the correct darkening of 
bubbles will look as follows: 


Q 


oS. © m a 


a 


1. Let X be the universal set and A and B be subsets of XY. 
Then match the items in Column I with Column II. 


Column I Column IT 
(A) A-B=ASANB=_ (p)¢ 

: = (q)A=B 
(B) (A-B)a B= (1) A-B 
(C) (A- B)U(B- A)= (s:) BCA 


(D) AAB=oe (t) (AU B)-(ANB) 


2. Let A, B and C be sets. Then match the items in 
Column I with those in Column II. 


Column I Column IT 

(A) AAB=Ce (p) ANB=¢ 

(B) A-(BUC)= (q) (AN B)-(ANC) 
A _ (r) BAC=@ 

Sinn (s) A= BAC 


(D) AAB=AUBe (t) (A-B)A(A-C) 


3. Let A, B, C and D be sets. Then match the items in 
Column I with those in Column II. 


Column I Column IT 


(A) Ax(BUC) 
(B) (AU B)x(CUD) 
(C) (An B)x(COD) 


(p) (Ax B)A(AXC) 
(q) (AxC) A (Bx D) 
(r) (Ax B) U(AxC) 
(s) (AxC)U(Bx D) 
(t) (Ax C)U(Ax D) 
U(BxC)U(Bx D) 


(D) Ax(BNC) 


4. Let f,g:.R—R be the functions defined by 
f(x)=x°+1 and g(x) =2[x]-1 


where [x] is the largest integer <v. Then match the items 
given in Column I with those in Column II. 


Column I Column IT 
(A) (e°11(5] oe 
3 (q) 0 
(8) (fou)(3] oy 
r)- 

3 

(C) (roe n(2] (s)1 
©) (ge fo8)( 3) (1)2 


5. Let S be the set of all square matrices of order 3 over 
the real number system. For A € S,|A| is the determi- 
nant value of A. Define f :S > R by f(A) =|A. for all 
AeéS. Then match the items in Column I with those 
in Column II. 


Column I Column IT 
(A) If (p) 1 
abe 
A=|b ca 
c a b 
witha+b+c=0,thenf(A)= (0-1 


(B) If w #1 is a cube root of unity 


1 ww 
and A=|w w 1 
wo low (r) 3abc— a’ -b*-¢° 
then f(A)= 
(C) If 
0 5 -7 
A=|-5 0 11 (s) 2 
7 -l11 O 
then f(A)= 
(D) If Ae S and AA’ =/(the unit 
matrix) then f(A) = (t) 0 


6. Match the items in Column I with those in Column II 


Column I Column IT 
I U — k (p) 998.5 

Column Column (A) > f oe |= 
(A) If fis a function such (p) 4 ee 

that f(0) = 2, f(1) =3 and y , ( k )- (q) 994 

f(x +2)=2f(x)— f(x+D), (B) & “| 4998 

then f(5) is equal to (q)3 ¥ ‘ k \_ (r) 993 
(B) If (C) & (5010) — 

FO) {e for x =0 2008 k (s) 1004 
o Eel) 
x, forx<0 (n) 12 (D) 2 *\ 2009 (t) 1004.5 

then f(V13) = 
(C) If f(x) +2f(l-x) =x +2 for 8. Consider the following graphs G,, G,, G, and G, and 

all x ER, then f(5) is (s) 1 match the items in Column I with those in Column I. 

S 
4 

(D) If f(x) = 442 for all ColumnI Column IT 

x eR, then y r( k = (t) 13 (A) G, (p) Does not represent a function 

a (B) G, (q) Represents an increasing function 
(r) Represents an increasing injection 
7. For any 0<aeR, let (C) G, 


(s) Represents a periodic function 


a (D) G, (t) Represents a bijection 
f(x) =——= 
Veron 
for all x €¢ R. Then match the items in Column I with 
those in Column II. 


Y 
A 
(0,1) ‘5 
> 
>X O 
oO 
Group G, Group Go 

ve 

Y 

A 

x Lf or > Xx 
oO T 2a 4n O 1 2 


Group Gy Group G4 
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Comprehension-Type Questions 


1. Passage: f is a real-valued function satisfying the 
functional relation: 


22) = 1005+ 80 for all x #2 


2rta)+34( 


x- 


Answer the following questions: 
(i) f(0) is equal to 


(A) 754 (B)-754 (C) 854 (D) -854 
(ii) (=) is equal to 

(A) 659 (B)-596 (C) 596 (D) -659 
(iii) f(-4) is equal to 

(A) 34 (B)-34 (C) 43 (D) -43 


2. Passage: Let f: R — {0} R be a function satisfying 


fla) +2f(2) =x 


for all 0 # x e R. Answer the following questions. 
(i) xf (x)= 
(A) 2-x (B) x -2 (C) x= 1 (D) 1-x 
(ii) The number of solution of the equation f(x) = 


f(x) is 
(A) 1 (B) 2 (C) 3 (D) 0 
(iii) The number of solutions of the equation f(—x) = 
—f(x) is 
(A) 1 (B) 2 (C) 0 (D) Infinite 


3. Passage: It is given that f(x)=2—|2x —5]. 
Answer the following questions. 
(i) The range of the function fis 
(A) 3,=1) (B) (-=~, 2) 
(C) (=, 2] (D) (2, ) 


Assertion-Reasoning Type Questions 


Statement I and statement I are given in each of the 
questions in this section. Your answers should be as per 
the following pattern: 


(A) If both statements I and II are correct and I is a correct 
reason for I 


(B) If both statements I and II are correct and II is not a 
correct reason for I 


(C) If statement I is correct and statement II is false 


(D) If statement I is false and statement II is correct 


1. Statement I: In a survey of 1000 adults in a village, it 
is found that 400 drink coffee, 300 drink tea and 80 


(ii) The sum of all positive possible values of x such 
that f(x) =1 is 
(A)4  (B)6 (C)8 (D) 5 

(iii) The number of values of x such that f(x) =3 is 
(A)l (B)0 (C) 3 (D) 2 


. Passage: Let f(x) =x + |x|. Answer the following ques- 


tions. 
(i) The range of f(x) is 
(A)[0.~)  (B) (0) (C)(,~) (D)R 
(ii) The number of values of x such that f(x) =x is 
(A)O  (B)1 (C)2 (D) infinite 
(iii) The number of values of x such that f(x) =0 is 
(A)O  (B)1 (C)2 (D) infinite 


. Passage: Let f: R—R be a function satisfying the 


functional relation 


(FO) + FO) = 2F Gy) 


for all x, ye R and it is given that f(1) = 1/2. Answer 
the following questions. 


(i) f(xt+y)= 
(A) f(x) + FO) (B) f(x) f() 
(C) fy) (D) f@) 

(ii) f(xy) = PY) 
(A) FO) f() (B) f(x) + FO) 
(C) (f(x) (D) (f(xy))” 

(iii) x f(k)= 
(A) 5/2 (B) 3/2 (C)3 (D) 2 


drink both coffee and tea. Then the number of adults 
who drink neither coffee nor tea is 380. 


Statement II: If A and B are two finite sets, then 


n(A VU B)+n(An B)=n(A) + n(B) 


. Statement I: In a class of 40 students, 22 drink Sprite, 


10 drink Sprite but not Pepsi. Then the number of 
students who drink both Sprite and Pepsi is 15. 


Statement II: For any two finite sets A and B, 


n(A)=n(A - B)+n(An B) 


. Statement I: In a class of 60, each student has to enroll 


for atleast one of History, Economics and Political 
Science. 20 students have enrolled for exactly two of 
these subjects and 8 enrolled for all the three. Then 
the number of students who have enrolled for exactly 
one subject is 32. 


Statement II: For any three finite sets A, B and C. 


nAUBUC) 
=n[A-(BUC)] 
+n[B-(CU A)]+n[C -(AV B)] 
+ n[(A a B)-C)+n[(BAC)- A] 
tn[(C A A)-B)+n(An Bac) 


ANSWERS 


Single Correct Choice Type Questions 


Multiple Correct Choice Type Questions 


ON ANARWD 


- (B),(D) 

- (A), (B), (D) 

- (A), (B), (C), (D) 
- (A), (B), (C), (D) 
- (A), (B),(C), (D) 
- (A), (B),(C), (D) 
- (A), (B), (C) 


- (A), (D) 
- (A), (B), (C) 
- (A), (B), (C) 
- (B), (C) 
- (B),(C) 


. (A), (C) 

. (A), (B), (C), (D) 
(A), (B),(C) 

. (B),(D) 

. (B),(C) 

(A), (B),(C) 

. (A), (B 

(A), (B), (D) 
(A), (B),(D) 
(A), (C) 


- (A), (C) 
- (B),(C),(D) 
(A), (D) 
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Matrix-Match Type Questions 


1.(A)>(p), (B)>@), (>), ()>@) 6. (A) > (t), (B)>(t), (C)>(q), (D) > (@) 
2.(A)>(s), (B)>@, (C)X>@, M)-@) 7. (A)>(p), = (B)>@), (>, (M)>() 
3. (A)> (1), (B)>(), (C)>(q), (D)>() 8. (A) >(q),(), (0, (BY > (P), (>), 
4.(A)>(s), B)-W, CO-(), OM) (D) > (s) 

5. (A)>(7),(), (B>W®, (>, 

(D) > (p), (q) 


Comprehension-Type Questions 


1. (i) (D); (ai) (C); (iti) (B) 4. (i) (A); (Gi) (B); Git) (D) 
2. (i) (A); (ii) (B); (iti) (D) 5. (i) (B); (i) (C); (ati) (D) 
3. ()(C); (ii) (D); (iit) (B) 


Assertion-Reasoning Type Questions 


1. (A) 3. (A) 
2. (D) 


Exponentials and 
Logarithms 


Contents 


2.1 Exponential Function 

2.2 Logarithmic Function 

2.3 Exponential Equations 

2.4 Logarithmic Equations 

2.5 Systems of Exponential 
and Logarithmic 
Equations 

2.6 Exponential and 
Logarithmic 
Inequalities 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Exponential Function: For 
any positive real number a, 
the function f(x) =a‘ forx eR 
is called exponential function 
with base a. 


Logarithmic Function: Let 
a> 0 and a# 1. Consider the 
function g:R’ > R defined 
by g(y)=x @ y=a’ for all 
yeR and xe R. The func- 
tion g is the logarithmic 
function denoted by log. 


log,,(8) =o) 
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In this chapter, we will discuss various properties of exponential and logarithmic functions which are often used in 
solving equations, systems of equations, and inequalities containing these functions. 


2.1 | Exponential Function 


For any positive real number a, we can define a” for all real numbers x. This function is called an exponential function, 
whose domain is the set of all real numbers and codomain is also the set of real numbers. 


DEFINITION 2.1 Letabe any positive real number. Then the function f : RR > R, defined by f(x) =a’ for all real 
numbers x, is called the exponential function with base a. 


As usual, we simply say that a* is the exponential function with base a, with the idea that, as x varies over the set of 
real numbers, we get a function mapping x onto a‘. Note that a must be necessarily positive for a‘ to be defined for all 


x € R. For example (—1)"” is not defined in R; for this reason, we take a to be positive. 


Examples 
(1) 2* is the exponential function with base 2. (4) The constant map which maps each x onto the real 
(2) (0.02)* is the exponential function with base 0.02. number 1| is also an exponential function with base 1, 
(3) (986)* is the exponential function with base 986. since 1*=1 forall xeR. 


The following theorems are simple verifications and give certain important elementary properties of exponential 
function. 


THEOREM 2.1}| Letabea positive real number. Then the following hold for all real numbers x and y: 


PF S&S BN RF 


THEOREM 2.2) 1. If a>1, then a’ is an increasing function; that is, x< y>a‘<a’. 


i 


2. If 0<a<1, then a‘ is a decreasing function; that is, x< ya’ 2a’. 


ve 


. If a>0 and a #1, a’ is an injection; that is, a" # a for all x # y. 


4. For any a>0 and a¥#1,a@ =1 ifand only if x =0. 


2.1 | Exponential Function 


Examples 


(1) The function y= 2" is increasing and its graph is given in Figure 2.1. 
(2) The function y =(1/2)* is decreasing and its graph is given in Figure 2.2. 


Y=R 


A 


> X=R 


FIGURE 2.1 Graph of the function y = 2°. 


Y=R 
A 


FIGURE 2.2 Graph of the function y = (1/2)’. 
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2.2 | Logarithmic Function 


We have observed in the previous section that, when a > 0 and a # 1, the exponential function with base a is an injection 
of R into R and its range is R* = (0,+°°). Therefore the function f : R — (0, +0), defined by f(x) =a’, is a bijection and 
hence fhas an inverse. This implies that there exists a function g:(0,+°e) > R such that 


f=yex=sly) or yaa ogly)=x 
for any xe R and 0<yeR. This function g is called the logarithmic function with base a. Formally, we have the 
following definition. 


DEFINITION 2.2. Let0<aeR and a#1. Then the function g:R*’—R, defined such that 
sIy=xeyaa 
for all ye R° and x € R,is called the logarithmic function with base a and is denoted by log,. 
It is a convention to write log, y instead of log,(y). Note that log, y is defined only when a>0, a#1 and y>0 
and that 
log y=ex@y=a 


for any ye R’andxeR. 
The following are easy verifications and these are the working tools for solving exponential and logarithmic 
equations and inequalities. 


THEOREM 2.3} Let 0<aeR,a#1. Then the following hold for any y, y,, y, ¢ R® and x, x,,x, € R: 


1. logy y 


a =y 
2. log, a =x 

3. log y=xQy=a 

4. log,(y,y,) =log, y, + log, y, 

6. log, (y,/y,) = log, y, log, y 

7, log,(y7)=z log, y for allzeR 
8. log, a=1 and log, 1=0 


FORMULA FoR} 1. For anya,b & R* — {1} and for any ye R’, 
TRANSITION TO 1 
A New Base log, y= =~ or log, y=log, blog, y 
log, b 


a 


2. log .(y) eae y for any a #0. 
‘ (os 


Proor| 1. Let log, y= x, log, y=t and log, b=z. Then a‘=y, b'=y and a’=b and hence 
d'=(a) =D =y 
Therefore log, y= zt=log, b-log, y. 


2. For «#0, (a")" = a’ = y and therefore 


1 
log . (y) = —log, y 
Qa 
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THEOREM 2.4} 1. If a>1, then log, x is an increasing function. 
2. If 0<a<1, then log, x is a decreasing function. 


ProoF| This is aconsequence of Theorem 2.2 and the fact that, where two functions fand g are inverses to 
each other and one function is increasing (decreasing), then so is the other. a 


THEOREM 2.5] Forany a>0 and a #1, the function log, x is a bijection from the set R* onto R. 


ProoF| This follows from the fact that a“ and log, x are functions which are inverses to each other. a 


2.3 | Exponential Equations 


It is known from the previous two sections that, for any a>0,a#1, the equation a‘ = b possesses a solution for any 
b > 0 and that the solution is unique. In general, the solution is written as x = log, b. If a=1, then the equation 1*=b 
has a solution for b = 1 only. Any real number x can serve as a solution for 1" = 1. Further, for any a>0,a¥# 1, the equa- 
tion log, x = b has a solution for any b € R and the solution is unique and is written as x =a’. Since the exponential 
function a“ and the logarithmic function log, x are inverses to each other, the exponential function is often called the 
antilogarithmic function. 

We often make use of the two transformations, taking logarithms and taking antilogarithms for solving exponential 
and logarithmic equations. Taking logarithms to the base a>0,a#1 isa transition from the equality 


x=y (2.1) 
to the equality 
log, x = log, y (2.2) 


(x and y here can be numbers or the expressions containing the variables). If Eq. (2.1) is true and both sides are 
positive, then Eq. (2.2) is also true. Taking antilogarithms to the base a> 0, a #1, is similar as transition from Eq. (2.2) 
to Eq. (2.1). If Eq. (2.2) is true, then Eq. (2.1) is true as well. 


Example Ean 


Solve the equation Put 5*'=+. The equation reduces to 
5*1 + 5(0.2)°? = 26 t+ 25¢' = 26 
2 — 
Solution: First observe that pa apte 2 = 
2 4 (t—1)(t- 25) =0 

Sa aie t=1 or 25 

and hence Since 5‘"=t. We get 5°'=1 or ¥. 
G2 aa" as" Solving we get x = 1 or 3. 

Therefore, the given equation reduces to 

5 4 5 = 26 

Example 22) 
Solve the equation which has the same solutions as the original equation. 
4x9 = 3 Since log, 3 = (1/2)log, 9, we get that 


3 
Solution: First note that both sides of the given equa- x(log, 9- 1)= 7 los, 9-1) 


tion are positive. Taking logarithms with base 2, we get the 
equation Since log, 9 #1, it follows that x = 3/2. 


2+(x—1)log, 9= log, 34+ 52x41) 
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Example Ea 


Find the solution(s) of the equation Then 

x Q2x-i(x+1) =50 x=2 
Solution: ; ee : or 1=——log, 2 

olution: The given equation is equivalent to ge = 
x=2 _ 4[1-(2x-1)/(x+1)] 
a x+1=log,— 
5? = Q2-x)lard) 
; eas Peis ' ' u 1 
By transforming this into logarithmic equation (taking x = log, — — log, 5 = log, — 
\ : : 2 10 
ogarithms with base 5), we get 
tee 2) Therefore the given equation has two solutions, namely, 
x-2= aap Es 2 2 and log.(1/10). 


2.4 | Logarithmic Equations 


Transforming a given logarithmic equation into an exponential equation, we can find solutions of the equations. For 
any a>0,a#1, the logarithmic equation 


log, x = log, y 


is equivalent to x = y, where x and y are positive real numbers or expressions containing the variable. We simply write 
log x for log,,x or log,x. One has to take it depending on the context. Since 


1 
log, 10 


log,, x = (log, x) 


it is easy to pass from logarithms with base 10 to those with base e. 


Example | 2.4 | 


Find the solution(s) of the equation Note that this is meaningful for all x #0, whereas the 


given equation is valid only when x > 0. It follows that 
Ax? =x +75 
1 = 25 


Therefore x = 5 or —5. Equation (2.3) has only 5 as a solu- 
tion, whereas Eq. (2.4) has two solutions, namely 5 and -5. 


Example ES 


(x -2) (x+1)=0 


2log(2x) = log(x* +75) (2.3) 


Solution: The equation is meaningful only when x > 0. 
The given equation can be transformed into 


log(4x°) = log(x* + 75) (2.4) 


Find the solution(s) of the equation log, x+log,(x-1)=1. — or 


Solution: The equation is meaningful only when x > 1. Tow aieiliave 


Transforming the sum of logarithms to the logarithm of a 
product, we have 


log, [x(x — 1)]=1=log, 2 
Therefore 
x(x-1)=2 


or x -x-2=0 


x-2=0>x=2 
x+1=0>x=-1 


Therefore this has two solutions, namely, 2 and -1. 
However, for the given equation to be meaningful, we 
should have x>1. Therefore, 2 is the only solution of 
the given equation. 


2.5 | Systems of Exponential and Logarithmic Equations 


Example Ea 


Find the solution(s) of the equation 
log,(3"-8)=2-x 
Solution: Taking antilogarithms with the base 3 of the 
given equation, we get 
3*-8=3°" 
37-8 x 3"-9=0 
(3*— 9)(3°+ 1) =0 


This gives 
3=9 or 3=-1 
The equation 3°=-—1 has no solution and the equation 


3*=9 has unique solution, namely 2. Thus, 2 is the only 
solution of the given equation. 


Example a 


Find the solution(s) of the equation 


xloe2e _ 5 
Solution: By taking logarithms with base 10, we get an 
equation 
log 2x x log x = log5 
log x(log 2 + log x) = log5 
This gives 


log’ x + log2 x log x — log5=0 


This is equivalent to the original equation and is mean- 
ingful only when x>0. Also, the above equation is a 
quadratic equation with respect to log x. Therefore 


logx = 5(-log2+ vlog’ 2+4log5) 


Since log5=1-—log2, we find that 
log’ 2+ 4log5=(log2—2)y 
and therefore, 


1 
logx = a log 2 + (log 2 — 2)] 


Therefore, log x =—1 or 1 — log 2(= log 5). Thus 1/10 and 
5 are solutions of the given equation. 


2.5 | Systems of Exponential and Logarithmic Equations 


In this section we consider finding solutions simultaneously satisfying a given system of exponential and logarithmic 


equations. 


Example Ea 


Solve the simultaneous equations 
log, y+ log, x =2.5 
xy=27 


Solution: We have to find a common solution to both 
the above equations. Note thatO<x#1land0<y#1.By 
taking log, y =1¢ in the first equation we get that 


1 5 
feet 
t 2 
2° +2=5t 


(t—2)(2t-1)=0 


Therefore t= 2 or 1/2. Now 


f=2> log y=25 9X 


t=1/2=> log,x=25x=y 


From the equation xy =27, it follows that when y = x 
we get 


x =27>5x=3 


Substituting this value of x we get y = (3) = 9. Therefore 
(3, 9) is one solution. Similarly (9, 3) is another solution. 
Therefore, (3,9) and (9,3) are common solutions for the 
given two equations. 
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Example Ea 


Solve the simultaneous equations 
yA = 27 y 
y°* = 81x 


Solution: Taking logarithms with base 3, these equations 
can be transformed into 


(2.5) 
(2.6) 


log, ylog, x =3 + log, y 

log, xlog, y=4 + log, x 
Comparing Eqs. (2.5) and (2.6) we get 
3+ log, y=4 + log, x 
log, y=1+ log, x 


From Eq. (2.6), we get 
(1+ log, x)log, x =4 + log, x 
(log, xy =4 
log, x =+2 
Now two situations occur: 


(ly lop 224 =9,.log, y=3,9=27 


1 

3 

Thus, (9, 27) and (1/9, 1/3) are the solutions of the given 
system of equations. 


(2) log, x=-2 = x=3" ==, log, y=-L, y= 


Example | 2.10 | 


Solve the system of equations 


logs (xy) = 3(log, x-log, y) 


| 
4 log, [=}- O8s ¥ 
y logs y 


Solution: This system of equations can be transformed to 
log, x + log, y = 3log, x x log, y 


log, x 
logs y 
By putting s = log, x and t= log, y, we get 


A(log, x — logs y) = 


S+t=3st 
4(s—t)=s/t 


By solving these two equations, we get that f = 1/2 or 1/6. 
Therefore, we have 


t=1/2 > log, y=1/2 > y=2v2 
s=1l>log,x=l>=x=8 


t=1/6 > log, y=1/6 = y=8'° = J2 


s=—/3= log, ces 228" =2*=1/2 


Therefore, (8, 2V2) and (1/2, V2) are the solutions of the 
given system of equations. 


2.6 | Exponential and Logarithmic Inequalities 


Let us recall that, if a > 1, the function a‘ increases and that,0 < a< 1,the function a‘ decreases. Also, the function log, x 
increases if a> 1, and decreases if 0 < a< 1. These properties can be used to solve some exponential and logarithmic 


inequalities. 


Example eect 


Solve the inequality 


2x 
=< ips, — 2.7 
ers (2-7) 


Solution: This can be written as 


log, 3< ce 
x+1 


(2.8) 


These expressions are meaningful only when 2x/(x + 1) > 0. 
Also, the function log, x is increasing and hence the inequ- 
ality (2.7) is equivalent to the inequality 


2x 


x+1 Ge?) 


Now x cannot be positive [for, if x > 0, then x +1>0 and 
hence, by Eq. (2.9), 3(x + 1)<2x and hence x+3<0, a 


contradiction to the fact that 2x/(x + 1) >0]. Therefore 
x <0.Then x + 1<0 and hence x <—1. Again by Eq. (2.9) 


3(x +1) >2x 


Worked-Out Problems 


and therefore, x >—3. Thus, the interval (—3,-1) is the 
set of solutions of the given inequality. 


Example eat | 


Solve the inequality 


(x°-2.5x+1)*'<1 (2.10) 
Solution: This is equivalent to the collection of two 
systems of inequalities 


(2.11) 


0<x -2.5x+1<1 
x+120 


x -2.5x+12>1 
(2.12) 


x+1<0 


The system Eq. (2.11) of inequalities has solutions 
O<x<05 and 2<x<2.5. The system Eq. (2.12) has 
solutions x <—1. Therefore, the set of solutions of the 
inequality Eq. (2.10) is 


neste 


Example EE 


Solve the inequality 


2 < Ble (2.13) 
Solution: First note that both sides of this inequality 
are positive for all x #0 and therefore, their logarithms 
are defined with respect to any base. In particular, since 
the function log, x is increasing, the inequality (2.13) is 
equivalent to the inequality 


log, (2") < log, 3” (2.14) 


This implies 
x< Figg 3 
Xx 
2 — 
x ~ log, 3 9 (2.15) 


x 
If xis a solution of Eq. (2.15) and x > 0,then x° — log,3 <0 
and hence 0<x<./log, 3. If x<0 and is a solution of 
Eq. (2.15), then x? —log,3>0 and hence x <-— ./log, 3. 
Therefore, the set of solutions of the inequality (2.13) is 


(—20, —jlog, 3) U (0, log, 3) 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. (0.168251 SUF] = 
(A) 2V2 


Solution: 


(C) 4V2 


We know that, for any -1<r<1, 


(B) 2 (D) 4 


a+art+ar t--+0= 


Therefore 


1 1 1/3 1 
state +00=———_ = — 
3 3 1-1/3 2 


Finally we have 


2 2 logy 5 (1/2) 
(0.16)!°%5 [(1/3)+(1/* )4--te0] (=] 


—2 logy 5 (2) logsy. (4) 
err 
5 2 


Answer: (D) 
2. If log,, 27 =a, then log, 16 = 
(A) 4 3+a (B) 4 3-a 
3-a 34a 
3-a 3+4a 
C) 2 D) 2 
|) x] (D) 4] 
Solution: 
4 
log, 16=4log,2= (2.16) 


log,6  1+log,3 
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Now, 


ce 3 
log,12 14+2log,2 


a= log,, 27 = 3log,, 3= 


Therefore 
a(1+2log, 2) =3 


3-a 


== 


soe oe> 
a a 
2 3-a 


log, 3 a 
2a 
3-a 


log, 3= 


Substituting in Eq. (2.16), we get that 


4 3-a 
log, 16 = =4 
Oe 14 [2a/(3—a)| ($=) 


Answer: (B) 


3. If log(a+c)+log(a—2b+c) =2log(a—c), then 


(A) 2b=a+c (B) a +c =2b 
(C) B =ac (o) eae 
at+c 
Solution: 


log[(a+c)(a—2b+c)]=log(a—cy 
(at+c)(a+c—2b) =(a-cy 
(a+cy -2b(a+c)=(a-cy 


pe! 2ac 


ate 
Answer: (D) 
4. The solution of the equation log, log.(Vx+ 5 + /x) = Ois 


(A) 2 (B) 3 (C)4 (D) 1 


Solution: 

log, log.(Vx+5+Vx)=0 

log,(Wx+5+Vx)=7° =1 

vxt+54+Vx=5 =5 
x+5=25-10Vx+x 

10Vx = 20 
Vx =2 
x=4 


Therefore, x = 4 satisfies the given equation. 
Answer: (C) 


5. Iflog, 2 + log,(2* —7/2) =2log,(2* —5), then the value 


of xis 
(A) 3 (B)2 (C)1 (D) 4 


Solution: First note that 2° > 7/2 and 2° > 5. Therefore 
x >2. From the hypothesis, we have 


2(2* —7/2) = (2* -Sy 
Therefore 
2x2" -7=27 -10x 2" +25 
Put a= 2". Then 2a—7 =a —10a+25.Therefore 
@ —12a+32=0 
(a—8)(a-4)=0 
Now a= 4 or 8. That is 
2°=4 or 8 
x=2 or 3 


But x > 2. Therefore x =3. 
Answer: (A) 


6. If log,,,,3(6x° +23x +21) = 4—log.,,,(4x° +12x+9), 
then the value of —4x is 


(A) 0 (B) 1 (C)2 (D) -1/4 


Solution: First note that 2x+3>0 and 2x+3 #1, that 
is, x >—-3/2 and x#-1. Also, 3x+7>0 and 3x+7#1, 
that is, x >—7/3 and x #-2. Suppose x >-—3/2,x #-1. 
Then the given equation can be written as 


log[(2x+3)(3x+7)] _ He. 2 log(2x + 3) 


log(2x +3) log(3x +7) 
1 log(3x+7) _ re 2 log(2x + 3) 
log(2x +3) log(3x +7) 
Put 
log(3x+7) _ 
log(2x+3) — 4 
Then 
1+y=4- z 
yy 
Therefore 
y=3-2 
x 
y —3y+2=0 
(y-DYy-2)=0 


This gives y = 1 or 2. 


Case 1: Suppose that y= 1. Then 
log(3x +7) =log(2x + 3) 
3x+7=2x4+3 
x=-4 
This is rejected because x > —3/2. 
Case 2: Suppose that y = 2. Then 
log(3x +7) = 2log(2x +3) =log(2x +3) 
Therefore 
3x+7=4x° +12x+9 
4x? +9x+2=0 
(4x+1)(x+2)=0 
x=-1/4 or -2 


Here x =-1/4 (since x >-3/2). So 
4x =1 
Answer: (B) 
7. The number of the solutions of the equation log(x? — 


6x + 7) = log(x — 3) is 
(A) 6 (B) 5 (C)7 


Solution: We have, for the term in parentheses on the 
RHS of the given equation, 


(D) 4 


xX —6x+7 =(x—3f -2>0@|x-3|> V2 


Also, log(x — 3) is defined for all x >3. From the given 
equation, x° —6x+7=x-—3, x >3. Therefore 


x =Te4 WS) x s3 
(x —2)(x-5)=0, x >3 
x=5 
Answer: (B) 


8. The number of solutions of the equation 


| x3 (PREG?) 1 


is 


(A)1 (B)2 (C)0 (D) 4 
Solution: 
| 4x3 ( ~8x415)/(x-2) _ 4 
2 
epee ee and 7 2 ies ait 
x 
=>x#2,x#43 and |x-3|/=1 or x -8x+15=2 
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>x#2,x43 and [x=2or4 or (x-3)(x-5)=0] 


>x=4 or x=5 


Therefore, the number of the solutions of the given 
equation is 2. 

Answer: (B) 
Alternative Method 


| x- 3 heey 1 


=>x#2,x43 and |x-3|=1 or x —8x+15=0 
=>x#2,x43 and (x=4o0r2 or x=3o0r5) 


>x=4 or x=5 


9. If (x,, y,) and (x,, y,) are solutions of the system of 
simultaneous equations 


logs (xy) = 3log, x-logs y 


then x,x,+ y,y, equals to 
(A) 4 (B) 6 (C)2 
Solution: Clearly x>0, y>0 and y#1, so as to make 


the equations meaningful. The given equations are 
equivalent to 


(D) 8 


log, x + log, y=3log, x log, y 
4(log, x —log, y) = log, x/log, y 


Put log, x=m and log, y=n#0. Then the equivalent 
system is 


es (2.17) 


4(m—n)=mI/n 


Multiplying both the equations of the equivalent system 
we get 
A(nt —n’) = 3nr 
Therefore 
m=x2n 


m =4n’ or 


Putting m= 2n in Eq. (2.17), we get that 


1 
3n=6n or = (sincen#0) and m=1 


Now 


m=1>log,x=1>x=8 


n=3=9 log, y=5—9 y=2V2 
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Therefore 
x, =8, y, =2v2 
Again by taking m= -2n, we get that 
n=6n or n=1/6 and m=-1/3 


-l/3=m=log,x>x=8°? =(27)” =; 


1/6=n=log, y> oe (2 =./2 


For x, =1/2 and x, = V2. Therefore 


XX, + VY, = 8x 5422 x2 =444=8 
Answer: (D) 


10. If 


1 
log, [at] = x(log,, 5-1) 


then x is equal to 
(A) 1 (B) 2 (C)3 


Given equation is equivalent to 


(D) 0 


Solution: 


1 
logo fem = x(log,) 5 — log, 10) 


3 
=xlog,, (=) 


1 
= logiy a 


Therefore 


a 
Piguet 2 


This gives x — 1 = 0 or x = 1 which satisfies the equation. 
Answer: (A) 


11. The set of all values of x satisfying the inequality 
log, Vx — 2(log,,, x’ +1>0 is the interval 


(A) (0, 1) (B) (4, -) 
obs) 4 


Solution: The given inequality is meaningful for x >0 
and is equivalent to 


ae 1-2|-+to x] +130 
) 2) >) & 


1 1 
7 lof x— 5 (log, xy +1>0 


(log, x) —log, x-2<0 
(log, x -2)(log, x +1) <0 


—1<log,x<2 
ay 
2 
Answer: (C) 


12. If log, x(x +2) =1, then x is equal to 
(A) 3 or -1 (B) 1 or -4 
(C) -3 or -1 (D) 1 or -3 
Solution: log, x(x+2)=1 is meaningful if x(x+2)#0 
and x(x+2)>0.Also, this equation implies 
x(x+2)=3 
x +2x-3=0 
(x+3)(x-1)=0 


x=-3 or 1 


Answer: (D) 
13. A solution of the equation 
log(2x) = log(x -15)' 
is 
(A) 4 (B) 5 (C) 2 (D) -15 
Solution: The given equation is meaningful if x >0 and 


x #15. If x >15, then the given equation is equivalent to 
log 2x =log(x-15) 


and hence 2x =x-15 and therefore x =-—15, which is 
false (since x >0). Therefore 0< x <15. Then, from the 
given equation 


log(2x) = log(t5 —x) =log(15— x) 


and hence 2x = 15—.x, so that x =5. 
Answer: (B) 


Multiple Correct Choice Type Questions 
1. Which of the following are true? 
(A) : + : feet : = log, (43)! 
log,n log,n log,” 
(B) : + : + : =2 
log,, (xyz) log,.(xyz)  log., (xyz) 
(C) If n = (2009)!, then 
aL Oe ee 
log,n log,n 


LOZ 099 7 


(D) te ae b=1 


log,” 
Solution: 
43 1 43 43 
(A) = log, k = log, k — log, (43)! 
2 log,n ~ 2 
1 1 1 
(B) 


log, (xyz) . log,. (xyz) Toe.) 

= log,,.(ay) + log,,.(yz) + log,,.(zx) 

= log,,.(xy- yz: zx) =2 
(C) By (A), the given sum is log, (2009)! = log, n= 1. 
log,n _log,ab_ log, at+log,b 


(D) 
log,,n log,a log, a 
= 14 10? _ 1+log,b 
log, a 


Answers: (A), (B), (C) 


2. Which of the following are correct? 
(A) log, a-log. b-log, c-log, d=1 

4 

B he 2 lon 5 Joe 

(B) : 

(C) 38? 4 27s = 741 

(D) gloss ¥121+(1/3) =242 


Solution: 
(A) log, a-log, b-log, c-log, d= log, a-log, c-log, d 
=log,a-log,d=1 


(B) 22-2715 — 4. glee") — - 


Worked-Out Problems 


(C) 38 logs 5 +4 (27) 36 _ 5! +4 (3? oP los 0) 
= 625 + (36)? = 625 + 216 = 841 


(D) gloss V121+(1/3) _ 3lloge (1217 +1/3] 


= 2's 2141 _ 191 x2 =242 
Answers: (A), (B), (D) 


3. If x, y, z simultaneously satisfy the equations 
log, x + log, y+ log, z=2 
log, y+ log, z+ log, x =2 
log, z+ log,, x + log,, y=2 


then which of the following is (are) true? 


(A) xy = 9/4 (B) yz = 36 
(C) zx = 64/9 (D) x+ y+z=xyz 
Solution: First observe that 


log, x = log,(x°) 
log, y= log,(y”) 
log, z= logig (z’) 


From log, x + log, y+ log, z=2, we get that 


log, x’ yz=2 
and hence 
xyz=4 =16 (2.18) 
Similarly, 
yrix=7=81 (2.19) 
zg k¥=16' =256 (2.20) 


From Egg. (2.18)—(2.20), we get that x* y*z*= 16 x 81 x 256. 
Therefore 


xyz=2x3x4=24 
Since x yz=16 and xyz = 24, we get that 
16 2 
Kea SS 
24 3 


Similarly, y=27/8 and z=32/3.Therefore, xy=9/4, yz=36 
and zx = 64/9. 
Answers: (A), (B), (C) 
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Matrix-Match Type Questions 


1. Match the items in Column I with those in Column II. 


Column IT 
(p)3 


Column I 


(A) The number of real 
solutions of the equation 
log, (x — 1) = log, (x — 3) is 


(B) The number of solutions of the 0 


equation 
2 . 
43/4 (logs x) #logx-5/4] yf, a8 


(C) The smallest positive 
integer x such that 
log, (x — 1) < logy o,(x — 1) is 


(r) 2 


(s) 4 


(D) The minimum value of (t) 1 
log, x+ log, a, where 
1<a<xis 


Solution: 
(A) 


log, (x —1) = log, (x -3) 
> loa. (x —1) =log,(x-3) 


=> x-1=(x-3Y 
=>x-7x+10=0 
>x=2 or 5 


But the given equation is defined for x > 3. 
Therefore x =5. 


Answer: (A) > (t) 
(B) 


4 3/4log x +logy x-5/4] _ [9 


Taking logarithms on both sides to the base 2, 


3 5 1 
08 xy +log, x- + flog ar 


Put log, x = +4 Then 


Therefore 
30+ 4° -5t-2=0 
Clearly, t= 1 is root of this equation. Now, 
(t-1)(3° + 7t+2)=0 
t=1,-2,-1/3 


Therefore 
x=2,27 21% 


Answer: (B) > (p) 
(C) 


1 
logy s(x — 1) < logy g(x — 1) = log. se(¥ -l)= 7 lOfo3(* =1) 
Therefore 


2 log.) (x — 1) Z logio(x — 1) 
log, (0.3) log,, (0.3) 


2log,,(x — 1) > log,)(x - 1) 
log,,(x - 1) >0 
x-1>1 or x>2 


Therefore, the smallest integer x satisfying the given equa- 
tion is 3. 


Answer: (C) — (p) 
(D) 
l<asx=>log,x>0,log,a>0 
Therefore 
log, x + log, a> 2(log, x-log, a)!” =2 


and equality occurs if and only if x =a. Therefore mini- 
mum value is 2. 


Answer: (D) => (r) 


2. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) log, (log; 81) = (p) 0 
(B) 3110857 = 7* then k= (q) I 
(C) qiogs > = 5!08s 2 = . ; 
s 
(D) log, [log,(512)] = (t) 4 


Solution: 
(A) log, (log; 81) = log, (log, 3’) = log, 4=2 
Answer: (A) > (s) 
(B) 
2 log, 7=7 


> 34%(1/2)logs 7 _ 7k 


=> a= 7 y = a 
= T=7 
>k=2 
Answer: (B) > (s) 
(C) 


Jio8s 3. 51083 2 = Joe S-log32 __ 5!08 2 


Qa a} y= 2_ Sloss 2 


2 
_ 5!08s 2 5ioes 2 _ 0 


Answer: (C) — (p) 


Comprehension-Type Questions 
1. Passage: It is given that 
log, (bc) =log, b+ log, c,a¥1,a>0,b>0,c>0 


log [2 lou, blog.ca 1.a>0,b>0,¢>0 
c 
log, b'= log, b,a#1,a>0,b>0,m#0 
m 
log, b=log. b/log.a,a#1,c#1,a>0,b>0,c>0 


ineb=— 644 PF o50.ba0 
log, a 


Answer the following questions: 
(i) Ifa>0,b>0 and a’ + b°=7ab, then 


(A) 2i0e( +") = log(ab) 
(B) log( “<*] = log(ab) 


coma =5*) (5) 


(D) woo( 9h =loga+logb 


(ii) log,135 log, 5 is equal to 
logis3 logy; 3 
(A) 4 (B)5 Oe os 


Assertion-Reasoning Type Questions 


1. Statement kL If a, b, c are the sides of a right-angled 
triangle with c as the hypotenuse and both c+ b and 
c — b are not equal to unity, then 


log.,,a+log.,a=2log..,axlog.,a 
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(D) 
log,[log, (512)] = log, (log, 2”) 
=log,9=2 
Answer: (D) —> (s) 


(A) np (B) -n (C)-np = (Dyn 
Solution: 
(i) 
a+b =Tab 
(a+by =9ab 
2log(a+ b) = 21log3+log(ab) 
2I0e( 2?) = log(ab) 
Answer: (A) 


(ii) The given number can be written as 
log,(135) log, (15) — log, 5- log, 405 


= (log, 5+3)(1+log, 5)—(log, 5)(log, 5+ 4) =3 
Answer: (C) 


(ili) log, | log 4/A/Afne Ip = log, log, (p"”) 
a ———————————— 


1 
= log, r =-n 


Answer: (B) 


Statement II: a’ =c’ — b’ 


(A) Both Statements I and II are correct and State- 
ment II is a correct explanation of Statement I. 
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(B) Both Statements I and II are correct and 
Statement II is not a correct explanation of 
Statement I. 


(C) Statement I is true, but Statement IJ is false. 

(D) Statement I is false, but Statement II is correct. 
Solution: In a right-angled triangle, it is known that 
the square of the hypotenuse is equal to the sum of the 
squares of the other two sides. Therefore Statement II is 
correct. Also, 

1 1 

+ 

log, (c+b) log, (c—b) 


log... at log... a= 


_ log, (c+b)+log,(c—b) 
~ log, (c+b)log,(c—b) 
log, (c’ -b") 

~ log, (c+b)log, (c—b) 


7 log, a@ 
log, (c+b)log,(c—b) 


=2log.,,axlog.,a 


Answer: (A) 


| 


2.1 Exponential function: For any positive real number a, 
the function f(x) = a‘ for x € R is called exponential 
function with base a. 

2.2 Properties of a’: 


(1) a-a@ =a” 


(2) a°>0 
(3) 7 =a 
(4) (a) =a” 
(5) a* =1/a 
(6) a°=1 
(7) a'=a 
(8) 1*=1 


(9) For a> 1, if x < y, then a" < a@ (ie., a” is an 
increasing function). 

(10) If0 <a<1,thenxsy>a@ 2a@ (ie,a isa 
decreasing function). 


(11) If a> 0, then a’ is an infection. 
(12) Fora>Oanda#1,thena’=14x=0. 


2.3 Logarithmic function: Let a> 0 and a # 1. Consider 
the function g: R’>R defined by g(y) =x eS y=a 
for all ye R’ and xeR. This function g is denoted 
by log, meaning that log,y = x © y = a’. Note that 
logy is defined only 0<a#1landy>0. 


2.4 Properties of logarithmic function: 


(1) qos =y 

(2) log ,(a’) =x 

(3) log y=exSy=a 

(4) log,(y,y2) = log.y, + logy, 

(5) log, (1/y) = —log, y 

(6) log,(y,/y2) = logy, — log.y, 
(7) log, (9°) = zlog,y for allzeR 
(8) log.a=1 and log 1 =0 


2.5 Some more important formulae: 


(1) Change of base: If a, b are both positive and dif- 
ferent from 1, and y is positive, then 


logy = log,y x log,b 
(2) log,axlog, b=1 or log,a= = 
log,b 
(3) log. y=log y/logx where both numerator and 
denominator have common base. 


1 
(4) log, (y)= 7 Bey 


(5) If0 <a< 1, then log,x is a decreasing function. 
(6) Ifa > 1, then log, x is an increasing function. 


| EXERCISES 


Single Correct Choice Type Questions 


1. If a>0, b>0 and a’ + 4b’ = 12ab, then log(a + 2b) - 
2log2 is equal to 


(A) loga+ logb (B) 2(loga + log b) 
(C) 3(loga + log b) (D) x(lowa + log b) 


2. If l<a<b, then 


2[,/log, {fab + log, ab 
- Jlog, ‘lbla + log, sla/b | Vlog, b= 


(A)1 (B) 2 (C)3 (D) 4 


3. log, 2-log, 3-log; 4- log, 5- log, 6-log, 7 = 
1 
(A) 5 (B) 3 (OC); (D)2 


: 1 ; 
4. log,(2x’) + (log, x) . 08x (loge x+1) +4 5 (logsx'y of 2 3losu2 logy x = 


(A) (1+ log, x) (B) 1+log, x 
(C) (1+log, xf (D) (1+ log, x)* 
5. The number of pairs (x, y) satisfying the equations 
log, x+log, y=2 and x =20+y is 
(A) Infinite (B)2 (C)0 (D) 1 


6. The set of solutions of the inequality log, (2x — 3/4) > 
2 is 


(A) [5 ea | (B) (es M83] 
3 3 3 
Of3 p13) wrene{u3) 


7. The set of solutions of the inequality 2log, (x — 1)> 
log, (5—x) + Lis 
(A) (1,5) (B) (5, °) 
(C) (3,5) (D) (—, -3) 


8. If log, 2=m and log 5=n, where 0<a#1, then 
log 500 = 


(A) 2m + 3n (B) 3m + 2n 
(C) 3m + 3n (D) 2m + 2n 


9. The domain of the function f(x) =[1/log,,(1 -—x)] + 


Vx4+2 is 


Multiple Correct Choice Type Questions 
1. If log, (6x —1) > log, (2x), then x belongs to 


(A) & ;] (B) ta 


© G+) (D) G +] 


10. 


11. 


12. 


13. 


14. 


(A) (°°, -3) (B) (2, 7) 
(C) (-2,-1) (D) (-2, 0) U (0, 1) 
If |log, (x°/2)|< 1, then x lies in 
(A) (0, 1) (B) [-2, -1]U[L, 2] 
(C) (3, ~) (D) (--, -2) 
The domain of the function 
_ log, (x +3) 

P(x) = x +3x4+2 
is 
(A) R-{-1,-2} (B) (-2, ~) 
(C) R- {-1, =2, =3} (D) (=3; >) a {=L =7} 


Let f:[l,-) >[1,) be defined by f(x)=2""”. 
Then f'(x) is equal to 


(Aj2 (B) 5(1+ 1+ 4log, x) 
(C) 5(1- i+ aTog, x)  (D) f(x) does not exist 


Let f(x)=x°+x+log(1+|x|) for 0<x<1. If F(x) 
is defined on [-1, 1] such that F(x) is odd and 
F(x) = f(x) for 0< x <1, then 
f(x) for O<sx<1 

(A) F(x)= 2 

—x°+x-log(1+|x|) for -1<x<0 
(B) F(x)=x°+x-log(1+|x|) for -1<x<0 
(C) F(x)=-f(x) for -lsxs<0 
(D) F(x)=—-x’+x+log(1+|x]) for -1<x<0 


Let W be the set of whole numbers and f:W > W 
be defined by 


ee [x10] 4 |}iot"4 (|) rene 


0 if x=0 
where [y] denotes the largest integer <y. Then 
(7752) = 
(A) 7527 (B) 5727 (C) 7257 (D) 2577 


a, tp HLV+Z-%) _ y(Z+x-y) _ Ax+Y-Z) then 


log x log y logz 
(A) Py = v2” (B) y2? =x 2" 
(C) #2 = yz (D) vy sex 
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3. A solution of the equation x'°*** =5 is 


(A) 0.2 (B) 0.1 (C)5 (D) 4 
4. A solution of the system of equations 
xv=y and Vx-y=1 
is 
(A) (1,1) (B) (1,93) 
(C) (/¥/9,1) (D) (1/99, 4/3) 
5. A solution of the inequality log,,(x° — 4) >—1 satisfies 
(A) 1<|x|<2 (B) 2<|x| <3 
(C) 3<|x|<4 (D) 1<|z/<43 


Matrix-Match Type Questions 


In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
Column IJ are labeled as (A), (B), (C) and (D), while those 
in Column II are labeled as (p), (q), (), (s) and (t). Any 
given statement in Column I can have correct matching 
with one or more statements in Column II. The appropriate 
bubbles corresponding to the answers to these questions 
have to be darkened as illustrated in the following example. 
Example: If the correct matches are (A) > (p), (s); 
(B) > (q), (s), (t); (C) > (r), (D) > (7), (t); that is if the 
matches are (A) > (p) and (s); (B) > (q), (s) and (t); 
(C) > (r); and (D) > (1), (t); then the correct darkening 
of bubbles will look as follows: 


pg fs 4 


Cag 
Q 
G 


1. Match the items in Column I with those in Column II. 


Ss 


Column I Column I 
(A) The number of solutions (p) 3 

of the equation 

2—x + 3log, 2 =log,(3*- 5”) is 
(B) The number of values of (q)1 

x satisfying the equation 

(log, x) —5(log, x) +6 =0 is (r) 4 


(C) The number of roots of the equation 
log,, Vx-1 + log, (2x+15)=1is (8) 0 


(D) The number of solutions of the (t) 2 
equation log,(x+2)=6-—x is 


6. If f(x) =log,,(3x° —4x +5), then 
(A) Domain of fis R 
(B) Range of fis [log,) (11/3), +e) 
(C) fis defined in (0, +>) 
(D) Range of fis (—°», log,,(11/3)] 


7. Ife’ +e) =e, then 
(A) Domain of g is (—», 1) 
(B) Range of g is (—°, 1) 
(C) Domain of g is (—c, 0] 
(D) Range of g is (—s, 1] 


2. Match the items in Column I with those in Column II. 


Column I Column II 
(A) The number of solutions of the (p) 0 
equation log,,(3x° + 12x + 19) — P 
log, (3x +4) = 1 is 
. . (q)3 
(B) log ;(4* —6)—log ,(2* —2) = 2is 
satisfied by x whose number is (x)2 
(C) The number of solutions of the 
equation log, (3* —8)=2-— x is 
(s) 4 


(D) The number of values of 
x that satisfy the equation 
2log,(x-2)+log,(x—4Y =0 is (t) 1 


3. Match the items in Column I with those in Column II. 


Column I Column I 
jlo -2 
(A) f(x) = fees is defined forx (P) [1,2) 
x 

belonging to 

(B) Domain of the function (q) 2,1) 
f(x) = log[1—log,)(x° -5x+16)] is (r) (2,3) 

(©) f(x) =(Jlogs(7 -7x+13))" is (5) B.4) 
defined for x belonging to 

D) Domain of the function 

oe (1) (2.3) 


is 
1-x 


1) =| ia | 7 


Assertion-Reasoning Type Questions 


Statement I and Statement I are given in each of the 

questions in this section. Your answers should be as per 

the following pattern: 

(A) If both Statements I and II are correct and II is a 
correct reason for I 

(B) If both Statements I and IJ are correct and II is not a 
correct reason for I 


(C) If Statement I is correct and Statement II is false 
(D) If Statement I is false and Statement II is correct. 


1. Statement I: If a=x’, b=y’ and c=2z’, where x, y, 
z are non-unit positive reals, then 8(log, x°)(log, y°) 
(log, z*) = 27. 


Statement II: log, a-log, b=1 


2. Statement I: If x" =9, then x = 3. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2, 4,6 are to be darkened. 


©/@/Q|©/@|@|©/@|Oj/O/s 


©|@|Q|©|@|@|@|@|O/O|Nn 


©|@|Q|©|@|@|@|@|O/O| x 
©|@|Q|@|@|@|©|@|O/O| < 


4 1 
1, SPEC 4 10 (“+ 5}+1 Grexoe 
85 Bit 812 10+2J21 


(si) 9 + ZG 3 
409 


2. 


[(W7y/es (i (125) 7 = 


. Statement I: The equation 


Exercises fay ie}e} 


Statement II: a’°®"* = x where 0<a¥#1andx>0 


logy. S42") = 
log, (15+ Vx) has no solution. : 


1 
Statement II: log,,, a= —log, a 
m 


. Statement I: The equation 9°") =log,x— (log,x)’+1 


has only one solution. 


Statement II: a** = x and log,x” = nlog,x, where 
x>0. 


. Statement I If is a natural number greater than 1 


such that n= py" p5? --- pv, where p,, P,,...,D, are dis- 
tinct primes and @,,@,,...,a@, are positive integers, 
then logn 2 klog?2. 


Statement II: log, x >log, y whenx > y anda>1. 


. The value of x satisfying the equation 6*** = (3*) (2) 


1S 


. The number of solutions of the equation |x — 2|!°" '= 


|x—2P* is 


. The number of ordered pairs (x, y) satisfying the 


two equations 8(/2)*” =(0.5)’> and log,(x —2y) + 
log, (3x + 2y) =3 is 


. If(x,,y,) and (x,, y,) are the solutions of the simultane- 


ous equations x + y= 12 and 2(2 log , x — log,,, y) =5, 
then x,x, —y,y,isequalto__. | 


. The number of solutions of the system of equations 


y=1+log,x,x’ =4° is 


. The number of integers satisfying the inequality 


qs/2lom (12-35) _ glows 93 jg 


. The number of integer values of x satisfying the 


inequality 2x + 1 < 2log,(x + 3) is 
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Single Correct Choice Type Questions 


- (D) 
- (B) 
- (C) 
- (A) 
- (D) 
- (B) 
- (C) 


NQoakh WD = 


Multiple Correct Choice Type Questions 
1. (A), (C) 

2. (A), (B), (D) 

3. (B),(C) 

4. (A), (D) 


Matrix-Match Type Questions 


1.(A)>q@, (@®)>W, (C)>@), 
2 (A)-@), BW, O-, 


(D) > (q) 
(D) > (t) 


Assertion—Reasoning Type Questions 


Integer Answer Type Questions 


arhwWwhDh = 
PNA RD 


- (A) > (p), @), (0; 
(C) 


2 Pe 


- (B),(D) 
- (A), (B), (©) 
- (A), (B) 


(B) > (1), 


= (s), D) > (q) 


(A) 


- (A) 


BNNO 


Complex Numbers 


Contents 
3.1 Ordered Pairs of Real 
Numbers 


3.2 Algebraic Form a+ ib 
3.3, Geometric 


Interpretation 
3.4 The Trigonometric 
A: What do you mean? one eee 
B: Well, what if we make up a 3.5 De Moivre’s Theorem 
number, say ‘i, so that 3.6 Algebraic Equations 


ixi=—1 


a ae cy that? P Worked-Out Problems 


A: But there is no such number Ge J Summary 
that has that size. . tan & Exercises 

B: I know, but the idea can exist in ; Answers 
our imagination! I think we should 
call it an imaginary number. 


Any ordered pair (a, b) where 
a and b are real numbers is 


Firsts Lasts called a complex number. 

The set of all complex num- 

& : bers is denoted by C which is 
(a+bi)(c+di) ore 


Inners 
Outers 
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It is well known that there is no real number a for which a’ =~—1. In other words, the equation x + 1 =0 has no root 
in the real number system R. Likewise, the equation x° +x + 1 =0 has no root in R. For this reason, the real number 
system R is enlarged to a system C in such a way that every polynomial equation, with coefficients in C, has a root in C. 
The members of C are called complex numbers. Infact, the system C of complex numbers is the smallest expansion of 
the real number system R satisfying the above property. In this chapter we will discuss the construction and several 
properties of the system of the complex numbers. 


3.1 | Ordered Pairs of Real Numbers 


A complex number can be defined as an ordered pair of real numbers. Let R denote the set of real numbers and 
C=RxR 


That is, C is the set of all ordered pairs (a, b) such that a and b are real numbers. We will introduce all the 
arithmetical concepts of addition, subtraction, multiplication, and division among members of C. The members of C are 
called complex numbers. First let us recall that two ordered pairs (a, b) and (c, d) are said to be equal ifa=c and b=d. 


Mathematical Operations on Complex Numbers 


DEFINITION 3.1 For any complex numbers (a, b) and (c, d), let us define 
(a, b) + (c, d) =(a+c,b+d) 
(a, b) — (c, d) =(a-—c,b-d) 


(a, b) + (c, d) is called the sum of (a, b) and (c, d) and the process of taking sum is called the 
addition. Similarly (a, b) — (c, d) is called the difference of (c, d) with (a, b) and the process of 
taking difference is called the subtraction. 


“ar Try itout Verify the following properties: ) 
> (ab) (c,d) 4G30) = (@ b) (Gd) + (s- 2) 
- (a,b) + (c,d) =(c, d) + (a, b) 

. (a,b) + (0, 0) = (a, b) 

. (a, b) + (—a, —b) = (0, 0) 

- (a,b) + (c, d) =(s, t) & (a, b) =(s, t) — (c,d) 
& © (c, d) =(s, £) — (a, db) g 


— 


nn & WwW WN 


DEFINITION 3.2 For any complex numbers (a, b) and (c, d), let us define 
(a, b)-(c, d) = (ac — bd, ad + bc) 


This is called the product of (a, b) and (c, d) and the process of taking products is called 
multiplication. 


Ae Try it out Verify the following properties for any complex numbers (a, b), (c, d) and (s, £). > 


- [(4, b)-(¢ 4)]- (5, t) = (a, b)-[(e, d) -(s, 1] 

. (a, b)-(c, d) =(c, d)- (a, b) 

. (a, b)-[(c, d) +(s, t)] =(a, b)-(c, d) + (a, b)- (s, t) 
(a, b)-(1, 0) = (a, b) 

. (a, 0)-(c, d) = (ac, ad) 

. (a, 0)-(c, 0) = (ac, 0) 

7. (a,0)+(c,0)=(a+c, 0) y 


nb wN 


i 


XR 


3.1 | Ordered Pairs of Real Numbers iy ey/ 


Properties 6 and 7 in “Try it out” suggest that, when we identify any real number a with the complex number 
(a, 0), then the usual arithmetics of real numbers are carried over to the complex numbers of the form (a, 0). Further 
one can easily observe that the mapping a+> (a, 0) is an injection of R into C. Therefore, we can identify R with the 
subset R x {0} of C. This also suggests that any real number a can be considered as a complex number (a, 0). Thus C is 
an enlargement of R without disturbing the arithmetics in R. 


Examples 
Let z, =(2, 3) and z, -(3. 2) then (3) 47% =(2, (5. =} 
aw nran(0.d+(22)-(2+2962)-(5.2) = (2x3 -3%5.2*5 +35] 
a9 
omeneersey 
“oe 


Zero and Unity in Complex Numbers 
DEFINITION 3.3 The complex numbers (0, 0) and (1, 0) are called the zero and unity, respectively, and are 


simply denoted by 0 and 1. Note that these are the real numbers 0 and 1 also, since, for any 
real number a, we identify a with the complex number (a, 0). 


THEOREM 3.1) Forany non-zero complex number z, there exists a unique complex number s such that z-s = 1 [= (1,0)]. 


ProoF| Let z=(a,b) be a non-zero complex number; that is, z # (0,0) and hence either a# 0 or b#0 so 
that a’ + D’ is a positive real number. Put 


Then 


a —b 
Ne rar] 


-| a b(-b) a(-b) | _ba ) 


+b @+beaet+hP &t+Lh 


=(1,0)=1 
If (c, d) is any complex number such that 
(a, b)-(c, d) = (1,0) 


then ac — bd =1 and ad + bc = 0. From these we can derive that 


—b 
+h ane re 


Thus, s is the unique complex number such that z-s=1. o 
Multiplicative Inverse 


DEFINITION 3.4 _ The unique complex number s such that z-s=1 is called the multiplicative inverse of z and 
is denoted by 1/z or z“. Also, z,- (1/z,) will be simply expressed as z,/z,. 
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Coro.iary 3.1) For any complex numbers z, and z,, 


Z°%,=0@z7z=0 or z=0 


Examples 
(1) If z=(2,3), then (3) If z=(0,1), then 
(oe (23) 220-1) 
(2) If z=(4, 0), then Infact, if z = (0, b), then 
(ee (h0) (05) 
Infact, if z = (a, 0), then (4) (0, 1)-(0,1) = (-1, 0) 


3.2 | Algebraic Form a + ib 
Even though there is no real number a such that a =—1, there is a complex number z such that z (= z-z) =—1; for 
consider the complex number (0, 1). We have 
(0, 1)- (0,1) =(-1,0) =-1 
Also, 


(0, -1)- (0,-1) = (-1,0) =-1 
Infact, (0, 1) and (0,-1) are the only complex numbers satisfying the equation z* =—1. For if z=(a, b) and ¢ =—1, then 
(-1, 0) = -1 =(a, b)-(a, b) = (a’ — b’, 2ab) 


and hence a’ — b’=—1 and 2ab =0. Since b #0 (for, if b =0, then a is a real number such that a =—1), it follows that 
a=0and b=+1 and hence z= (0, 1) or (0, -1). 


Note: We will denote the complex number (0, 1) by the symbol i (indicating that it is an imaginary number). By the 
above discussion, we have i’ =-1 = (-i)’. Recall that we are identifying a real number a with the complex number 
(a, 0). With this notation, we have the following theorem. 


THEOREM 3.2} Any complex number z can be uniquely expressed as 
z=ar+tib 
where a and b are real numbers and i= (0, 1). This expression is called the algebraic form of z. 
ProoF| Let z be a complex number. Then z = (a, b) where a and b are real numbers. Now consider 
Z=(a, b) =(a, 0) + (0, 1)(b, 0) =a + ib 
Clearly a and 5 are unique real numbers such that z =a + ib. o 


Note: We can perform the algebraic operations addition and multiplication with much ease when we consider the 
complex numbers in the form a + ib. We can sum or multiply as in the real number system by substituting —1 for 7’. 


DEFINITION 3.5 Let z be acomplex number and z = a + ib, where a and b are real numbers. Then ais called the real 
part of z and is denoted by Re(z). Also, b is called the imaginary part of z and is denoted by Im(z). 


3.2 | Algebraic Form a + ib 1109s 


By the uniqueness of the real and imaginary parts of a complex number, it follows that, for any complex numbers 
z, and z,, 


z=, Re(z,)=Re(z,) and Im(z,)=Im(z) 


Example BRM 


Write (2 + 3i)’ (3 + 21) in the form a + ib. = (-5 + 12i)(3 + 2i) 
Solution: Consider = (-15 — 24) + (-10 + 36)i 
=-39 + 261 


(2 + 3i)(2 + 3i)(3 + 2i) =(4 — 9 + 12i)(3 + 21) 


Example RM 


Find the real and imaginary parts of =21-20+(21+4 20)i 
z=(1+i)(5+ 2iy =14+41i 
Galntans Coaster Therefore, Re(z) = 1 and Im(z) = 41. 


z=(1+i)(5+ 2iP =(1+ 1)(25 —4 + 20) 


= (1+ 1)(21+4 20i) 
Example Ea 
Find the real and imaginary parts of _ 25-1-10i 
,- G+) 2-39) 25+1 
~ (1-i)(2 + 3i) 24 (-10). 12 (5), 
~ 26” (26) 13 * 43) 
Solution: Consider 
(1+)(2-3) 243)4 0-3) Therefore Re(z) = 12/13 and Im(z) =-S/13. 
~ (1-i)(2+3i) (2+3)+(-243)i 
5-i_  (5-iy 


S5+i (54+/)(5-i) 


Example eg 


Cube roots of unity 


=>z=1 or (-8a*=1land b=+V3a 
Compute all the complex numbers z such that z* = 1. 6 ee eo 


-] lB 
Solution: Let z=a+ib.Then =z=1 or [a=Fanso=2 
BL. “yy? py 
z=1=> (a+ iby (at+ib)=1 . al B. 4 a, 
=> (a — b’ + 2abi)(a+ ib)=1 Te OP Be an OF Be a 


= (a —b’)a—2ab’ + (2a°b + ab-b’)i=1 
= (a — 3ab’) + (3a°b — b°)i =1+ Oi 

=a -3ab’=1 and 3a°b-b=0 L aA+V3 og to N3i 

= a(a’—3b*)=1 and b(3a’-b*)=0 7 2 
=>(b=Oanda=1) or [b =3a and a(a’ — 3b’) =1] are all the complex numbers z for which z* = 1. 


Therefore 
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Aliter: Now 
2-1=08(z-1)(2 +z+1)=0 Serre ; Aas 
an 
@z=l or ¢+z+1=0 2 
4a are having the property that each is the square of the 
@&z=l or z= = other. If we denote one of them as w, then the other will 


be w’ and, further, 1+ w+w?=0. 
Thus, cube roots of unity are 


-1+iv3 


1, 
2 
Example ae | 
Express the complex number 7 34] 
344i “Th ei 33 

*~ 1+) —2i) _34i_ (+i! 

in the algebraic form. oat Bae) 
_9H-1t6e 8461 _ 4431 

Solution: Consider Oe 10 5 

oe 3+i iy ee 

(1+ i)(1 - 2i) 7 3 


Let us summarize and record the arithmetical opera- 1 a , 


tions on the complex numbers in algebraic form. 4: ah ee 4 ie tu Be 

1. (a+ ib) + (c+ id) =(a+c)+i(b+d) 5. ae _ “a (eaNC LD 

2. (a+ ib) —(c+id) =(a-—c)+ i(b-d) i 

3. (a+ ib)-(c + id) = (ac — bd) + i(ad + be) =e ea) BAe 10) 


DEFINITION 3.6 A complex number z is called purely real if Im(z)=0 and is called purely imaginary if 
Re(z) =0. 


Note: A complex number is both purely real and purely imaginary if and only if it is O(= 0+ i0). 


Examples 


(1) If x is a positive real number such that (x+i)’ is (2) If x is areal number such that (2x + i)’ is purely real, 
purely imaginary, then then 


0=Re(x + i) = Re[x*-1+2xi]J=x°-1 0 = Im(2x + i) = Im[4x? —1+4 4xi] = 4x 


and hence x = 1 (since x > 0). and hence x = 0. 


3.2 | Algebraic Form a+ ib =; 


Let us turn our attention to all the integral powers of i. _ Infact, for any integer n, 


Recall that i [= (0, 1)] is a complex number such that Dee F 
i? =-1. Now, 1 if nisa multiple of 4 


i if n—1isa multiple of 4 


P=Li=1,27=-1,i°%=-i,it*=1 i= 


—1 if n—2 isa multiple of 4 
Also, -i if n—3 isa multiple of 4 


THEOREM 3.3) The sum of any four complex numbers which are consecutive powers of i is zero. 


PrRooF| Let z,, z, Z;, Z, be any four consecutive powers of i. Then, there is an integer m such that 


z — ae ZB = ee Z; = jt? and rar = 3 
Among the powers of i, 1, i,-1,-i occur cyclically and hence z, + z, + z,+ z,=0. o 
Examples 
“2009 __ -4(502)+1 _ (;4)502 -1_ 4502 - _ 2010 , Sod 2010 , : . 
(Ql) =i =(") os A oe 3) > M=i+7+y M@=i-1+0=-1+i 
n=1 n=3 

(2) jo? ae js as jo? oa joe = Pe +4 i + P fs i° ‘4 3005, 7 3005 1002 ., - : a { 

=-i+1+i-1=0 (4) nee = uae Sia! =I (+t )= 


DEFINITION 3.7 Forany complex number z = a + ib (a and b are real numbers), the conjugate of z is defined as 
Z=a-ib 


In the following theorem, whose proof is a straight forward verification, we list several properties of the conjugates of 
complex numbers. 


The following hold for any complex numbers z, z, and z,. 8 ye =a 2 
1. (z) Ee Tae 
wee 9, 2,40(2]=2 
2. Re(z) ==> %) % 
10. z-Z is a non-negative real number 
BHR 
oS ae iO 0 0) 


. 2=Z% &Z is purely real 12. 2%, + %.% =2Re(Z,z,) =2Re(z,Z) 


Z=-Z © is purely imaginary 13. 2,%— %1% = —2ilm(zZ,z,) = 2iIm(z,z,) 


14. For any polynomial f(x) with real coefficients, f(z) = 
F(Z) 


» A+R =HA+Z, 


a aA ws 


° 1G) Lp) = i oa 
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THEOREM 3.4} For any complex numbers z and w, with w #0, there exists a complex number z, such that 
WZ, =Z 
This z, is unique and is denoted by z/w. 
Proor| Let z=a+iband w=c + id, where a, b,c and d are real numbers such that c’ + d* >0. Put 


1 - 
Z=——> zw 
Cte 


Then 


1 _ : ; 1 
WZ, = We = [(c + id)(c = id] sa =z 
Also, for any complex number z,, 


W2,=Z> WWZ,=WZ 


>= WZ=% 


C+d al 
Example Ra 
Find a complex number z such that (2 + 3i)z=3 -i. Then 
Solution: Take (2+ 3i)z= ae — 3i)(2 + 3i)(3 - i) 
ae Cee 2426 j=3-i 
+ 


Example aa 


Express 7 = in the form a + ib. = 6 +3+46i-4i) 
2+i 2 +1 
Solution: Consider 2. 
=—+-i 
4+3i (4+3/)(2-d a 3D 


2+i (2+) (2-1) 


3.3 | Geometric Interpretation 


We have introduced the concept of a complex number as an ordered pair of real numbers that can be viewed as a point 
in the plane with respect to a given coordinate system. Infact, given a coordinate system in the plane, there is a one- 
to-one correspondence between the complex numbers and the points in the plane. This makes it possible to consider 
a complex number a + ib as the point (a, b) in the coordinate plane. For this reason, the plane is called ARGAND’S 
plane or complex plane. The abscissa axis is called the real axis or the axis of real numbers, containing the points 
of the form (a, 0), where a is a real number. The ordinate axis is called the imaginary axis or axis of imaginaries, 
containing the points of the form (0, b), where b is a real number. 

For any complex number z =a + ib, it is often convenient to represent z by the vector OM, where M is the point 
(a, b) in the plane and O is the origin. Also, every vector in the plane begining at the origin O(0, 0) and terminating 
at the point M(a, b) can be associated with the complex number a + ib. The origin O(0, 0) is associated with the zero 
vector (Figure 3.1). 


3.3 | Geometric Interpretation |MN/R 


>< 


z=at+ib 


> x 
O 


FIGURE 3.1. Graphical representation of a complex number of the form z =a + ib. 


Representation of complex numbers as vectors facilitates a simple geometrical interpretation of operations on 
complex numbers. First, let us consider the addition of complex numbers. Let z,=a,+ ib, and z,=a,+ib, be two 
complex numbers represented by the points M, and M, in the plane as shown in Figure 3.2. 


Z4+Zo= (4,4) +i(by+bo) 
by+bo P-=—= M 


> x 


ay oO ay +a ay 


FIGURE 3.2 Geometrical interpretation of operations on complex numbers. 


When z, and z, are added, their real and imaginary parts are added up (see Figure 3.2). When adding up vectors 
OM, and OM) corresponding to z, and z,, their coordinates are added. Therefore, with the correspondence which we 
have established between complex numbers and vectors, the sum z, + z, of the numbers z, and z, will be associated with 


the vector OM which is equal to the sum of the vectors OM; and OM2. Thus, a sum of complex numbers can be inter- 
preted in terms of geometry as a vector equal to the sum of the vectors corresponding to the complex numbers (in other 


words, it also corresponds to the fourth vertex of the parallelogram constructed with OM, and OM as adjacent sides). 

For any complex number z =a + ib, the length of the vector OM corresponding to z has special importance. This 
is same as the distance of the point (a, b) from the origin O in the plane. This is termed as modulus of z and is denoted 
by |z|. The concept of the modulus of a complex number plays a vital role in the analysis of complex numbers. By the 
Pythagorean Theorem, it follows that the modulus of a+ ibis Ja’ +b’. The following is a formal definition of the 
modulus of a complex number. 


Modulus of z 


DEFINITION 3.8 Let z=a+ib be a complex number, where a and b are real numbers. The modulus of z is 
defined as ,/a’ + b’, the non-negative square root of a + b’ and is denoted by |z|. That is, 


Iz =a’ + b’ =[Re(z)}° + [Im(z)} 
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+ Try it out It can be easily seen that zz = (a+ ib)(a —ib)=a° + b’ =|z|° J 


In the following theorem, we list various properties of the modulus of a complex number and the proofs of these 
are straight forward routine verifications. 


e. QUICK LOOK 4 


The following hold for any complex numbers z, z, and z,: 8. |z"|=|z’" | for all integers n 
1. |z| is areal number and |z| > 0 Stel Ge ae 2)=|4) +15) ez. ee) 
2. |z| =0 if and only if z=0 =|z,|’+|z,|? + 2Re(z,z,) 
3. |z|=|-z|=|Z|=|-z| 10. Iz -z=@—z)@—Z)=la) tle? +@A+ ou) 
eral alle a 
4 2 Vella =|z,[?+|z|? -2 Re(zZ) 
Sy lz) =e Me lz) ia ol — alae le 
6, (414! ie, 20 12. |Iz|-lell<la#2/slal+lz 
&\ |e 


Note that ||z,|—|z,|]=|z,— z,| if and only if z,, z,are 


+z |< 3 ; oe : a 
lat alslal +12 collinearwiththe originonthesameside of the origin. 


> 


Note that |z, + z,|=|z,|+|z,| if and only if the points 
Z,,Z, are collinear with the origin and lie on the same 
side of the origin. 


Property 12 above says that |z,|+|z,| is the greatest possible value of |z, + z,| and ||z,|—|z,|| is the least possible 
value of |z, + z,]. 


Unimodular Complex Number 
DEFINITION 3.9 A complex number z is said to be unimodular if its modulus is 1, that is, |z| = 1. 
Note that, for any non-zero complex number z, z/|z| is always unimodular and 


Zz 
z=|z/-—~ 
Iz| 
This implies that z can be expressed as 
Z=rw 


where 0< re Rand |w|= 1. Moreover, this expression is unique, since 


1 
Iz|=|rwl=|rllwl=r-t=r and w=-z=~ 
rz 


Example a) 


If z, and z, are non-zero complex numbers such that Therefore 
(z,— Z,)/(z,+ Z,) is unimodular, then prove that iz,/z, is 
a real number. 


(Z/z)—1 
(2 /a)+1 
Solution: We are given that 
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=1 
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By properties 9 and 10 of Quick Look 4, we have This implies 
2 2 Za. 
St) get ores) SE | BU ail a ee! ot ea 
ro) O) or) By 7 
where a is a real number and 
Therefore 
a 
z z % 
Re{ 4] =0 or 2 , 
Z Z 


which is a real number. 
is purely imaginary 


The complex numbers z having the same modulus | z| = r evidently correspond to the points of the complex plane 
located on the circle of radius r with center at the origin. If r > 0, then there are infinitely many complex numbers with 
the given modulus r. If r= 0, then there is only one complex number, namely z = 0, whose modulus is 0. 


FIGURE 3.3 Geometrical determination of z using the angle @ and the modulus ,/a’ + b’. 


From the geometrical point of view, it is evident that the complex number z #0 is not completely determined 
by its modulus and depends on the direction also; for example, in Figure 3.3, z is determined by the angle 6 and the 
modulus ,/a’+b°. Next, we introduce another important concept which, together with the modulus, completely 
determines a complex number. 


Argument of z 


DEFINITION 3.10 Let z#0 be acomplex number and OM be the vector in the plane representing z. Then the 
argument of z is defined to be the magnitude of the angle between the positive direction of 
the real axis and the vector OM, measured in counterclockwise sense. The angle will be con- 
sidered positive if we measure counterclockwise and negative if we measure clockwise. 


Note: For the complex number z = 0 the argument is not defined, and in this and only this case the number is specified 
exclusively by its modulus. Specification of the modulus and argument results in a unique representation of any 
non-zero complex number. 

Unlike the modulus, the argument of a non-zero complex number is not defined uniquely. For example, the 
arguments of the complex number z = a + ib shown in Figure 3.4 are the angles 6,, 6, and 0,. Note that 


06,=27+0, and 0,=0,-27 


In general, 0 is an argument of z if and only if 9= 6, + 2nz for some integer n, where @, is also an argument of z; 
that is, any two arguments of a complex number differ by a number which is a multiple of 2. The set of all arguments 
of z will be denoted by arg z or arg(a + ib). That is, if @is an argument of z, then 


arg z={@ + 2na|n isan integer} 
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>< 
>< 
>< 


M M 
(z=a+ib) (z=a+ib) 


> x > x > x 
Os 


FIGURE 3.4 Different arguments of the complex number z =a + ib. 


However, there is a unique @ such that —7< 6 < mand arg z= {0+ 2nz| nis an integer}. This Ois called the principal 
argument of z and is denoted by Arg z (note that A here is uppercase). Note that 


—m<Argzs7a 
Also arg z and Arg z are related to each other by the relation 
arg z={Arg z+ 2na|nisan integer} 


Frequently, we denote arg z by Arg z + 2nz, where Arg z is the principal argument of z. 


Example 


Find the arguments of the complex numbers z,=~-i, Therefore 
Z,= land z,=-l+i. = an 
Arg(-i)=—— and arg(-i)=——+2na 
Solution: From Figure 3.5, we have = : 
Arg (1)=0 and arg (1)=2nz 

3 


Arg(-1+i)= = and arg(—1+i)= = +2nn 


i 3 
0,= a €,=0 and @,= a 


>< 


y 
M,(-1+/) A 


M, -i 


FIGURE 3.5 Example 3.9. 


The real and imaginary parts of the complex number z =a + ib can be expressed in terms of the modulus |z|=r 
and argument @ as follows: 


a=rcos@ and b=rsin@ 


(see Figure 3.6) and hence 
Z=r(cos@+isin@) 
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FIGURE 3.6 Geometrical interpretation of z in polar form. 


Therefore, the arguments 0 of a complex number a + ib can be easily found from the following system of equations: 


cosd=——“— and sin@= a (3.1) 
a+b ath 


Example (aie |) 


Find the arguments of the complex number z=-1—iV3. Solving these we find that 
Solution: In this case, we have a = —-1 and b = =,/3, Arg z= ~2n 
Equation (3.1) takes the form 3 


x, | —/3 and hence 
cos@ = 5 and sin@= a 


arg c=" + Qn, neZ 


The arguments of a complex number can be found by another method. It can be seen from formula (3.1) that each 
of the arguments satisfies the equation 


pie=” 
a 


This equation is not equivalent to the system of equations (3.1). It has more solutions, but the selection of the required solu- 
tions (the arguments of the complex number) does not present any difficulties since it is always clear from the algebraic 
notation of the complex number in what quadrant of the complex plane it is located. This is elaborated in the following. 


Key Points 


Let z=a+ib and 0=Arg z, the principal argument of z. Note that z is necessarily non-zero for the arg z to be 
defined. 


1. If a=Oand b>0, then 
Argz=> and arg 2= 5 + 2nm, neZ 
If a=Oand b <0, then 


Argi=— and arg 2= > + Qn, neZ 
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If b=0 then z =a lies on the x-axis and hence 


Argz=Oora and argz=2nmor(2n+1)a, neZ 


2. Let (a, b) belong to the first quadrant of the complex plane, that is, a >0 and b > 0. Then the principal argument of 
z is given by 


Arg z=@=tan" (7) 
where tan @= b/a. This is an acute angle 0 < @< 7/2 and positive. Therefore, 


arg z=2nn + tan’ (2), neZ 
a 


3. Let (a, b) belong to the second quadrant of the complex plane, that is, a< 0 and b <0. Then the principal argument 
of z is given by 


Arg z=9=7-tan" 7) 
la| 
This is an obtuse angle and is positive. Therefore, 


arg z=(2n+1)a -tan" (=). neZ 
a 
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4. Let (a, b) lie in the third quadrant of the complex plane, that is, a< 0 and b <0. Then the principal argument of z is 
given by 


Arg z=0=-7 + tan" (7) 
This is an obtuse angle and negative. Therefore 


arg z=(2n—1)a + tan” (3). neZ 


>< 


> x 


5. Let (a, b) lie in the fourth quadrant of the complex plane, that is, a >0 and b <0. Then the principal argument of z 
is given by 


Arg z=9=-tan" (i) 


This is an acute angle and negative. Therefore 


arg z= 2nm — tan! (i) = 2nn — tan" (= neZ 


Note: Arg z is the smallest angle of rotation of OX (positive x-axis) to fall on the vector OM [M = (a, b)]. Arg z2 0 
according to whether the rotation of OX is anticlockwise or clockwise, respectively. 


Example laa 


Find th ts of th 1 ber z=- i. 
ind the arguments of the complex number z = - V3 + i Ateean tan { 2) - tan" )=m m_ St 


V3 


|a| 
Solution: Inthiscase z=a+ib,where a=—V3 andb=1. 


Therefore z lies in the second quadrant of the complex = Therefore 
plane and hence the principal argument is 


arg(V3 +i) => + 2nn, neZ 
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Next we will discuss the geometrical constructions of difference, product and quotient of two complex numbers 
z, and z,. 


Construction of z, — z, 


Let us construct the vector z, — z, as the sum of the vectors z, and —z, (Figure 3.7). By the definition of the modulus, the 
real number |z,— z,| is the length of the vector z,— z,; that is, the length of the vector OM, where M, M,, M, and N, 
represent the points in the complex plane corresponding to the complex numbers z, — Z,, Z,, Z, and —z,, respectively. 
The congruence of the triangles OMN, and M,M,0O yields |OM|=|M,M, |. Therefore the length of the vector z, — z, is 
equal to the distance between the points z, and z,. Thus we can say that the modulus of the difference of two complex 
numbers is the distance between the points of the complex plane corresponding to those complex numbers. This important 
geometrical interpretation of the modulus of the difference between two complex numbers makes it possible to use 
simple geometrical facts in solving certain problems. See examples given in Section 3.3. 


AM 


M2 


N, aa 


FIGURE 3.7 Construction the vector z,—z, as the sum of the vectors z, and —z,. 


Before going to illustrate the construction of the product and quotient of complex numbers, we present the following 
definition: 


DEFINITION 3.11 Two triangles ABC and A’B’C’ are said to be directly similar if ZA = ZA’, ZB = ZB’ and 
ZC= ZC’ and the ratios of the sides opposite to equal angles are equal. 


Note that directly similar triangles are similar and not vice-versa. For example, if AABC and AA’ B’C’ are directly 
similar, then AABC and AB’A’C’ are not directly similar (unless they are equilateral triangle). 


Construction of z, z, and z,/z, (z, # 0) 


Step 1: Let z, and z, be complex numbers and P and Q the points representing them, respectively. Let O be the origin 
so that the vectors OP and OQ represent z, and z,, respectively. Let A be the point (1,0). Join A and P, and 
on the base OQ, construct the triangle OQR directly similar to the triangle OAP (Figure 3.8). Then 


ZOOR = ZAOP, ZOOR = ZOAP, ZORO = ZAPO 


and further, 


OR _0Q_OR 
OP OA AP 
Therefore 
OR=OP:-00 (°OA=1) (3.2) 


Let ZXOP = 6, and ZXOQ = 6,.Then 


ZXOR= ZXOQ+ ZOQOR 
= ZXOQ+ ZAOP (3.3) 
=6,+0,=0,+ 6, 
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From Eqs. (3.2) and (3.3), 


Z,Z,=1r,r,[cos(0,+ 0,) + isin(@,+ 4, )] 


where 7,= OP and r,= OQ. Therefore R represents Zz, - Z>. 


y 
A F(Z42Z2) 
Q(Zs) 
P(2)) 
Oo] Ato ” * 


FIGURE 3.8 Step 1. 


Step 2: Draw a triangle OPR directly similar to the triangle OQA. By the above construction, if R is represented by z, 
then z-z,=z, (Figure 3.9). Notice that 7QOP =arg(z,/z,) is the angle through which OQ must be rotated 
in order that it may lie along OP and arg(z,/z,) is positive or negative according as the rotation of OO is 
anticlockwise or clockwise. 


>< 
a 
NN 


FIGURE 3.9 Step 2. 


In the following theorem, an important consequence of arg(z,/z,) is derived. This can help the reader in solving 
many problems in the geometry of complex numbers. 


THEOREM 3.5] Letz,,z, and z, be three complex numbers represented by P, Q and R, respectively. If ais the angle 
ZPRQ, then 


Zo — %3 


R : 
= RO eeaei + isin a) 
Z,-2,; RP 
ProoF| Let the points A and B represent z, — z, and z, — z,, respectively, so that RP =OA, RO=OB 
and PO = AB (Figure 3.10). Therefore APQR and AABO are congruent and hence ZAOB=a. 
By Step 2 above, 


Therefore 


2-23 |%Z.-Z 
: 3 _|% il eeneaue) 


“-e le=%| 


= RO (cosa: + isin) 
RP 
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O 


> x 


FIGURE 3.10 Theorem 3.5. |_| 


1. ae( 2 = is the angle of rotation of the vector RP 
41 — %3 
to fall along RO. 
23 4 
2 24 


2. For any four points z,, z,, z,; and z,, the angle of 


inclination of the line joining z, to z, with the line 
joining z,to z, is 


3. The lines joining z, to z, and z, to z, are at right angles 


if and only if 
are 2 ap +2 
4 = ve) 2 
and hence 
%~ %y +hi 
yy ea ZB 
where A> 0. 


Example 


Determine the sets of complex numbers defined by each 
of the following conditions. 

(1) |z-i=1 

(2) |2+2|<|2-z| 

(3) 2<|z-1+2i|<3 


Solution: 


(1) |z—i|=1 is satisfied by those and only those points of the 
complex plane which are at a distance equal to 1 from 
the point 7. Therefore, the set of complex numbers z satis- 
fying the condition | z— i| = 1 is precisely the circle of unit 
radius with center at the point i (see the figure below). 


y 
A 


(2) We can give a different formulation of the problem, 


using the geometrical interpretation of the modulus of 
the difference between two complex numbers. We are 
asked to determine the set of points in the complex 
plane that are located closer to the point z = —2 than to 
the point z = 2. It is clear that this property is possessed 
by all the points of the plane that lie to the left of the 
imaginary axis and only by those points. In the figure 
given below, the shaded portion of the complex plane 
represents the set of points satisfying |2 + z|<|2—z|. 
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(3) The given condition is 
2<|z-(1-2i)|<3 


A complex number z satisfies the given condition if 
and only if its distance from the point 1 — 27 is greater 
than or equal to 2 but less than 3. Such points lie in 
the interior and on the inner boundary of the ring 
formed by two concentric circles with centers at the 
point 1 — 2i and the radii r= 2 and R = 3.The required 
set is indicated by the shaded portion of the figure at 
the right side. 


Next, we will turn our attention to general equations of certain geometrical figures in the complex plane, in terms 
of a complex variable. 


THEOREM 3.6) The general equation of a straight line in the complex plane is 
iz+1Z+m=0 
where / is a non-zero complex number and m is a real number. 
Proor| Let/=a+ib bea non-zero complex number and m a real number. Consider the equation 
Iz+lzZ+m=0 
Let z =x + iy be an arbitrary point on this curve. Then 
(a + ib)(x + iy) + (a+ ib)(x + iy) +m=0 
Therefore 
(a — ib)(x + iy) + (a+ ib)(x —iy)+m=0 
Solving we get 
2ax+2by+m=0, a#¥0 or b#0(sincel #0) 


This represents a straight line in the plane. Conversely, if px + gy + r=0 is a straight line, where 
P,q,r are reals and p #0 or q #0 and if z=x + iy is a point on this line, then 


, Hz ei LZ “a pleat) 
2 2i 


pzt+ pz—qiz+qgiz+2r=0 
(p-qi)z+(pt+qi)z+2r=0 


By taking /= p + qi and m =2r, the above equation takes the form 


Therefore 


1z7+1Z+m=0 


Note that /#0,since p #0 or g #0. oa 


THEOREM 3.7} In the complex plane the equation of the line joining the points z, and z, is 


z zl 
Zz, Zz I=0 
Z, Z 1 
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ProoF| Let the points z, and z, be A and B, respectively. Then P(z) is a point on the line AB if and only if 
A, P and B are collinear which implies 
ae 25 | =0 or a 
Bz 


or 
is pure real 
2 ou 4 


4-Z_4-Z 

BZ “Ze 
© (%- 2)(%- Z) =(%- 2) (1-2) 
ZZ 
2/2, % 
25 


ra) | | 


oe. QUICK LOOK 6 


1. The complex number (z,— z,)/(Z,—Z) is called the and m is a real number), the complex number (qj = 
complex slope of the line joining z, and z,,. _ Z,)Z,— Z,) is equal to—//1 and hence —//I is the com- 
2. For any two points z, and z, on the straight line /z + plex slope of the line /z7 + 1Z + m=0. 


[Zz +m =0 (where / is a non-zero complex number 


THEOREM 3.8) The equation of the perpendicular bisector of the line segment joining the points z, and z, is 


(2 -e)2+ (= 6)F +55.-22,=0 
ProoF| Let A(z,) and B(z,) be the given points and L be the perpendicular bisector of the line segment 
AB. Then P(z) is point on L. This implies 
PA=PB 
@|z-z|=|z-%| 
© (2-4) -Z)=Z-4)E-%) 


8 (4-4)Z4+(%-%)zZ+4%-4Z=0 | 


In the following theorem we obtain a necessary and sufficient condition for two points in the complex plane to be 
images of each other in a given straight line in the same plane. 


THEOREM 3.9} Two points z, and z, are images of each other in the line /z+ /Z7 + m=0(0#le Cand me R) if 
and only if /z, + /z,+m=0. 


ProoF| Suppose that z, and z, are images of each other in the line /z +/Z +m=0. Then this line is the 
perpendicular bisector of the line segment joining z, and z,. By Theorem 3.7, the equation of the 
perpendicular bisector is 


(%,-%)z+(4,-%)Z+%%-%%=0 
Therefore 


rT 1 m 
417% 47H |] 7-4 % 


THEOREM 3.10 


PROOF 


THEOREM 3.11 


PROOF 
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Now, 


Iz + 1%, + m= k(Z—-%)at k(z,- %)Bt (%B- 4%)k 


=k | i) — Skit Slo Spt ey % 2, | 
=k(0)=0 
Conversely, suppose that /z, + /Z,+ m=0. Let z be any point on the given line. Then 
iz+1z+m=0 
and therefore 
I(z—z)+1@-%)=0 
which implies that 
I’(z-z)l=|-4@-%)I 
and hence 
Iz<-al=lz-Zl=lz- 2 


That is, z is equidistant from both the points z, and z,. Therefore the line /z+/Z +m=0 is the 
perpendicular bisector of the line segment joining z, and z,. a 


The perpendicular distance of the straight line /z+/Z+m=0(0#/e Cand me R) from a given 
point Zz, is 


2l 


12,4 1%+ "| 


Let z =x + iy, so that the equation of the given line is 
(1 +D)x+i(l -Dy+m=0 
which is a first degree equation in x and y with real coefficients. Therefore, the distance of the line 
from the point z, =a + ib is 
(l+Da+i(l-—D)b+m 
(+l? -(-ly 


All 


[e+ Kaw)+ z 


_|la+%tm 
a a: 


The general equation of a circle in the complex plane is 
zz+bz+bz+c=0 
where b is a complex number and c is a real number. 
Let z, be a fixed point in the complex plane and r a non-negative real number. Then the equation 


Iz-al=r 


represents the locus of the point z whose distance from the point z, is the constant r We know that 
this locus is a circle with centre at z, and radius r. This equation is equivalent to 


(z-4)(Z-Z)=r 
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That is, zZ7+(-Z%)z+(—4)Z+(m%H—r’)=0 which is of the form zz7+bz+bz+c=0, where 
b=-z, and c= zz,—Pr. On the other hand, any equation zz + bz + bz +c =0 can be written as 


(z+b)\(Z+b)=bb-—c 


|z+bl=,/bb -c 


which represents a circle with center at —b and radius ,/bb —c. Note that bb andc are real 


That is, 


numbers and bb —c >0 or =0 or <0. | 
1. Note that the circle 27 + bz+ bZ7+c=0 is real or _ mz+ny 
point circle or imaginary circle according as bb —c a= mtn 
is a positive real number or bb=c or negative real : : 
number, respectively. 3. If A(z,), B(z,) and C(z,) are the vertices of a triangle, 


then the complex number (z, + z, + Z;)/3 represents 


2. If A(z,) and B(z,) are points in the complex plane ihe conmorlonineinanele ANG) 


and P(z) is a point on the line joining A(z,) and 
B(z,) dividing the line segment AB in the ratio 
m:n(m+n#0), then 


Example sea 


Find the center and radius of the circle where b =—(2 + 3i) and c=-3. Therefore —b(= 2 + 3/) is 


zz —(2 + 3i)z —(2-3i)z-3=0 the center of the circle and ,/bb — c [=,/(2 + 31)(2 — 31) +3 


= J16 =4] is the radius. 
Solution: This equation is of the form 


zzZtbz+bz+c=0 


Example 


If 2+i and 4+3i represent the extremities A and C, InFigure3.11 AFABisright angled at FE. If z represents B, 
respectively, of a diagonal of a square ABCD, described then 
in counterclock sense, then find the other two vertices ; 
Band D. food a =cos= + isin” =i 
(2+ i) - (3+ 2i) 2 2 


Solution: Let EF be the intersection of the diagonals. aad themine a4 4 24014440 Simian fom 


Then E is represented by : 

AECD, if z’ represents D, then 

2+i)+(44+ 31 . 

a ee v-G42) 
(4 + 32) — (3 + 21) 

D Cc 
and hence z’=2 + 3i. 

A B 


FIGURE 3.11 Example 3.14. 
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Example Be 


If z,,Z,,Z, and z, are the vertices of a square described in an 
the counterclock sense, then express z, and z, in terms of 
z, and z,, and z, and z, in terms of z, and z, (Figure 3.12). 


Z, mn .. m, 
=cos—+i1sin—=1 
&3 — % 2 2 


%4-Z=(%-%) 
D(z) C(Zs3) 


EZ rw? z,-iz=(1-az, 
90° 


a=5[U+ q+ (dal 


Similarly 
90° 90° 
1 ’ 
ae ‘ap x4 = rie =O,2U+04) 
FIGURE 3.12 E le 3.15. 1 
_ a=5[0+i)%+0-de 
Solution: Rotate BC about B through 90° in anticlock- 
: 1 
wise sense. Then 4= 5ld -1)%Z+01+)z] 


Example fans] 


Let .z+1,2+m,=0 and 1,z+1,7+m,=0 betwostrai- and (L,+1,)x+i(L-l,)y+m,=0 


ppilines aa ie complex plese. Then prove ta which are first degree equations with real coefficients 


(1) the lines are parallel if and only if iL L i, [recall that 7+ z and i(Z-—z) are always real numbers 


(2) the lines are perpendicular if and only if Lb+ Li -0. for all complex numbers z]. Therefore, we can use the 
conditions for parallelness and perpendicularity as in 


Solution: Writing z=x+iy(xandyreal), the equa- | two-dimentional geometry. 


tions of the given straight lines are transformed into Calculations are left for students as an exercise 


(+1)x+i@,-L)y+m,=0 


Example Esa 


Let /7+ 1/Z+m=0 be astraight line in the complex plane Solution: Let Q(z) be any point on the given line. 
and P(z,) be a point in the plane. Then prove that (1) We have 


(1) the equation of the line passing through P(z,) and -] ; £=% 
parallel to the given line is an slope of the line = = 


Z—% 
1(z-z,)+UzZ-Z%)=0 
(2) the equation of the line passing through P(z,) and = (2) If Q(z) is any line passing through P(z,) and is 


which gives the required equation. 


perpendicular to the given line is perpendicular to the given line, then 
1(z-2z,)-Uz-—%)=0 So L (see Example 3.16) 
Z-Z 1 


which gives the required equation. 


Example ate 


Find the foot of the perpendicular drawn from a point Solution: The given line is 
P(z,) onto to a line /z+/Z7+m=0. Esizem=0 (3.4) 
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The line passing through P(z,) and perpendicular to the — Eqs. (3.4) and (3.5), we have 
given line is 


1(z—z,)-Uz—z,)=0 (3.5) a 


The foot of the perpendicular from P(z,) satisfies 
both Eqs. (3.4) and (3.5). Therefore, eliminating z from 


Example Ee 


which is the foot of the perpendicular. 


Find the radius and the center of the circle This equation represents a circle with center at 
zZ+(2—3i)zt(2+3i)7+4=0 —b (=-2 -3i) and radius [bb — 4 (= J4+9—4 =3). 


Solution: If b =2 + 3i, then the given equation is 


zz+bz+bz+4=0 


Example Ea 


Prove that the equation |z+1|=/2|z+1| represents a _—_Thatis, 


circle and find its center and radius. Zui Sre(Sz91e0 


Solution: The given equation is equivalent to which represents a circle with centre at 3 [= (3, 0)] and 
+ D@+D=22-)e@=1) radius ./3*— 1 = 22. 


3.4 | The Trigonometric Form 


In the previous section, we have noted that the real and imaginary parts of a complex number z=a+ib can be 
expressed in terms of the modulus |z| =r and argument 6 as 


a=rcos@ and b=rsin@ 
Therefore, any non-zero complex number z can be expressed as 
zZ=r(cosé@ + isin@) 


where r is the modulus of z and @ is an argument of z. This expression of a complex number is called the trigonometric 
notation or trigonometric form or polar form of z. 

Let us recall that the expression z = a + ib, where a and b are real numbers and i = -1, is called the algebraic form 
of z. To pass from algebraic form to trigonometric form, it is sufficient to find the modulus of a complex number and 
one of its arguments. Let us consider certain examples. 


Example Few 


Express the following complex numbers in trigonometric 37 37 
form: Zy= 3] cos{ =) + isin( =) 
= ae e ea (2) |z,|=2 and Arg z,=7 and hence 
2,=7 
(3) e -j Z, = 2(cosa + isin 7) 
(3) |z,|=1and Arg z, = 7/2 and hence 
Solution: 


a eee EL 
(1) |z,|= V2 and Arg z, =-37/4 and hence 43 = cos( =) = isin( = 
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Example aes 


Express the following complex numbers in trigonometric 


form: 


(1) a= 2e05{  |-2isin( 
T Bo 1 
(2) =~ 00s 2) + isin{ 5) 


Solution: Note that in these cases, we need not find the 


modulus and arguments, although it is easy to find these. 


Instead, we will make use of the facts that 


ca(?#) = e{20—#) =a) 
ea) 


Now, we have 


2=2f en) 10( =) 


(=) _ (=) 
= cos} —— | + isin} —— 
17 17 


The operations of multiplication and division of complex numbers can be easily performed by transforming the given 
complex numbers into trigonometric form. We have already noted that the modulus of the product (quotient) of any 


two complex numbers is the product (quotient) of their moduli. 


Now, let us turn our attention to the arguments of products and quotients. 


THEOREM 3.12) The following hold for any two non-zero complex numbers z, and z,. 


1. z,=2,<|z,|=[z,| and arg z,= arg z, 


2. arg(z,z,)=Argz,t+ Argz,+2naz,neZ 


3. oa{ =—Arg z,+2na,neZ 
Lo 


Zz 
4. oe = = Arg z,— Arg z, + 2na,neZ 


a) 


Proor| First let us express the given non-zero complex numbers z, and z, in trigonometric form. Let 
Z,=1,(cos 6, + isin 0,), 7,>0,-2 < @,< a and z,=r,(cos 6,+ isin 0,), r,>0,-2 < 0,< m.That is, |z,| = 


4,,1Z,|=",, Argz, = 0, and Argz,=6,. 


1. This part is clear since arg z,= Argz,+ 2na,neZ. 


2. Consider the product, 


ZZ, =1,(cos6, + isin, )r,(cosd,+ isin 8, ) 


=1r,1,[(cos@, cos 6, — sin @, sin, ) + i(cos@, sin 8,+ sin 8, cos@, )] 


=r,r,[cos(0,+ 9,) + isin(@, + 8, )] 


and therefore 


lziz,/=nrn and arg(z,z,)=0,+0,+2nm = Argz,+Argz,+2nnz, neZ 
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3. This follows from the fact that 


1 cos 8 —isin@ 


cos@+isin@ (cos@+isin@)(cos@ — isin@) 


_ cos@—isind 


cos’ @ + sin’ @ 


= cos(—8) + isin(—6) 


Therefore, 
1 
oa =—Argz,+2nn, neZ 
£9 
4, It follows from (2) and (3). @ 
Example 23) 
Let Therefore 


wt scafon( )oo(] ~o() (2 


Find z,z, and z,/z,. 


j : Also, 
Solution: First note that 
inh ai|_ lal _ V2 _1 
4 4 Z| |z,| v8 2 
Now, |z,|= V2 and|z,|= V8, therefore Zz 
la [20 — ae] angay~ Ares 2 neZ 
Xo 
Arg Zz, = ae and Argz,= Bild 
4 8 3x «3 
= “a. = ry 2nr, neZ 
Therefore, |z,z,|=|z,||z,|=V2V8 =4. Now ~ 
=—+42 Z 
arg(z,Z,)=Argz,+ Argz,+2nm, neZ 8 agen ae 
ce 2nn, neZ Therefore, 
4. 8 
Arg ale mild 
= = +2nn, neZ 22 8 
and hence 


melee, ee aie neZ 


8 Zz, 1 & a & 
— =! cos] — |+ isin} — 
71 Zo 2 8 8 


=—+2mn, meZ 
8 


and hence 


10 
Arg(Z,2,) = “| 


3.5 | De Moivre’s Theorem iyieh! 


3.5 | De Moivre’s Theorem 


In the previous section, we have derived formulas for the product and quotient of two complex numbers in 
trigonometric form. The formula for the product of two complex numbers can be extended to the case of n factors by 
mathematical induction. As a special case, we have the following. 


THEOREM 3.13) For any real number @ and any positive integer n, 
(DE Moilvre's 
THEOREM) 


(cos@ + isin@)"=cos(n@) + isin(n@) 
Proor| We prove this by induction on n. If n = 1, this is trivial. Now, let n > 1 and assume that 
(cos 6 + isin@)"'=cos[(n — 1) 6] + isin[(n — 1) 6] 
Now, consider 
(cos@ + isin®)" = (cosé + isin@)” ‘(cos + isin@) 
=[cos{(n — 1)6}+ isin{(n — 1)6}](cos@ + isin @) 
=[cos{(n — 1)@}cos@ — sin {(n — 1)6}sin 6] 
+ i[cos{(n — 1) 6}sin @ + cos@ sin{(m — 1) 6}] 
=cos[(n — 1)@ + 6]+ isin[(m— 1) 6 + 6] 
= cos(n@) + isin(n@) | 


Coro.ttary 3.2} For all real numbers @ and for all integers n, 


(cos@ + isin@)" = cos(n@) + isin(n@) 


ProoF| Forn=0, this is obvious. Let n < 0. First observe that 


1 _ cos @ — isin@ 
cos@+isin@ (cos@ + isin@)(cosé@ — isin@) 
_ cos(—@) + isin(—6) 
~ cos’@+sin’@ 


= cos(—8@) + isin(-—@) 


Now, 
(cos@ + isin@)” =[(cos@ + isiné) "|" 
7 1 
(cos@ + isin@) ” 
7 1 
cos(—n@) + isin(—n@) 
=cos(n@) + isin(n@) 
since —n > 0 and by Theorem 3.13. a 


In the following we demonstrate the use of De Moivre’s Theorem in expressing certain powers of complex numbers 
with natural exponents in algebraic form. 
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Express the number z = (i— V3)" in algebraic form. _ 9 cos =) : isin( =) 
Solution: First we write the given number in trigonomet- 
ric form and then pass to the algebraic form. Let w =i — V3. — 713 cos ==) + iin( =) 
Then |w|=./1+ 3 =2 and Argw = 52/6. Therefore 6 

[ (57) .. (5a Thus 

w = 2] cos - +isin r% B 
L 3 1 
eo p=7 | —]-9"./9 497 

and hence EXD) 5 2 2 


Z=we=28 cos( 13-2] + isin( 13-2) 


Next, let us find the root of a given degree of a complex number. 


Roots of Degree n 


DEFINITION 3.12 _ If z and w are complex numbers and na positive integer such that z"=w, then z is called a 
root of degree n or nth root of the number w and is denoted by 4/w. Roots of degree 2 or 3 
are called square roots or cube roots, respectively. 


For example, i and —i are both square roots of —1. In general, to extract a root of degree n of a complex number yw, it 
is sufficient to solve the equation z” = w. If w =0, then the equation z’ = w has exactly one solution, namely z = 0. The 
case w #0 is dealt with in the following. 


THEOREM 3.14] Let w be a non-zero complex number and n a positive integer. Then the equation z” = w has n 
solutions. 


ProoF| First we represent z and w in the trigonometric form. Let 
z=r(cos@+isin@) and w=s(cosa+isina) 
The equation z" = w takes the form 
r" (cos(n@) + isin(n@)) = s(cosa@ + ising) 


Two complex numbers are equal if and only if their moduli are equal and argument differ by an 
integral multiple of 27. Therefore, 


r"=s and nO=a+2mn, meZ 
¥ a 20 
or r=%s and Ce meZ 
Thus, all the solutions of the equation z" = w can be written as follows: 
z a 270 Pee 6 ae 
Ln = 5] oos{ # + = m| + isin + =m), meZ 


It can be easily seen that z, for m=0,1,...,n—1 are different. For m =n, we cannot obtain any 


m 


other complex numbers different from z, z,,..., Z,_;. For example, for m =n, we get 
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Z = | cos( $+ 28] + isin $4207 
n n n 

_ Oy af | 

= /s| cos| — |+ isin| = | |= Zo 


It can be seen that z,,, =z, for all k 20. Thus, these are exactly 1 roots of degree n of the number 


n+k 


w and they are all obtained from the formula 


in =A os{ & 7m) isin 2% ms], for m=0,1,2,...,n-1 
non non a 


It can be seen from the above formula that all the roots of degree n of the number w have one and the same 
moduli but distinct arguments differing from each other by (277/n)m, where m is some integer. 


3. QUICK LOOK 8 


1. All the roots of degree n of the complex number w (EF 2. cendisesieoe in Ge PS wer consisting of 
correspond to the points of the complex plane lying 


at the vertices of a regular n-gon inscribed in a circle 
of radius %/|w| with centre at the point z = 0. 


two complex numbers i and —i. Sometimes, */w is 
understood as a root of degree n of w. In such 
cases, it must be indicated what value of the root 
2. Usually the expression s/w is to be understood as is meant. 

the set of all roots of degree n of w. For example, 


Theorem 3.13 paves a way to formulate and prove the most general version of the De Moivre’s Theorem in the 
following. If z, is a solution of the equation z” = w, then let us agree to write z, as w’”. Therefore w’” has n values. In 
particular, if w is any complex number and r= m/n, where m and n are integers and n > 0, then w’” has n values. 


THEOREM 3.15) For any real number @ and any rational number , 
(De Moivre’s 
THEOREM FOR 

RATIONAL 
INDEX) 


(cos@ + isin@)’ = cos(r@) + isin(r@) 


ProoF| Let @be areal number and r= n/m, where n and m are integers and m > 0.Then 


[cos(r@) + isin(r@)]” = cos{ 2 6] + isin( 7.0) 
=cos(n@)+isin(n@) (by Theorem 3.13) 
=(cos@+isin@)" (by Corollary 3.2) 


Therefore cos(r@) + isin(r@) is the mth root of (cos@ + isin)” or is a value of [(cos@ + isin6)"]"””. 
Thus cos(r@) + isin(r@) is a value of (cos@ + isin @)’. a 


Example Fea 


Find all the squares of the roots of the equation root of unity; that is, z=(-1)" or z=(1)'". Therefore, 
piu sf 120 2 =(-1)" or 2 =(1)"*= (1)? = 1 or -1. That is 
z=1 or -1 or (1) 
Solution: Wehave x''- x’+ x'-1=x'(x*-1)+x'-1= @) 
(x’+1)(x*-1). If z is a root of x'—x’+x*-1=0, This implies that z* is either a square root of 1 or a 
then z must be either a seventh root of -1 or a fourth seventh root of 1. 
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Example 
Find all the values of §/-64. £4 2 cs 7 iin) aa 
Solution: First, we should express w = — 64 in trigono- 
: 11x .. (lla . 
metric form: Z;= 2] cos ee + isin Ee ile V3 -i 


w =—64 = 64(cosz + isin 7) : 
These lie on the circle of radius 2 with center at z = 0 and 
Now, if z,, are the values of {/-64, then form vertices of a regular hexagon. 


Sm = 5 cos{ = + = m| + isin( = + 2% m) 
for m=0,1,2,3,4 and 5. Therefore, 


=) =V34i 


R.. 
zy =2oos{ 2 +isin 


Z,=2 cos(£)+isin{ =) |= 
Z,=2 cos( 5) isin 22)]-—V5 + 
Z,=2 cos( - )+isin( )] =~ 


FIGURE 3.13 Example 3.27 


In the following, we express the square roots of a given complex number and nth roots of unity in algebraic form. 
These are straight forward verifications. 


Square Root of a Complex Number 


The square roots of z =a + ib are given as 


| EE | a as 
and gf Pee og MES) ap 20 (3.6b) 
2 2 
Os QUICK LOOK 9 
1. The square roots of i are + (1+ i/V2) 3. The square roots of —7 —24/ are 


25-7 . {25+7 é 
2. The square roots of —i are + (1 - i/V2) ‘ly 5 14] 5 J-ee-49 


Cube Roots of Unity 
The cube roots of unity (solutions of z* = 1) are 
-1+iv3 -1-iV3 
——— and — —— 
2 2 
Usually (—1+ iV3)/2 is denoted by w. Note that 1, w, w” are the cube roots of unity. 


1, 
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Properties of Cube Roots of Unity 


Let w # 1 be acube root of unity; that is 
1 : 
w=>(-1t iV3) 


Then the following properties are satisfied by w. 


e. QUICK LOOK 10 


Dleeyee=0 5. The values 1, w, w” represent the vertices of an equi- 
2. w"=1, w"*! = w and w*"*? = w? for any integer n lateral triangle inscribed in a circle of radius 1 with 
Le ip center at z = 0, one vertex being on positive real axis. 
. W=W 
4. (wy 6. For any real numbers a, b and c, 
. (Ww) =w 


at+tbw+cw =0ea=b=c 


In the following we list certain important relations concerning the cube roots 1, w and w’ of unity. 


Relations Concerning the Cube Roots of Unity 

Let w # 1 be acube root of unity. The following relations hold good. Here x is any real or complex variable. 
.1+x4+x°=(x-w)(x-w’) 

~l-x+x°=(x+w)(x+w’) 

x + xy + y= (x— yw)(x- yw’) 

x —xy+y=(x+ yw)(x+ yw’) 

x+y =(x+ y)(x+ yw)(x+ yw’) 

x°— yi=(x— y)(x— yw)(x- yw") 

X+y+r—xy-yz—zx=(x+ ywt zw’) (x+ yw + zw) 


2A An Rw Np 


x+y te—3xyz=(x+y+z)(x+ yw+ zw)(x+ yw + zw) 


Example Resa 


If a, Band y are roots of x°— 3x° + 3x + 7 =0, then find x-1 : 
=lw,w 
the value of -2 
a1 4 Bol yal which are the cube roots of unity. Therefore —1, 1 — 2w, 
B-1 y-1 a-1 1—2w’ are the roots of the given equation. Let a=-1, 
B=1-2w and y=1-—2w’. Then a-1=-2, B-1=-2w 
in terms of a cube root of unity. and y— 1=-2w’. Hence 
Solution: The given equation x° — 3x7 + 3x+7=0 can ool. fat Si. <2 Sw Dw? 
be expressed as B-1 a y-1 Vg Sy ae 
(x-1)°+8=0 i 
F =—+—4+wW 
That is, rua 
p=: =Wt+w+w =3w 


(a) 
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Properties of nth Roots of Unity 


Let n be a positive integer and 


2a... 2H 
a =cos— + isin 
n 
Then all the properties in “Quick Look 11” hold. 


e. QUICK LOOK 11 


1. 1,a,0’,...,a”"' are all the nth roots of unity and and hence 
et 20 2. 2e 
at =cos{ Er) + isin{ r) forO<r<n | eos( 2s iin Fr) =0 
n n 
—. and therefore 


Dy Nb O72 GF ho LOPS 


i a n-1 n 
os 22 r == Y sin( = r 
110) iat r=0 ye 


_ 1-[cos(2z) + isin(27)] 


re 4, The terms 1, a, @’,..., @”' represent the vertices of a 
and therefore regular n-gon inscribed in the unit circle with center 
5 met at the origin, one vertex being on the positive real 

Il+a+a+--+a™ =0 ais 


3. The summation 


Example | 3.28 | 


If 1,w,w’,...,w"" are all the nth roots of unity, find the | Therefore 


value of the product 


x"-1 es 
GemG—0 46-0") ae (x —w)(x — Ww?) +(x -w"") 
Solution: The polynomial x’—1 has n roots, namely This is true for all numbers x 4 1. Substituting x =5, we 
1, w, w’,...,w” ' and hence get that 
x" 1l=(x 1)(x w)(x w’) + (x-w"") 6 Wie) 6-7-2 
4 


3.6 | Algebraic Equations 


Most gratifying fact about complex numbers is that any polynomial (algebraic) equation with complex numbers as 
coefficients has a solution. We will discuss the same in this section. 


DEFINITION 3.13 Let f(z)=aq,+@z+@27+-+4,z',a,#0 and q@,4@,,..., a, complex numbers. Then 
f(z) =0 


is called an algebraic equation of degree n. Any algebraic equation of degree 2 is called a 
quadratic equation. A complex number z, is called a solution or root of the equation f(z) =0 if 
fZ) = 0; that is, 


2 
Ay + A% + 4% ++ +4,7 =0 


3.6 | Algebraic Equations |i y/ 


oe. QUICK LOOK 12 


1, 2+i+z=0 is analgebraic equation of degreeland 4, 32(1-i)z+iz’ =0 isan algebraic equation of degree 

Z) =—2 —i is the only root of this. 7 and z,=0 is a root of this equation. In addition to 
Z, = 0, any root of the equation z° = 32(1 + i) must be 
a root of the given equation and hence there must be 
six more roots for the given equation. 


2. z’ —1=Oisan algebraic equation of degree 2 and z, = 1 
and z, =—1 are the roots of the equation z*— 1 =0. 


3, i+ iz +z7°+ 2 =O0is an algebraic equation of degree 
5 and z, =i is a root of this equation. 


The general form of an algebraic equation of the first degree is 
M+a4z=0, a #0 
Such an equation possesses exactly one solution z, =—a,/a,. An equation of the second degree is generally written as 
a+az+4,7=0, a#0 


To solve this, we transform the equation as follows: 


and find the roots of 


2a 4a, 
as 
oe -4, ‘ Va, — 4a,a, 
2a, 2a, 
that is, 


_ -a,+JD 
oe 


where D = a? — 4a,a,. D is called the discriminant of the equation a, + a,z + a,z’ = 0. VD is to be understood as all the 
values of the square root of D. The formula 


_atvD 
Se 


for the roots of a quadratic equation has the same form as in the case when the coefficients of the equation are real 
numbers and the solutions are thought in the set of real numbers. But in as much as in the set of complex numbers the 
operation of extracting a square root is meaningful for any complex number, the restriction D > 0 becomes superflu- 
ous. Moreover, the restriction loses sense since the discriminant D may prove to be not a real number, and the concepts 
of “greater than” and “less than” are not defined for such numbers. Thus, in the set of complex numbers, any quadratic 
equation is always solvable. If the discriminant D is zero, then the equation has one root. If D # 0, the equation has two 
roots that are given by the formula 
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_ -a,+ JD 


0 


This is known as the standard formula for the roots of a quadratic equation. 


Example Ea 


Solve the equations: 


(1) 2+3z+3=0 
(2) 2 -8z-3iz+13+13i=0 


Solution: 


(1) By the formula for the roots of a quadratic equation, 
the roots of z’ + 3z+3=0 are given by 


34+./9 12 4/3 
2 2 


Since J—3 = + iv3 , it follows that 
_ 3 +iv3 _-3-iv3 


and z= 
ra 5 zB 5 
are the solutions of the equation z + 3z+3=0. 
(2) The given equation can be written as 
(13 + 13%) + (-8-3)z+7=0 


By the standard formula for the roots of a quadratic 
equation, we get that 


8 + 3i+ (8 + 3i) — 4(13 + 131) 84+ 3i+/3-4i 
Z= = 
2 2 


are the solutions of the given equation. To find all 
the values of ,/3— 4i, we can use the formula given 
in Eqs. (3.6a) and (3.6b). But another technique is 
much simpler. Let us put 


J3-4i=x+iy 
Then 3 — 4i= x — y’ + i(2xy) and therefore 
x-y=3 and xy=-2 


x and y being real numbers. This system of simultane- 
ous equations has two real solutions, x = 2, y=—1 and 
x =-2,y=1.Therefore 


3-41=2-i or -—2+i 


Thus, 
ge UIE ea 
: 2 
8+3i-2+i 
and aa Le, Per 


are the solutions of the given quadratic equation. 


Solving algebraic equations of degree n >2 is much more difficult. However, the great German mathematician 
Carl Gauss proved the following celebrated theorem in 1799. In view of its importance and in honor of Gauss, the 
theorem is named after Gauss and is popularly known as the Fundamental Theorem of Algebra. Its proof is beyond 


the scope of this book and hence not given here. 


Fundamental Theorem of Algebra 


Every algebraic equation has atleast one root in the set of complex numbers. 


The following theorem is an important consequence of the fundamental theorem of algebra. 


THEOREM 3.16) Every algebraic equation of degree v has exactly n roots, including the repeatitions (multiplicities) 


of the roots, in the set of complex numbers. 


ProoF] Let 


f(2=44+4Z4+a7+-+4,2", a,#0 


where a, a, 4,,...,4, are all complex numbers. Then f(z) = 0 is an algebraic equation of degree n. 
It can be proved that, for any complex number w, 


f(z) =(z— w) g(z) 
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for some polynomial g(z) with complex coefficients if and only if w is a root of the equation 
f(z) = 0; that is, f(w) = 0. This, together with the fundamental theorem of algebra, gives us that 


FZ) 4, -ZPG-ZP- Z-%y 
where Z,, Z,, ..., Z, are distinct complex numbers and r,,7,, ..., 7, are positive integers such that 
rtnt+--+hR=Nn 


Therefore, if follows that z,, z,,..., Z, are all the distinct roots of the equation f(z) =0. Here we 
say that z, is a root of multiplicity 7, If we agree to count the root of the equation as many 
times as is its multiplicity, then we get that the equation f(z) =0 has ,+%+-:-+7, (=n) roots in 
the set of complex numbers. a 


Theorem 3.16 and the fundamental theorem of algebra are both typical theorems of existence. They both present 
a comprehensive solution of the problem on the existence of roots of an arbitrary algebraic equation; but, unfortu- 
nately they do not say how to find these roots. The root of the first-degree equation 


a+a,z=0 


is determined by the formula 


and the roots of the second-degree equation 
a+a4z+4,7 =0 
are determined by the formula 
__atvD 
2a, 
where D is the determinant defined by 
D=a, -4a,a, 


The analogous formulae for the roots of third- and fourth-degree equations are so cumbersome that they are avoided. 
There is no general method for finding the roots of algebraic equations of degree greater than 4. The absence of a 
general method does not prevent us, of course, from finding all the roots in certain special cases, depending on the 
specific nature of the equation. For example, in Theorem 3.14, we discussed a method to find all the roots of the 
equation 


a+a,z' =0 
The following theorem often helps us in solving algebraic equations with integral coefficients. 


THEOREM 3.17) Let f(z)=a,+az+4,7 +---+4,2",a, #0, where ay, 4,, 4, ..., a, are all integers. If k is an integer 
and is a root of f(z) =0, then k is a divisor of a). 


ProoF| Let k be an integer and f(k) =0. That is, a) +a,k +a,k°+---+a,k" =0, and hence a,=k(-a,— 


a,k — -»—a,k""). Since k and a,, a,, ..., a, are integers, so is —a, -— a,k —---—a,k""'. Therefore k is a 
divisor of a). a 

Example EE 
Solve the equation Solution: Note that all the coefficients are integers. By 


; 6=0 considering the divisors of the constant term —6 and by 
zZ-Z-6= 
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using Theorem 3.17, we get that 2 is the only integral root 
of z’—z-6=0. By the usual division of z*- z—6 by 
z—2, we get that 


(z—2)(2 +2z+3)=77-z-6 


Therefore, the roots of z’>- z—6=0 are precisely the 
roots of z+ 2z+ 3=0 and 2. The roots of z+ 2z7+3=0 


are 
—2+./4-12 
2 


Thus, z,=2, z,=-1+V2i and z,=-1-~2i are all the 
roots of the equation z’- z-6=0. 


Example Rea 


Solve the equation 
72 — 36z — 262 + 1377+ 224-7 =0 


Solution: Let f(z) =72 —36z —26z° + 13z° + 2z*- 7. Note 
that all the coefficients are integers. Consider the constant 
term 72. Testing the divisors of the constant term 72, we find 
that z,=2 and z,=-2 are roots of the given equation. By 
dividing f(z) with (z — 2)(z +2) =z — 4, we get that 


f(z) =(2 — 4)(-18 + 9z + 22’ - 2’) 


Again -3 and 3 are roots of -18+9z+2z-—z' and 
18 +9z+ 227-7 =(z’ —9)(z—2). Therefore, 


f(z) =(z-2)(z + 2)(z- 3)(z + 3)(z —- 2) 
=(z—2)(z+2)(z-3)(z+3) 


Thus the roots of f(z)=0 are 3,-3,-2 and 2 and the 
root 2 is of multiplicity 2. 
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Single Correct Choice Type Questions 
1. If 


ee ati 

2 a-i 

and a is areal number, then a is 
(A) 1243 (B) 1/2 -4V3 
(O23 (D) 1/2 - V3 

Solution: The equation 
sot _ ati 
a 


implies that 
(V3 + i)(a-i) =2a+2i 
that is, a(J3 — 2 + i) =(V3 + 2)i— 1. Therefore 
2 (3 4+2)i-1 
~ W324i 
_{(/3 +2)'- M3 -2)-A 
[(V3 — 2) + J[(V3 - 2) - i] 


_ B-4i- V3 +24+i+ v3 +2 
(3-27 41 


a ee 
62445. 2243 


Answer: (D) 


2. If z,,z,are complex numbers such that Re(z,) =|z,— 2, 
Re(z, )=|z,—2| and arg (z,—z,)= 2/3, then Im(z,-z,)= 


(jy2N3 «(@By4n3. (23 (D) V3 
Solution: Let z,=x,+ iy, and z,=x,+iy,. Then 
m= (4-2)P+y; and x =(x,-2)'+ y 
Therefore 
4x,=y,+4 and 4x,=y,+4 


On subtraction we get 


A(x,- x,)= yi- y=(r+ y2)(W- Yo) 


Hence 
A(x, -— x. 
y+ y,= 404 -%) (3.7) 
Vi V2 
Also arg (z, — %) = 2/3. Therefore 
pai — 7 Va 
So ks 
aa = Yi 2 (3.8) 


x) — Xy 
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From (3.7) and (3.8), we have © 12<4x 
a 3 
i a ae ae 
: Answer: (D) 
Answer: (B) 
6. If 
3. The smallest positive integer n for which [(1 +i)/ 3 
(1-i)]"=1is ae ae EET 
(A)2 (B) 4 (C)6 (D)7 +cos@ + isin 
2 2_ 
Solution: We have a le 
(A) 4x-3  (B)3x-4 (C)4x+3 (D)3x+4 
1+i (1+i)Y ‘ 
i 2 and i"=1 forn=4,8,12,... Solution: 
-i 
Therefore, the smallest positive integer n for which X+iy= SH CONG = a) 
(2+ cos@)'+ sin’ @ 
1+i) ., sg 
tai" lis 4 _ 3(2 + cos@) + i(—3sin 8) 
~! 5+4cosé 
Answer: (B) . . . 
Comparing the real and imaginary parts we get 
4. Let Cbe the set of all complex numbers and 3(2 + cos@) -3sin@ 
2-3 SiAeose ° Sideasd 
R=}3(%,%)E€CXC: is real 
a+ % Squaring and adding values of x and y, we get 
Then, on C, Risa 2, 2 9(2+cos6)’+ 9sin’ 6 
(A) reflexive relation (B) symmetric relation ae Se (5+ 4cosé)” 
(C) transitive relation (D) equivalence relation 
Solution: Since (0,0) ¢ R, R is not reflexive, we h ese) z 
ion: Since is not reflexive, we hav = = 
' , , ee neeerna (5+4cos@)’ 5+4cosé 
A %. 
Z%,%)€R> + is real 
(21, Z) Z4+% Also 
- 12(2 
= 274 is real 4x-3= OSE) 2 
Zt Z 5+ 4cosé 5+ 4cosé 
= (%,%)ER Therefore 
Therefore R is symmetric. v4 y=4x-3 
Since (0,z) € R and (z,0) € R, but (0,0) ¢ R, there- 
fore R is not transitive. Hence R is not an equivalence Answer: (A) 
relation. 
Answer: (B) 7° 
eas : 3+i 
5. If z=x + iy is such that |z — 4| <|z— 2], then x+iy= : 
14+ 31 
(A) x>0,y>0 ee 
(B) x<0,y>0 then (x°+ y")° equals 
(C)x>2,y>3 (A) 0 (B)2 (C)3 (D)1 
(D) x >3 and y is any real number Solution: 
Solution: We have E-Psige oe _ (3+ (1 - 3%) 
1+ 37 1+9 


2 2 
|z-4|<|z-2||z-4| <|z-2| 
Comparing the real and imaginary parts we get 

&(x-4f+ y<(x-2ft+y 6 
x —-y=— and 2xy=— 
* 10 * 10 
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Now 


(x°+ yy= (x’- y y+ 4x’ y? 


( 6 ) (=) 9 16 
10 10 25 25 


Answer: (D) 


8. If a is a positive real number, z=a+2i and z|z|— 
az+1=0, then 


(A) z is pure imaginary 

(B) a =2 

(C) a =4 

(D) no such complex number exists 


Solution: 
z|z|-az+1=0 
(a+ 2i) Ja + 4 =a(a+2i)-1 
=a -1+2ai 
This implies 
aja+4=a-1 and 2,/a°+4=2a 


which gives a’ =a’ — 1, which is absurd. 


Answer: (D) 
9. If |z,+z,|=|z,|+]|z,|, then one of the values of 
arg(z,/z,) is 
(A)0 (B) a (C) m/2 (D) 3x 


Solution: If |z,+z,|=|z,|+|z|, then z,, z, and origin 
are collinear and z,, z, lie on same side to origin and 
hence arg(z,/z,) = 2na. Then 0 is one of the values of 
arg(z,/z,). 

Answer: (A) 
Alternate Method: 


Let z, =7,(cos6, + isin@,) and z, =r,(cos6, + isin@,). Then 
\z,+ %;| = \z, | + \z,| implies 
(7, cos6,+ 7, cos6,) + (7, sin, + 7 sin@,) = (7,45) 
That is 
cos(@,— 0,)=1 
Therefore 


6,- 0,=2nn 


10. If w is a cube root of unity and w # 1, then 


cos{ 3k —w\(k - WZ) 


is equal to 
(A) 1 (B) -1 (C) 0 (D) 1/2 
Solution: We have 
(k-w)(k-w)=k+k+1 
Therefore 
cos 5 (k-wy(k—w) = cos{ 3 (ks k+1) ~) 
k=l 450 fal 450 
7 cos{ 450: =) 
=cosz=-1 
Answer: (B) 


11. If o=-1+iv3 andnisa positive integer which is 
not a multiple of 3, then 


Qe” op or Qa’ + on = 


(A) 1 (B)-1 (C)0 (D) a 
Solution: We have 
a 2n a n 
Oo" + 2” a+ Qn = get (3) as (=) Ae ] 
2 2 
f 3 
= 27"(w"+ w"+1) % m1, WB d (S)=1 
2 2 2 2 
= 2°"(0) =0 (since 3 does not divide n) 
Answer: (C) 
12. If arg(z) <0, then arg (—z) —arg(z) = 
(A) a (B) -z (C) 2/2 (D) -7/2 
Solution: Let arg (z) = @< 0. Then-7< @< 0 and there- 


fore 0 < 6+ 7<a. Hence 
arg(-z)=a7+0 
arg(—z)-arg(z)=2 
Answer: (A) 
13. Let w #1 bea cube root of unity and 
E=2(1+w)(1+w’) + 3(2w + 1)(2w*+ 1) 
+ 4(3w +1)(3w*?+ 1) ++ 


+(n+1)(nw + 1)(nw’ + 1) 


Then F is equal to 
(A) mins 1y (B) n ut 1) 5 
(En wy ED ney 


Solution: We have 
(k + 1)(kw + 1)(kw? +1) =(k+1(K-k+Hak +1 
Therefore, 


n n 2 2 
E=> (+= Se + ne an 
k=1 k=1 


Answer: (B) 


14. If |z —3+2i | < 4, then the absolute difference between 
the maximum and minimum values of | z| is 


(A) 2v11 (B)3V11_—s (C) 2V13_— (D) 313 


Solution: Let C=3-2i be the center of the circle 
|z-3+ 2i|=4. Join the origin to C and let it meet the 
circle in A and B (see figure). 


Least value of |z|=OB 


=CB-OC 
=4—,/374+2? 
=4- 13 


Maximum value of |z|=OA=4+ J13 


The absolute difference between the maximum and 
minimum values of |z| is 2V13. 


Answer: (C) 


15. If z,, z, and z, represent the vertices of a triangle 
whose circumcenter is at the origin, then the complex 
number representing the orthocenter of the triangle is 


eae caf 
Oo ane (B) z+ z+ 2% 
(C) =s + Z : (D) 21%,+ %%s+ 23% 


+ 
Xy re) ra) 3 %3 vai 


Solution: It is known that every complex number can 
be represented by means of a vector in the Argand’s 
plane. If A and B represent the complex numbers z, 
and z,, respectively, then the vector AB represents the 
complex number z,— z,. (These matters will be discussed 
in detail later in Volume I) Correspondingly, if a, b, ¢ 
are the position vectors of the points A(z,), B(z,), C(z), 


then the orthocenter of the triangle ABC is represented 
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by a+b +c andhence by z,+ z,+ Z Note that the origin 
is the circumcenter. 


Answer: (B) 


16. Ifz,,z,and z, are the vertices of an equilateral triangle 
and z, be its orthocenter, then z; + z; + z;= kz;, where 
k is equal to 


(A) 3 (B) 2 (C)6 (D) 9 


Solution: In an equilateral triangle, the circumcenter, 
the centroid and the orthocenter are one and the same 
point. Therefore 


_ tarts 
=. 3 
972 = 24 B+ Gt UZHthwat Ay) 
= 3(z2+ 23+ 22) 
[since Zz + z + Zz =2%2%4% (by Problem 7 of Multiple 


Correct Choice Type Questions in Worked-Out Problems 
section) ]. Therefore 


and k=3 
Answer: (A) 


V+ Br B=3e 


17. Let z,=10+6i and z,=4+ 6i. If z is any complex 
number such that the argument of (z — z,)/(z — z,) is 
7/4, then |z — 7 — 9i| is equal to 
(A) 2V3.— (B) 3v2 (C)3 (D) 2 

Solution: Let z=x+iy, x, ye R. Then z—z,=(x-10) + 

i(y—6) and z— z,=(x — 4) + i(y — 6). Therefore 


z—-z,_ (x-10)+i(y-6) 


Z-Z, (x-4)+i(y-6) 
_ [(x-10) + i(y - 6)][(a - 4) -i(y - 6] 
(x-4)'+(y-6) 
Therefore 


Real part of 4“! = (x= 10)(x - 4) + (y- 6)" 
£-% (x—4)°+(y-6y 
4 _(«-4)(y-6)-(e-10)(y-6) 
=e (eA (y— 6) 
__ 6(y- 6) 
(x-4)+(y-6) 


Imaginary part of 
z 


2 = arg[ 2) tan"| 6(y=6) 
4 L=% (x — 10)(x - 4) + (y-6) 
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Therefore 


(x — 10)(x — 4) + (y - 6)'= 6(y — 6) 
x+ y—14x-18y+112=0 


Now, 
|z—7-9i)°=(x -7/+(y-9Y 
= x’-14x+ ¥—18y +130 
=-112+130=18 
Therefore 


|z—7-9i|= 18 =3V2 
Answer: (B) 


18. Ifx=cosa+isinaand y=cos B+isin B, then(x — y)/ 


(x + y) is equal to 
(A) itan( =F) (B) ~itan( 259) 


(C) itan( = P) (D) ~itan( =) 
2 2 
Solution: We know that 


x—y (cosa —cos B) + i(sina — sin B) 
x+y (cosa +cos B) + i(sina + sin B) 
—2sin[(@ + B)/2]sin[(@ — B)/2] 
+ 2icos[(a + B)/2]sin[(a@ — B)/2] 
2cos[(a + B)/2]cos[(a — B)/2] 
+ 2isin[(a + B)/2]cos[(a — B)/2] 
_ isin[(a — B)/2]{cos[(a + B)/2] + isin[(a + B)/2]} 
cos[(@ — B)/2]{cos[(a@ + B)/2] + isin[(a + B)/2]} 


rea) 


19. If |z,-1|<1, |z,-2|<2 and |z,-3|<3, then |z,+ 


Answer: (A) 


Zo + Z| 

(A) is less than 6 (B) is greater than 6 

(C) is less than 12 (D) lies between 6 and 12 
Solution: We have 


[z+ Z4+%-64+6|<|z,4+ z+ %-6|/+6 
=|(4-D+ (3-2)+ (z,— 3)|+6 
<|z-1)+|z-2|+|z-3|+6 
<14+24+3+4+6=12 
Answer: (C) 


20. If x’ +x+1=0 then the value of 


ae aes 
Kt || 4) 2 | 4) ae | eee a | is 
Xx Xx Xx Xx 


(A) 27 (B) 18 (C) 54 (D) 27 


Solution: x°+x+1=0= x is a non-real cube root of 
unity. Let x=w #1 be a cube root of unity. Then w= 1 
and 1+w+w’=0.The given equation, thus, becomes 


oleae (ees) 
-(4 (4 ‘)s (1+ ryre(wa 1) 4 
(2 )0(3 )* (1+ v| 


=9(1+1+4)=54 


Answer: (C) 


21. If z is a complex number and i= et. then the 
minimum possible value of |z|’+|z — 3|’+|z—6i|” is 
(A) 15 (B) 30 (C) 20 (D) 45 

Solution: Let z=x+iy.Then 


[z’|+|z—3)?+|z-6i|?=x"+ y?+ (y -3) + +4 + (y— 6) 
=3(x°+ y)-6x -12y+45 
=3[(x-1) + (y - 2) ]+30 = 30 
(equality holds when z = 1 + 27). Therefore, the minimum 
value is 30. 

Answer: (B) 


22. The curve in the complex plane given by the equa- 
tion Re(1/z) = 1/4 isa 


(A) vertical line intersecting with the x-axis at (4, 0) 
(B) a circle with radius 2 and centre at (2, 0) 

(C) circle with unit radius 

(D) straight line not passing through the origin 


Solution: Let z=x+/iy, where x and y are reals. Then 


Re{ +]= +> Re —- = 
z) 4 x+y 4 


>xr+y=4x 
=>(x-2f+y =4=2’ 


This is the equation of the circle with radius 2 and center 
at (2,0). 

Answer: (B) 
23. The origin and the points represented by the roots of 


the equation z + mz+n=0 form the vertices of an 
equilateral triangle if and only if 


(A) nt? =3n (B) 7 =3m 
(C) 3n? =n (D) 3° =m 
Solution: The points z,, z,and z, are the vertices of an 


equilateral triangle if and only if 
Rt Zt+BZ=aAHt+ war yy 


(see Problem 7 of Multiple Correct Choice Type Questions 
in Worked-Out Problems section). Let z, and z, be the 
roots of 2 +mz+n=0.Therefore z+ Z,=—-m,%G=N. 
Now Z,, z, and the origin form an equilateral triangle if 
and only if 


Zt Z=ud 
(+5) =34% 
© (-my =3n 
Answer: (A) 


24. Let z=x-+iy, where x and y are real. The points 
(x, y) in the plane, for which (z + i)/(z — i) is purely 
imaginary, lie on 
(A) a straight line 
(B) a circle 


(C) acurve whose equation is of the form 


2 2 
~ 4% =1, a¥l, b¥1 
ab 
(D) a curve whose equation is of the form 
2 2 
ab 
Solution: We have 


oat) ee y et ) 
z-i x+i(y-1) 
_[x+iQy+ D]lx-i- DI 
xe (y=1yP 


This is pure imaginary if and only if 


x +(y-1) 
x +(y-1y 
exrtye= 


Therefore (x, y) lie on the circle |z| = 1. 
Answer: (B) 


25. Let z, and z, be given by 


- 24iN5)" = oe), 
PADS ON Dass 
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Then |z, + z,| is equal to 


(A) 2e0s{ 2000s" =| (B) 2sin{ 1008 =| 


(C) 2e0s{ 1000s" =| (D) 2sin{ 200s" 2) 


Solution: Adding the two we get 


_ (2+ iS) + (2 -iv'5)” 
g'? 


Suppose 2 + iV5 = r(cos@ + isin@), so that r=,/2? +5=3, 
rcos@ =2 and rsin@ = V5. Therefore 


At% 


cos@ = Z and sin@= ua 
3 3 


In this case 
ZtBe= grl"{00s(208) + isin(206) 
+ cos(206) — isin(206)}] 


20 20 
= 7 208(208) = sr 200s| 20c05' (2) 


= 200s| 20c08' (2) 


26. If (1+ z)"=a,+a,zZ + az +++ +4,2", where ay, a,, 
), ...,4,, are real, then 


Answer: (A) 


(q)— a, + a,— a,+--) + (a, — a, + as— a, ++") = 


(A) 2” (B) +a +at+--+a 
(Grae (D) 2n 
Solution: Substitute z =i on both sides. Then 


(1+ i)"=(a—4@,+4,—4,+---) + i(a,—a,+4;—a,+--) 
Therefore 


|?" = (a — a, + a, — a +++) + (a, - a, + a5 — a ++ 


2" =(@ — 4, + a —a,+--) + (a,-a+4,-a,4+---) 
Answer: (A) 


jl+i 


27. Let z, and z, be roots of the equation z’+pz+q=0, 
where p, g may be complex numbers. Let A and B 
represent z, and z,inthe complex plane. If ZAOB = 040 
and OA = OB, where O is the origin, then 


(A) p= Aqoos'(2) —— (B) p*=4qsin’() 


C) p’=-4qcos ) 
(C) p qeos ($ 


(D) ¢ =4psin’[% 


Solution: z, and z, are roots of z7>+pz+q=0. This 
implies z, + z,=—p and z,z,=q. Now 
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z-0 OB . Therefore 
*__ = —_ (cosa@ + isin@) 
z-0 OA 3/4 _ 43/8 FNS as m)3 
Zz =2°""| cos| 2km + — |—+isin| 2ka + — |— 
y 4)4 4)4 
A for k=0,1,2,3. The product of the values of this is equal 
B(Zp) to 
A(z) hile cs( 2 + alls + Lit + 22 of a cs( 5) 
4 4 4 4 )4 4 4 
x =" gg 
oO 4 
=a" cs(9n + 4 
Therefore 
_ 93/2 0: _ 
© = cosa. isina ee cs( 10 4 
q 
{yk at | (10 -5) i Sj ( -*) 
2 “4 __44cosa+isina = cos| 107 + isin| 107 
Z 4 4 
This gives =9°? cos — isin 4 
3 4 4 
—-zZy=z -2sin? £4 2isin “cos 
(% z) al ) v 7 5 _ yn (+ +) 
2 2 V2 2 
= 3 (2isin% cos + isin | =2(1-i 
1 ) ) >) 2(1- i) 
Answer: (B) 
=—47 sin’ * (cosa + isina) . : 
2 29. If z,, z, and z, are the vertices of a right-angled isos- 
celes triangle, right-angled at the vertex z, (see 
=-47¢ ee ce 4q sin’ as figure), then z, + 2z5 + % = kz, (z, + z),where the value 
ca 2 2 of k is 
Hence, (A) 0 (B)1 (C) -2 (D) 2 
P=({+z%) =(%-%) +44% A(Z1) 
=—dqsin? = + 4q 
2 
a a 
=4q| 1-sin’ — |=4 cos'(£) 
a[1-sin’ = aqoos"( % 
Answer: (A) 
28. The continued product of all the four values of the y 
complex number (1 + i)*” is B(Z.) C(Zs) 
3 . ° 
(A) 2°(1 +1) (B) 2(1 — i) Solution: Let A, B and C represent z,, z,and z,, respec- 
(C) 21 +7) (D) 2°(1 - i) tively, described in counterclock sense. Therefore 
Solution: Let z-% BA. (=) ; 
+ = —cis| — |=/ 
23-Z% BC 


1 1 
z=1+i=V2( cos + isin 7 
4 4 (4-2) =-(@-4) 


G+ —-244=-Z-Br2z% 
Z+254+%4=2% (4+) 
This gives k =2. 
Answer: (D) 


30. Let z,, z,and z, be vertices of a triangle and |z,|=a, 
|z,|= band |z,|=c such that 


abe 
b c aj=0 
c a b 
Then 
are 2} =kare{ 22 
2 %— & 
where k is 
(A) 0 (B) 1 (C) 2 (D) 3 
Solution: We have 
abe 
bc aj=0 
c a b 


=> 3abc —a°- b*?-C =0 
>sat+b+c-3abc=0 


>(a+bt+c\(a+b+c —ab-be-ca)=0 
= (a+ b+ 0)5((a-bY +(b=c) + (C= a?) =0 


Therefore (a— by’ =0=(b-—c)y =(c—a) and hence a=b=c 
(since a, b, c are positive). This implies that z,, z,and z, rep- 
resent points on a circle with center at the origin. Suppose 
A, B and C represent z,, z, and z,, respectively, described 
in counterclock sense (see figure). If ZBAC=6, then 
ZBOC = 28. In such case 
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ane( 2 ) 20 = 2ara{ 2 —_ ) 
4 7 & 
Therefore k = 2. 
Answer: (C) 
31. Let z=(V3/2)-(i/2). Then the smallest positive 
integer n such that (z”+ i)" =z" is 
(A) 12 (B) 10 (C) 9 (D) 8 
Solution: From the hypothesis we have 


otf Ts W3).2 
=i =iw 
2 2 2 2 
where w =(-1/2) — (iV3/2) which is a cube root of unity. 
Now, z”=(iw)” =—iw’ (since w°=1) and i’ =? =-i. 
Therefore, 
z° +i” =—i(1+ w’)=(-i)(—w) =iw 

(z” fe ry = (iw)”* = Cw =-—yp 
Now 

—w=z'=(iw)" 

= i" ew! = -1 


=>n=2,6,10,14,... and n—-1=3,6,9,... 


Therefore 1 = 10 is the required least positive integer. 
Answer: (B) 


32. The number of complex numbers z satisfying the 
conditions |(z/Z)+(Z/z)|=1,|z|=1 and arg z € (0,27) is 
(A)1 (B) 2 (C)4 (D)8 

Solution: It is given that |z|=1 which implies that z= 

cos8+isin@é,0<@<2z: 


242 }a1 
Z Zz 
=>2|cos26|=1 
ee or cos2@ = — 
2 2 
Now 
es aps” 
2 6 6 6 6 
and cos20 = Lg oe 
2 3 3° 3° 3 


Answer: (D) 
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Multiple Correct Answer Type Questions 


1. The complex number z that satisfies simultaneously 
the equations is 


z-4i z—-8+4+3i| 3 
=1 and |————|=— 
z-2i zt+3i 5 
(A)3+8i (B)8+3i (C)34+17i (D)17+3i 
Solution: 
GE 29 os (pd lie 9) 
zZ-2i 


Therefore, the point representing z in the Argand’s plane 
is equidistant from the points (0, 2) and (0, 4). Hence, z 
lies on the line y=3 and so 


Z=xX+yl=x4+3i 


Substituting z = x + 37in the second equation, we get that 


X+3i-8+3i| 3 
X+ 314+ 3i 5 
x-8+6i = 
x+6i 5 
Therefore 
25 [(x — 8) + 36] = 9(x° + 36) 
16x° — 400x + 2176 =0 
x — 25x + 136 =0 
(x — 8)(x-17) =0 
x=8,17 
Hence 


z=8+3i1,174+3i 
Answers: (B), (D) 


2. If z, and z, are complex numbers such that |z, + z,|’= 
Iz, P* Iz, |’, then 


(A) zZ is pure imaginary (B) Z%z+zZ=0 


Solution: 


P=lal? 


+z, 
(4+ %)(G+%)=4%+z%Z, 


Iz+Zz) =|z, 


%%, + 2%, =0 


4__[% 
mB \|& 


z, Z, and z,/z, are pure imaginary. 
Answers: (A), (B), (C), (D) 


3. If z, and z, are two complex numbers, then 


(A) 2(zP +laP)=lq +z) +1z4-zP 


(B) |a+ 44-2 14l,- 44-3 l=la+zlt+la-zl 
Z,+Z Zt 
(© |45% 8 fea|-lal+la 


(D) |Z, + al -|z4- al =2(2%+%e) 


+ 


+ 4% 


Solution: |z,+z,|’=(z%,+z)(%+3) 

= la ia + |Z, |? + ZZ, + %%, 
and lz-z=(4-%)(%-%) 
Therefore 


In+z+lz-z%/ =2z/?+lz |?) (A is true) 
Iz+z,—-lz,-z3) =2(z%+%z,) (Dis true) 
Now 
(I+ J2-dl+lq-y2-2))’ 

=|4+ 42-2? +l4-/e-2P+2Il¢-(@-2)| 

= (4? +lqa-2Z)+2lz/ 
= 2(1z,/ +|z,P) + 21g - Z| 
=|z+z,/+lz-z/+2lz+z|la-% 


=(l4+z1+ly-zl) 


Therefore 


In+Va-zaltla-ya-Zl=la+alt+la-zl 


Hence (B) is true. Also 


ane 1ZiZ —— zz 
1 1 

= 4 +VeP+5lva-VvaP 
1 

=5[2 lal’ +21 V2 0] 


=(z4/+|z| 


+ 


Therefore (C) is true. 
Answers: (A), (B), (C), (D) 


4. If x and y are real numbers and 


(1+i)x-2i m (2-3i)yti_, 


3+i 3-i 
then 
(A)x=3 (B)y=1  (C)y=-l ()x=-3 
Solution: From the given equation, we get that 


(3-)[A+ix-2i]+(34+d)[(2 -3)y+ i] =10i 
Therefore 
4x —2+i(2x —6)+9y-—1+i(3-7y) =10i 
4x+9y-34+(2x-7y-13)i=0 
4x+9y=3 and 2x-7y=13 
The two equations give x =3 and y=-1. 
Answers: (A), (C) 


5. The complex number(s) satisfying the equations 


ate and cael is (are) 
z—-8i| 3 z-8 
(A) 6-81 (B)6+17i (C)6+8i (D) 6 -17i 
Solution: Let z=x + iy 
z-4)_, 
z-8 
(x-4P + y=(x-8Y +y¥ 
x=6 
Therefore 
z=6+1y 
Now 
ade) 3 
z—8i| 3 


9(36 + y’) = 25[36 + (y—8)] 


(y-8)(y-17) =0 
y=8,17 


Therefore 
z7=64+81,6+17i 
Answers: (B), (C) 
6. If x is areal number such that 0< x < 27 and 


[sin(x/2) + cos(x/2)] + itan x 
1+ 2isin(x/2) 


is real, then the possible value(s) of x is (are) 
(A) 0 (B) 2a (C) 2/4 (D) 57/4 
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Solution: Let 


[sin(x/2) + cos(x/2)]+ itan x 
1+ 2isin(x/2) 


Then 


[sin(x/2) + cos(x/2) + itan x][1—2isin(x/2)] 
1+ 4sin’(x/2) 


Suppose that z is real. Then Im(z) = 0. Therefore 


tan x —2sin~ sin a + cos = =0 
2 2, 2 


: x X . x x 
sin x — 2sin—cos x] sin— + cos— |=0 
2 2 2 


sin x — sin xcos x — 2sin’[ * Joos. = 0 
sin x(1 — cos x) — (1—cosx)cosx =0 
(1 - cos x) (sin x — cosx) =0 


cosx=1 or tanx=1 


Therefore 


1 ‘ ; 
x =2nt,x=nt+ 7 nis an integer 


Since OS x <2, x=0,7/4,27,57/4. 


Answers: (A), (B), (C), (D) 


7. Ifz,,z, and z, represent the vertices A, B and C,respec- 
tively, of a triangle (see figure), then the triangle ABC 
is equilateral if and only if 
(A) 7+ B+ G=7Ht+ZUBrZY 
(B) : + : + _ 0 

47 ]7-& 87% 
(C)|z+5+%/=v3 


(D) laz +33F+ BG |= v3 


A(Z}) 
> 


60° 


60° 
az) 2 C23) 


Solution: Suppose that triangle ABC is equilateral. 
Then 
%3-% q .. 47 qn .. 0 
374 gost yt isin® and 272 =cos™ + isin 
4 % 3 2 2,-% 3 
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Therefore 
(3-4 )(G-%)=(- 4) - 4) 
Bir 4h —-Uat+yh=aQy-B-Urtr4US 
GtBtQZ=ZHt oat ay 
Conversely, suppose that 
GH+GA*G=ALZHt*HS +BY 
Then, 
%(4- 4)+4(%-B)+%(4-%)=0 
Therefore 
Z(4-3)+5(%-%44+4-%4)+3(4-%)=0 
(4-4) -(@- 4-4) =0 


That is 

(7 -%) =(4-%)(%-%) 

(4-4) =(4-4)(@- 4)(B- 4) 
Similarly, 

(3-3) =(4-%)(™-%)(G-%) 
and (4,-%) =(4,-4)(%—- 4)(%-%) 
Therefore 


(4 -Z) =(@-%) =(G- 4) 
IZ-%l= I~-%l=la-4| 
Therefore AB = BC =CA. That is AABC is equilateral. 


Answer: (A) 


We will prove that (B) is also correct. Suppose that 
AABC is equilateral. Then 


l4-Zl=la-Bl=la-al=k (say) 


Let a=z,-%, B=z- z,and y=z,— z.Thena+B+yv=0 
and hence@+ 6+ y =0. That is 


2 2 2 
Be gag (since a& =|a|’ =k’) 
a Bp yY 
Therefore 
eee, 
a Y 
1 7 1 2 1 -0 


Conversely, suppose that 
1 


i 1 1_) 
a Bp Y 


Then 
a+ B 1 
op y 
Therefore 
-y =-aB (sincea+B=-/7) 
y= apy 

Similarly 

B= apy =a" 


This gives a = B* = 7’ and therefore | @| =| | =| y|. That is, 
la~-Zl=|z-Bl=la-4 


Therefore AABC is equilateral. 
Answers: (A) and (B) 


8. If c>0, then the equation |z|’—2iz+2c(1+i)=0 
(z is complex) has 


(A) infinitely many solutions if c< V2 -1 
(B) has unique solution if c= J2 -1 

(C) finite number of solutions if c > /2 - 1 
(D) no solutions if ¢ > J2 -1 


Solution: Let z=x-+iy. Then 


(x? + y) —2i(x + iy) + 2c(1+i)=0 


Therefore 
x+y +2y+i(2c—2x)+2c=0 
x+y +t+2y+2c=0 (3.9) 
and 2c-2x=0 or x=c (3.10) 


Substituting x = c in Eq. (3.9), we get that 
C+y+2y+2c=0 (3.11) 


Equation (3.11) has solutions if 4 — 4(c’ + 2c) = 0, that is 
1-—c’ -2c >0.Therefore 


(c+1P%s2 or -V2<c+1<s v2 
ne elle ect seen 


It is given that c> 0. Therefore 0<c< 2-1. 


(i) If c< V2 -1, then z=c+(-1t J1-2c-@ )i. 
(ii) If c= V2 -1, then z= (V2 -1)-i. 
(iii) If c> 2 = 1, the equation has no solutions. 
Answers: (B), (D) 


9. If z,, Z, Z; are complex numbers such that 
z 2 
Iz l=Iz/=lz|=1 and as B +4 3B 1 
%%3 3X1 RX 


then the value of |z, + z, + z,| can be 


(A) 0 (B) 1 (C)2 (D) 3/2 
Solution: Let z=z,+z,+2z; Then 
ee 1 7 1 m 1 4% 44% +BY 


Therefore Zb= z,Z,+ ZZ; + Z3Z,, where b = z,z,Z;. Hence 
2 2: 
id Z cA 
A474 = lSgigte=—-Z2,% 
Qk 3% 4% 


> 7+2+2 —3%,%% =—4b 
Now 
(7+ 54+%) (Zt ate) -3(Z5+HR+ BZ] =-4d 
That is 
2(z — 3zb) =—4b 
Therefore 
2 -3|z\?b+4b=0 
Z=(3|z/-4)b 
\z|>=|3]z|?-4] (since |b|=|z,z,z,]=1) 
Case 1: Suppose that 3|z|* > 4. Then 
Iz[?=3|z|?-4 
\z/°—3|z/’+4=0 
(Iz|-2)(Jz|’ -|z|-2)=0 
(lz|- 2)(|z|- 2)([z|+ 1) =0 
|z|=2 
Case 2: Suppose that 3|z|’< 4. Then 
Iz’ =|3|z/’- 4] =4-3]z)’ 
|z|? + 3)]z|’-4=0 
(Iz|- (zl + 4|z|+ 4) =0 
(Iz|-)(Iz|+2)°=0 
|zj=1 
Answers: (B) and (C) 


Note that, in case 2, z, z,, Z,, and z, lie on the circle with 
radius 1 and center at the origin. Therefore, origin is the 
circumcenter of the triangle with z,, z, and z, as verti- 
ces. Hence, z, + Z,+Z; (=z) represents the orthocenter. 
Thus z,, z, and z, form a right-angled triangle because 
the distance between the orthocenter and circumcenter 
is equal to the radius of the circumcircle. Hence two of 
Z,, Z>, and Zz, are the reflections of each other, through the 
center of the circle. Since z,, Z,, z, satisfy the condition 
Ey z, /Z)Z,=—1,it implies that two are real and the third is 
the reflection of them in the origin. 
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10. If 
arg (z’*) = (1/2) arg (z + Zz") 
then which of the following is (are) true? 
(A) |z/=1 (B) zis real 
(C) z is pure imaginary (D) 2? =1 


Solution: The given relation is 


3/8 


2arg(z’*) =arg(z’ + Zz”) 


3/4 
=> arg ee 
v4 


3/4 
=>—>+——,_ is purely real 
o+ Zz"? 
a oh Zz? : , i 
pi is purely rea 


32"+Zz"" is purely real 
5/4, =_-1/4 5/4, =_-1/4 
a ie a as 


=> (zy + zz) “*) = pat zz 4 


=\5/4 5/4 =, -1/4 s)-1/4 Gy" -2" 
DS {% = LE = ZN Z =. a 
@) qe 
= iL 
=> [(zy" ef: (zz)" =0 
=>Z=z or sae =1 


Iz|’ 
>Z=z or [z\=1 
Answers: (A) and (B) 
11. The vertices A and C of asquare ABCD (see figure) 


are 2 + 3i and 3 — 2i, respectively. If z, and z, repre- 
sent the other two vertices B and D respectively, 


then 
(A) z,=0 (B) Z=5-i 
(C) z=1+4+i (D) z=5S+i 
B(z,) A(2+3)/) 
Sm 
C(3-2i) D 
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Solution: Let M be the center of the square. Then 
M= 5 + ¥ 
2 2 


Let z, denote the point B. Then ZCMD = 90°. Therefore 


4-G+p/2 _ 
2+ 3i-(5+i)/2 


2 
_S+i (=) 
2 2 
sori 9 4 
2 


Therefore, 
D=3-2i1+2+3i-0 
B= Iti 
Answers: (A) and (D) 


12. For any complex number z = x + iy, define 


(z) =|x]+ly| 
If z, and z, are any complex numbers, then 
(A) +5) sG) +) 
(B) (4 +%)=(4) +) 
(C) (4+ %)2(%) +) 
(D) (a+ zZ)lsI@)I+I@)I 
Solution: Let z,=x,+iy, and z, =x, + iy,. Then z,+z,= 
(x, + x,) + i(y,+ y,). Now 
(4. +Z)=[x,+5/+1y+ vl 
<|x|+]514+]y/ +19! 


=(z%)+(z) 


(+z) =I + 6 1+1y4,4+ wll 
=|x +x|+ly,+y,| 


=\%, l+|x,/+lyl+ly| 
=|(z)1+1(z)| 
Answers: (A) and (D) 


13. Let z,, z, and z, be complex numbers representing 
three points A, B and C, respectively, on the unit 
circle | z| =1 (see figure). Let the altitude through A 
meet the circle in D(z). Then 

(B) z=— 


rn 4& 


(A) 2-28 


(C) D is the reflection of the orthocenter in the 
side BC 


(D) If H is the orthocenter, then HD is perpendicular 
to the side BD 


A(Z;) 


AWN 
B(Zp) 


Solution: AD is perpendicular to BC and therefore 


ue =2]-25 
Z—Z, 2 


This implies that (z—z,)/(z,;-zZ,) is pure imaginary. 
Therefore 


2-3 _ 
%—% 

(1/z)-—(/z,) _ [=4) 

(1/z,) — A/z,) 4&-& 


[452 )[28)- (=4] 

4 & LQ 7 3-% 
OES 
ZZ cA 


This implies (A) is correct. 
Also, since the orthocenter H is z, + z, + z,, we have 


BH=|z,+%+%4-Sl/=|1Z+% 


4% |_ Z| 


Z| 


and BD=|e,4 z+ z%|=|z,+%| 


XI 
(since |z, |= 1=|z,|) 


Therefore, B is equidistant from H and D. Similarly, C 
is equidistant from H and D. This gives that BC is the 
perpendicular bisector of HD and so H, D are reflections 
of each other through the side BC. 


Answers: (A) and (C) 


14. Let a, b be real numbers such that |b|< 2a’. Let 


X ={z:|z-al=./2a@ +} 
Y ={z:|z+al|=./2a — b} 
S={z:|2 -—a|=|2az+ bl} 


Then which of the following is (are) true? 
(A) X is a subset of S (B) Y is a subset of S 
(C)S=XUY (D) S=XAY 


Solution: Let ze S. Therefore |z° — a’ |=|2az + b|. This 
relation is equivalent to 


|? —a@ |? =|2az + bl’ 
(z-a’)(Z’-a’) = (2az + b)(2az +b) 
\z’-@ (2 +2)+a'=4a' |z/°+ 2ab(z+Z)+b 
\z['-—a@ [(z+ ZY —2|z/]+ a= 4a’|z|°+ 2ab(z+Z)+b 
|z|*-2a?|z/°+ a*=a° (z+ Zz) + 2ab(z+Zz)+b 
Hence, (|z|?— a )’=[a(z+Z) + b]’. Therefore 
\z/’-a@ =+[a(z+Z)+)] 
Therefore 
|z/’-—a@ —a(z+Z)—b=0 
or |z?-a+a(z+Z)+b=0 
This is equivalent to 
(z—a)(Z-a)=2a+b 
or (z+a)(Z+a)=2a —b (3.12) 
Hence, 


|z—al=/2a+b or |z+al=.j2a-—b 


Since |b| < 2a’, both 2a° + band 2a’ — b are non-negative. 
From Eq. (3.12), if we retrace the steps backwards, then 
we get z satisfying the relation 

|2 —a@ |=|2az+ b| 


Therefore 


S=XUY 
Answers: (A), (B), (C) 


15. Let z,, z,, z, be the complex numbers representing 
the vertices A, B, C of a triangle described in coun- 
terclocksense. Consider the following statements. 


I. A ABC is equilateral 


es 
Il. - a= (4){c0s% + isin | 
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I. z,- z= (%- z)( cos +isin =) 


2 ec 2 
IV. z,4+% [cos 22 + isin =| 


( 4n ) 
+ z,| cos — + isin—— |=0 
es) 3 


Then which one is correct: 


(A) I> I (B) 0 > UI 
(C) 11> IV (D) IV>1 
Solution: 


I. Suppose AABC is equilateral (see figure). Rotating AB 
about A through the angle 7/3 in anticlocksense, we get 


B— nan .. 0 
: =cos —+17S1n 
a-% 3 3 


Therefore, I > I. This implies (A) is true. 
C(zg) 


Z 


ZL) 


A(zZ;) 
II. Assume that 


as 


B(Zp) 


ee 0 
B- 4=(%-%) sn 


Therefore 


BT & 
Q-& 


a .. 
=cos— + isin 
3 3 
1 
lz-—zl=|z,-z,| and ZBAC =~ 
This implies AABC is equilateral. Therefore, II => I. 


Now rotate AC about A through angle 57/3 in anti- 
clock sense so that 


5x... St 
H-%4=(4-%) cos + isin - 


This means IT © II. 
Similarly we can see that III = IV and IV oI. 


Answers: (A), (B), (C), (D) 
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Matrix-Match Type Questions 


1. Match the items in Column I with those in Column II 7-43472-624+3=2-224+3 


SS SSS SSS eee = —1%42=742=1 
Column I Column IT (2-1) ; 
A(z'- 4z°+ 77 -6z+3)=4 


- 3 > 
See erga =a-iband (p) 10 iirmmen iis 
oo A(a@ — b’), then A is 
: : (q) 14 2. Match the items in Column I with those in Column II. 
(B) If|z—-il]< 1, then the value of In the following, w #1 is a cube root of unity. 
|z+12 —6i| is less than (r) 1 
(C) If |z,|=1and|z,|=2, then (s) 4 Column I Column IT 
\z,+z,|'+|z,-z,|° is equal to Gate sate eee tae = ae ae 
(A) The value of the determinant (p) 3w(1-w) 
(D) If z=1+i, then (t) 5 
A(7- 42° + 7z—6z+3) is equal to 1 1 1 
1 -1-w w’|/is 
Solution: 1 w w (q) 3w(w - 1) 


(A) x + iy=z=(a-ib) =a — 3a bi + 3a(iby —? BD? 


; (B) The value of 4+ 5w’+ 3w 
= (a —3ab’) + i(b’- 3a’b) i 


1S 


@y-13 
Comparing the real parts we get (C) The value of the determinant 
x =a’ —3ab’=a(a — 3b’) 1 1+i+w w 
fap ay ai oe w —1| is (s) iv3 
a -i -itwe+l -l 


Comparing the imaginary parts we get (D) w*"+w"+ 1 (nisa positive integer (t) 0 


y =b’—3a b=b(b’- 3a’) and not a multiple of 3) is 
7 b’- 3a Solution: 
(A) |1 1 1| 3 l+w+w 1+w+w 
Therefore i Aa of leit ia: Ww 
x Vy ?_ py 1 w wt | w w 
re 4(a — b°) 
el 3 0 O 
~ =|1 ww 
Answer: (A) > (s) i a wp 


B) |z—12- 6i|=|(z-i) + (12 -5i 
“ _ : = 3(w’ — w*) = 3w(w — 1) 

Answer: (A) > (q) 
(B) 44+ 5w+ 30wP=44+5wt3w (w= 1) 


<|z—ij+|12 -S5il/<1+13=14 
Answer: (B) — (q) 
(C) |Z, = al+la- a\= 2(lz?+1z,17) = 2(1+4)=10 


=1+2w+3(1l+wt+w’) 
Answer: (C) > (p) 


=1+2w 
(D) If z=1+i, then Since 


(z-1'=i* 
Therefore ae a 
7-424+62-4z4+1=1 


we get 
(2'-42°+72-6z7+3)-7+2z-2=1 


44+ 5we? + 3y = 1493-88 | or 143-88 | 


“1-14203 of 1-1-3 


=+iV3 
Answers: (B) —> (r), (s) 
(C)| 1 1+itw Ww 1 —wti w 
1-i —1 w -1)=/1-i —1 wl 
1 it+tw-l1 1 1 i+tw-l 1 
1 —wt+i —1 
i -itw-l1 -l 


Answer: (C) > (t) 


(D) Let n>0 and n¥#3m for all integers m. Then 
n=3m+1or3m+2 


3n+1 


Gra 2. w 


n=3m+1>w"+w"+l=w +1 
=w+w+1=0 


3m+2 


6m+4 +w 


n=3m+2>w"+w"+l=w +1 
=wtw+1=0 
Answer: (D) —> (t) 
3. Match the items in Column I with those in Column II. 
w #1 is acube root of unity. 


Column IT 
(p) -128 


Column I 
(A) The value of 
a(1-w)(I-w)(-w')(-w)is — () 6 


(B) w1+w-—w’) is equal to (r) 0 
(C) The least positive integer n such that 
(1+ w)"=(1+ w')"is (s) 128 
D : + : i It (t) 3 
Vise fee 120 


Comprehension-Type Questions 
1. Passage: A complex number z is pure real if and only 
if z =z and is pure imaginary if and only if Z =—z. 
Answer the following questions: 
(i) If x and y are real numbers and the complex 
number 
(2+i)xai | (l-i)y+2i 
4+i di 


is pure real, the relation between x and y is 
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Solution: We have w'=land l+w+w°=0. 
(A) We have 


=S (+141) =9 


Answer: (A) —> (t) 


(B) We have 
wl+w-w’)’ =w(-w -w’)’ 
= ww") 
—2’w" =-128 
Answer: (B) > (p) 
(C) We have 


(1+w’)" =(1+w*)" 
(1+w*)" =(1+w)" 
(-wy' = (Wy 
w" =y" 


The least such positive n is 3. 
Answer: (C) > (t) 


(D) We have 
f ,1 1 _ 1 | ltw-2-w 
1+2w 2+w l1+w 14+2w (2+w)(1+w) 
=. ih 1 
14+2w 24+3w+w’ 
1 1 


= _ = ) 
14+2w 14+2w 
Answer: (D) => (r) 


(B) 8x+17y=16 
(D) 17x -8y=-16 


[o<es=] 
2 


is pure imaginary, then @ is equal to 
(A) 2/4 (B) 2/6 (C) a/3 


(A) 8x-17y=16 
(C) 17x -8y=16 
(ii) If 
3+ 2isind 
«1 2isind 


(D) 7/12 
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(iii) If z, and z, are complex numbers such that 3 


47 & 


then 
(A) z,/z, is pure real 
(B) z,/z, is pure imaginary 
(C) z, is pure real 
(D) z, and z, are pure imaginary 


& sin@ = +— 
2 


pry eed [since 0<0< 
3 2 


Answer: (C) 
(iii) a= z= | {At % | 
= (%4,- %,)(%-Z) = (4+ ZNMGrtZ) 
2 UB=- 4% 
24. 5{a 
ca) ro) co) 
Zi. Lo, 
= — is pure imaginary 
6) 
Answer: (B) 


2. Passage: Consider z=a-+ ib and Z = a — ib, where a and 


b are real numbers, are conjugates of each other. Answer 
the following three questions: 


Solution: 
(i) Let 
gu rOent Ueoyte 
A+i di 
_2xt(x-Wi, yt @-y/i 
Ati di 
_ Ax+ (x= )4-) | ~iy+(2—y) 
7 17 4 
_ bxtx-1+i(4x—4-2x)  2-y)-y 
17 
_9x-1Fi2x—4)  2-yry 
17 4 
Now 
zisreal@Z=z 
= Imz=0 
24 
17 4 
© 8x-16=17y 
= 8x -17y=16 
(ii) eae ny 
1-2isin@ 
_ (3+ 2isin @)(1 + 2isin 6) 
7 1+ 4sin’ @ 
_ (3-4sin’ 6) + i(8sin@) 
1+ 4sin’ @ 
Now, 


zis pure imaginary = Z =—z 
© Re(z) =0 
3-4sin’ 6 
1+4sin?9 


xsepse. 
4 


4 (i) Ifthe complexnumbers —3 + i(x’y) andx° + y + 4i, 
where x and y are real, are conjugate to each 
other, then the number of ordered pairs (x, y) is 
(A)1 (B)2 (C) 3 (D) 4 

(ii) Let z= x°— 7x —9yi such that Z = y’i + 20i- 12, 
then the number of ordered pairs (x, y) is 
(A)1 (B) 2 (C) 3 (D) 4 

(iii) The number of real values of x such that sin x + 
icos 2x and cos x —i sin 2x are conjugate to each 


other is 
(A) 1 (B) 2 (C)>2  (D)0 
Solution: 
Answer: (A) (i) -3+ ix’ y=x'+ y—4i implies 
x+y=-3 and xy=-4 (3.13) 
Therefore 
v- - =-3 


x'+ 3x°-4=0 
(x + 4)(x’- 1) =0 
This gives x* = 1 (since x” #-4). Therefore x = +1 and 
y=—4. Hence the ordered pairs are (1,—4) and (—1,-4). 
Answer: (B) 
(ii) We have 
Z=xX'-7x—-9yi 
> Z=x-7x + 9yi 
=>x-7x+ 9yi= yi+ 201-12 


This implies that 


x°- 7x =-12 (3.14) 
and 9y=y'+20 (3.15) 
Solving Eq. (3.14) we get 
x=3,4 


Solving Eq. (3.15) we get 
y-9y+20=0> y=4,5 


Therefore, the required ordered pairs are (3,4), (3,5), 


(4, 4) and (4,5). 
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Summary 


(iii) sin x + icos2x =cosx + isin2x 


=>sinx=cosx and cos2x=sin2x 


=> 2cos*x — 1 = cos2x = sin2x = 2sinxcosx = 2cos’*x 


= -1=0, which is absurd 


Therefore, there are no such real numbers x. 
Answer: (D) 


Answer: (D) 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both [and I are true and II is a correct reason for I 
(B) Both I and II are true and IT is not a correct reason for I 
(C) Lis true, but II is false 
(D) Lis false, but IT is true 


1. Statement I: If z,=9+ 5i,z,=3+5i and arg [(z-z,)/ 
(z-z,)] = 2/4, then the values of | z— 6 — 8i| is 3V2. 


Statement II: In a circle, the angle made by a chord at 
the center is double the angle subtended by the same 
chord on the circumference. 


Solution: Let z be a point such that 


arg 477 )2% 
Z%-z) 4 


Let z=x+iy. Then 


are 252]-2 6 9)(x - 3) + (y—5)°= 6y — 30 
Z—-z) 4 


=>x’+ y-12x-16y+82=0 


Now 
|z-6—8i|’=(x —6)*+(y-8) 
=x'+ y—12x-16y+ 100 
=(x°+ y—12x —-16y+82)+18 
=0+18 
Therefore 
|z- 6 - 8i]=3V2 
Answer: (B) 


| 


Complex Number 


3.1 Complex number: Any ordered pair (a, b) where a 
and 5 are real numbers is called a complex number 
and the set of all complex numbers is denoted by C 
which is RXR. 


3.2 Real number as a complex number: If a is a real 
number, we write a for the ordered pair (a, 0) so that 
every real numbered is considered to be a complex 
number. 


3.3 Algebraic operations: 
(1) Addition: If z, = (a, b) and z,= 
(a+c,b+d) 


(c, d), then 


Z,t%Z= 


(2) If z= (a, b), then —z = (-a,—b). 


(3) z,=(@, b), = 
(a-—c,b-d). 


(4) If z =(a, b), and Ais real, then Az = (Aa, Ab). 


(5) Product: If z,=(a, b), and z,= 
(ac — bd, ad + bc). 


(c, d), then z, — z,=z, + (-z,)= 


(c, d), then z,z,= 


3.4 Zero complex number and unit complex number: 
(0, 0) is called zero complex number and is denoted 
by 0. (1, 0) is called unit complex number and is 
denoted by 1. 
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3.5 Complex number i: The complex number (0, 1) is 
such that (0, 1) (0, 1) = (-1, 0) =-1. (0, 1) is denoted 
by i with the convention that ? =-1 or i= J-1. If nis 
any positive integer, then i° +i" +i +i"" =0. 

3.6 Quotient of complex numbers: Let z,=(a, b) and 
Z,=(c, d) # (0,0). Then the unique complex number 
z such that z - z, =z, is called quotient of z, and z, 
and is denotes by z,/z,. In particular, if z=(a, b) # 
(0, 0), then there exists z’=(c, d) such that zz’= 
(1,0) =1 and 


a —b 
C= 2 a 2 = 2 2 
a+b a+b 


3.7 Representation of (a, b) as a + ib: 
z= (a, b) =(a,0) + (0,1) (b,0) =a+ib 


3.8 Real and imaginary parts: If z =a + ib (a,b are real), 
then a is called real part of z denoted by Re(z) and 
b is called imaginary part denoted by Im(z). 


3.9 Usual operations: 
(1) z,=a+ib,z,=c+id, then z,+z,=(at+c)+i(b+d) 
and z,— Z,=(a—c)+i(b-d) 
(2) z, Z)= (ac — bd) + i(ad + bc) 
(3) If z, # 0, then 
. (bc - ad) 
+d 


z, act bd 
Zz Ce+d 


(4) If z=x+iy #0, then 


een fa 
Zz vr+y r+y 


3.10 Cube roots of unity: 


(1) Roots of the equation z=1 are called cube 
roots of unity and they are 


1493 =f atys 
—————— and ——— 
2 2 


(2) If @#1is a cube root of unity, then @ is also cube 
root of unity and hence 1, @and @ are cube roots 
of unity having the relation 1+ w+ @ =0. 

(3) If wis a non-real cube root of unity and n is any 
positive integer, then 


1, 


3 ifnisa multiple of 3 


1+o"+@"= . 
0 otherwise 


3.11 Pure real and pure imaginary: A complex number z 
is called pure real if Im(z) = 0 and pure imaginary if 
Re(z) =0. 


3.12 Conjugate: For z=a+ib, the complex number 
Zz =a-ib is called conjugate of z. 


3.13 Properties of Z: 
(1) (Z)=z 
Z+Z Z- 
= Re(z) and 
2 @) 2i 


(3) Ifz=a+ib,there z7=a+b 
(4) zis pure real @ Z=Z 


Zz 


(2) = Im(z) 


(5) zis pure imaginary <= zZ =—z 
(6) (z,+z%)=Z%+% 
(7) 4% =%% 


(8) If z, #0, then 2) ae 


ca) 2 
(9) 2,Z,+ ZZ, =2Re(Z,z) =2Re(z,z,) 


(10) z,Z,- Z,z,= 2iIm(z,z,) =-2iIm(Z,z,) 


3.14 Modulus and its properties: If z=a+ib, then 


|z|=.fa°+ b* and|z|=|z|=|-z|. Let z, and z, be 
complex numbers. Then 


(1) %421=12, [|Z 
(2) A _|a when z, #0 
Zl] 1Z| 


(3) |z|?= zz (very useful) 

(4) |z,+ z|<|z,|+]z,| (equality holds if and only if 
z, and z, are collinear with origin and lie on the 
same side of the origin) 


~ 


(5) |z,- z,|=|z,|-|z,| (equality holds if and only 
if z,, Zz, are collinear with origin and lie on the 
same side of origin) 


(6) |z"|=|z|" for all positive integers. 
(7 a+zl=l2Peler+(az+22) 
(8) 4-2) =l4P+|2)?-(%z+ 2%) 


~~ 


(9) |z,+ 21 


law) 


+|z-z)?=2(lal?+1z|?) (parallelogram 


(10) |z,|+|z,| is the greatest possible value of |z,+ z,| 
and ||z,|—|z|| is the least possible value of |z,+z,| 


3.15 Unimodular complex number: If |z|=1, then z is 
called unimodular complex number. If z ¥ 0, then 
z/|z| is always unimodular. 


3.16 


3.17 


3.21 


Geometric interpretation (Argand’s _ plane): 
Consider a plane and introduce coordinate system 
in the plane. Now, we can view any complex 
number z = a+ib as the point (a, b) in the plane 
and any point (a, b) in the plane as the complex 
number a+ ib. Also if z = a+ ib and P is the point 
representing z, then one can view the vector OP 
and conversely if P is a point with coordinates 
(a, b), we can consider the complex number z =a + ib 
and the vector OP representing it. Hence there is 
a one-to-one correspondence between the set of 
complex numbers, the points in the Argand’s plane 
and the vectors in the Argand’s plane. 


Identification of complex number: We identify 
complex number z=a+ib with the point P(a, b) 
and with the vector OP in the Argand’s plane 
where O is the origin. 


More about Argand’s plane: Let z, z,,z, be complex 
numbers and A, P and Q represent them in the 
Argand’s plane. Then 


(1) Z is presented by the reflection of the point A 
in the real axis (i.e., x-axis). 

(2) —z is represented by the reflection of A through 
the origin that is (—a,—b) represents —z. 

(3) z, +z, is the fourth vertex of the parallelogram 
constructed on OP and O@ as adjacent sides. 

(4) z,—z, is the fourth vertex of the parallelogram 


constructed with OP and —OQ (1.e., QO) as adja- 
cent sides. 


Modulus and argument form (Trigonometric or 
Polar form): Every complex number z can be 
expressed as r(cos @+i sin 0) where r=|z| and 
@ is the angle made by the vector OP with real 
axis and P represents z in the Argand plane. This 
8 is called argument of z and is denotes by arg z. 
If Ois an argument z, then + 2n7 is also an argu- 
ment of z. 


Principal value of arg z (denoted by Arg 2): If z is 
a complex number, then there exists, unique @ such 
that -7< @< mand z=|z| (cos 0+ isin 8). This @ is 
called the principal value of arg z and is denoted 
by Arg z. 


Geometrical meaning of Arg z and computing Arg z: 
Arg zis the shortest turn taken by the position x-axis 
about the origin to fall on the vector OP where P 
represents z. If the shortest turn is anticlockwise 


sense, then Arg z is positive, otherwise Arg z < 0. 
Further, let z, and z, be complex numbers. 


y 
A 
P(z) 
Arg Zz 
O > x 
Arg z<0 
P(2) 
(1) z,=z, @|z,|=|z,] and Arg z, =Arg z,. 


(2) arg (z,z,) =Arg z,+ Arg z,+2na,neZ. 
(3) arg (z,/z,) =Arg z,— Arg z, + 2na,neé Z. 


(4) arg (1/z) =—Arg+2nz, ne Z for any complex 
number z #0. 


3.22 Geometrical meaning of arg (z,/z,): Let P and Q 


represent z, and z, in the Argands plane and ‘O” 
is the origin. Thus arg (z,/z,) is the angle of rota- 
tion of OQ about origin to fall on the vector OP. 
arg (Z,/z,) is positive, if the rotation is anticlock 
sense otherwise it is negative. 


3.23 Directly similar triangles: AABC and AA’B’C’ are 


directly similar, if |A = A’,|B =|B’,|C =|C’ and the 
sides about equal angles are proportional. That is, 
indirectly similar triangles, the angles at the vertices 
in the prescribed order are equal. 

Let z,, Z,, Zz, and zy, z; and z; represent the ver- 
tices of two triangles. Then they are directly similar 
if and only if 


Directly similar triangles are similar also. 


3.24 Most useful formula: Let A, B and C be three 


points representing the complex numbers z,, Z, 
and z, respectively and the points are described in 
counter clock sense and [BAC =a. 
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A(21) 
a 
C(Z3) 
B(Z.) 
Then, 
474 A ($4) (cos @ + isin) 
v6) = zy BA 


In particular the segments AB and AC are at right 
angles <= arg (z,— z,/z,— z,)=+/2 and in such a 
case Z,— z,/z,— z, is pure imaginary. 


3.25 Equilateral triangles: Let A, B and Cbe the vertices 
of a triangle represented by z,, z, and z, respectively. 


The following hold: 
(1) AABC is equilateral @ 7+ H+ 4 =2,%)+ 
(2) AABC is equilateral 
1 1 1 
S + + =0 


va re) & %3 %3 Zz, 1 


3.26 Orthocentre with reference to circumcentre: Let 
A, B, C be the vertices of a triangle whose circum- 
centre is at the origin. If z,, z,, z; represent A, B, 
C respectively, then the orthocentre of AABC is 
represented by z, + Z,+ Z;3. 


3.27 Angle between two segments: A(z,), B(z,), C(z3) 
and D(z,). There AB_ is inclined at an angle of 
arg (Z,— Z;/Z,— z,) to CD. The lines are at right angles 
if and only if 


Blz2) D(24) 


3.28 Line joining two points in the complex plane: The 
equation of the line joining the points A(z,) and 


B(z,) is 
z zi 
z z 1=0 
Ze ky “ll 


The complex number z,— z, /Z,— Z, is called com- 
plex slope of the line AB. 


3.29 General equation of a straight line: If 140 is a 
complex number and m is a real number then the 
equation /z + /Z + m=0 represents a straight line in 
the complex plane. The real slope of this line is 


T+1). 
—— |i 
l-l 
3.30 Condition for parallel and perpendicular lines: 
Let .z+)z7+m=0,1,z+1z+m,=0 where m,,m, 
are real be two straight lines. Then 
(1) The two lines are parallel © /,/,=1,1,. 
(2) The two lines are perpendicular to each other if 
and only if /,/,+1,1,=0. 


3.31 Equation of the perpendicular bisector of the segment 
joining the points A(z,) and B(z,) is |z—z,|=|z-zl. 
Equivalently 


(Z,-Z)Zt+(4-B)Z + HB%M™—UUA=O 


3.32 The points representing z, and z,intheArgand’splane 
are images of each other in the line /z+/z+m=0 
(mis real) if and only if /z,+ /Z,+ m=0. 


3.33 Distance of a line from a point: The perpendicular 
distance drawn from a point A(z,) onto a straight 
line 17+ 1Z + m=0 (mis real) is 


|2zy+ 1% + m| 
2|I| 


3.34 Let A(z,), B(z,) and C(z;) be the vertices of a triangle 
whose circum centre is the origin. If the altitude drawn 
from A onto the side BC, meets the circumcircle of 
AABC in D, then D is represented by the complex 
number —z,z,/z,. Also note that D is the reflection of 
the orthocenter of AABC in the side BC. 


Circle 


3.35 Circle: Equation of the circle with centre at the 
point z, and radius r (> 0) is |z- z|=r. 


quick ook 


1. 


1. |Z=4|=relz—4) =r’ 
(Z-H\(Z-ZH)Hr 
SZ -HL-HZ+ HH —-=0 


2. If z) =0, then the equation of the circle with centre 
at origin and radius r is |z| =r. 


3.36 General equation of a circle in the complex 


plane: If a is complex number and 5 is real, then 
the equation zz + az + az +b=0 represents circle 


with centre at the point —a and radius ,/aa — b. The 
circle is real circle or point circle or imaginary circle 
according as aa — b is positive or zero or negative. 


EXERCISES 


Single Correct Choice Type Questions 


If w #1 is a cube root of unity, then the value of the 
expression (l-w+w’) (1-w’+w*) (1-w'+w') = 
upto 2n factors is 

(A) aig (B) Qn 


(C)0 (D)1 


. The value of >. [sin(2ka/11) —icos(2k7/11)] is 


(A) 1 (B) -1 (C)i (D) -i 


. If z is a complex number and n is a positive integer 


satisfying the equation (1+ z)"=(1- z)", then z lies on 
(A) the line x =0 (B) the line x = 1/2 
(C) the line y=0 (D) the line x =-1/2 


. Let a and b be complex numbers representing the 


points A and B, respectively, in the complex plane. If 
(a/b) + (b/a) = 1 and O is the origin, then AOAB is 


(A) right angled 
(B) obtuse angled 


(B) right-angled isosceles 
(D) equilateral 


. The complex numbers z,, z,, z, and z, represent the 


vertices of a parallelogram in this order, if 

(A) 4+ %=%+% (B) 4+ %=4+% 

(D) {t%& _ a4t%& 
2% 224 


(C) A+ %4=%4+% 


. The area of the region in the complex plane satisfying 


the inequality 


|z-2|+5 
108 .os(n16) pass <2 


is 


(A) 4 (B) 8 (C) 12” (D) 157 


. If zis a non-zero complex number, then the equation 


2+\|z\z+|z|?=0 has 


(A) only two roots 
(C) no roots 


(B) only four roots 
(D) infinite number of roots 


8. In AABC, origin is the circumcenter, H is the ortho- 
center and D is the midpoint of the side BC. If P is 
any point on the circumcircle other than the vertices 
and T is the midpoint of PH, then the angle between 
AP and DT is 


(A) 7/4 (B) 2/3 (C) 2/6 (D) 7/2 

9. The number of solutions of the equation z(z—2i)= 
2(2 + i) is 
(A)4 (B) 3 (C) 2 (D) 0 


10. If0<a,b<1,z,=a+iand z,=1+ ib andifthe origin, 


z, and z, represent the vertices of an equilateral 
triangle, then 


iWeb sas 


; (B) a=2-V3=b 


11. If |z+1)=|z—-1| and arg(z—1)/(z+ 1)=2/4, then z 


is equal to 
(A) (V2 +1) +i (B) 1+ iv2 
(C) (1+ V2)i (D) (V2 - i 


12. If z=(1-f) + iff +t+2,where ris areal parameter, 


then z lies on the curve 
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13 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


zisacomplex number and z # i. If arg(z + i)/(z—-i) = 
z/2, then z lies on the curve 


(A) ¢+y=1 
(C) xy=1 


(B) x-y=1 
(D) y=x+1 


If z, and z, are complex nth roots of unity which sub- 
tend right angle at the origin, then 7 must be of the form 


(A) 4K +1 (B) 4K +2 
(C) 4K +3 (D) 4K 


Gm + aps (sin 2) jcos( zat) - 


(A) 4(1 -i) (B) 12(1 +i) 
(C) 12(1 - i) (D) 48(1 — i) 


The complex slope (see “Quick Look 6”) of the line 
joining the two points 1 —i and 2 — 5iis 


1-41 1+4i 
(A) 1441 (B) 1-4i 
142i 1-21 
©) 1-2i (D) 14+ 27 


If|z—i|<2 and z,=5+ 3i, then the maximum value 
of | z, + iz| is 


(A)7 (B) V7 (C)5 (D)9 
If w # 1lisacube root of unity, x =a+b, y=aw+ bw” 


and z=aw’ + bw, then x°+ y+ z’ is equal to 
(A)3ab (B)O.— (C)3a°B?—s (D) (a +.B’) 


If a, b and c are integers not all simultaneously equal 
and w #1 is acube root of unity, then the minimum 
value of |a + bw + cw’ | is 


(A) 0 (B) 1 (C) ¥3/2  (D)12 
The center and the radius of the zz + (2 — 3i)z + (2+ 3i) 
z+4=Oare 

(A) -2 -3i, 3 (B) 2 -3i,3 

(C) 243i,3 (D) -2 + 3i,3 


Multiple Correct Choice Type Questions 


In this section, each question has 4 choices (A),(B),(C),and 
(D) for its answer, out of which one or more is/are correct. 


1. Let z=1+cos(10z/9) + isin(107/9). Then 


(id= 2eos{ | 


(©) |z|= 2e0s{ | 


8x 
B) arg z= — 
5 (B) argz F 


5 
(D) argz= a 


21. 


22. 


23. 


24. 


25. 


The distance of the point z, from the line az + az + b 
=0 (bis real) is 
(A) ed (B) “act 
2a 2a 
(C) caeiaad (D) ed 
a a 


Let a, b be non-zero complex numbers and z,, z, be 

the roots of the equation z* + az + b =0. If there exists 

A>4 such that a’ = Ab, then the points z,, z, and the 

origin 

(A) form an equilateral triangle 

(B) form a right-angled triangle, right angled at the 
origin 

(C) are collinear 


(D) form an obtuse-angled triangle 


If (w—wWz)/(1—z) is purely real, where w=a@ + iB 
and z #1, then the set of values of z is 

(A) {z:|zl= J (B) {z:z=Z} 

(Cy igiz | (D) {z:|z|=landz¥]} 


If z,,z,and z, are distinct complex numbers such 
that |z,|=|z,|=|z|=1 and 
4,2, % 


+ + =-1 
43 34 4% 


then the value of |z,+ z,+ z,| can be 


(A) 1/2 (B) 3 (C) 3/2 (D) 2 


If z,, z,and z, are the vertices of a right-angled isos- 
celes triangle described in counter clock sense and 
right angled at z,, then (z, — z,)’ is equal to 

(A) a= %3)(Z5— %) (B) 2(z,- %3 )(Z5— %) 

(C) 3(4,- % (3-4) (D) 3(z- 4 )(@- Z) 


2. If z=-(1+ 2), then 


(A) argz= = 


52 
B =— 
ri (B) argz 4 


(C) Arge= =" (D) |z|=V2 


3. If z,, z,and z, are the vertices of an equilateral triangle 


described in counterclock sense and w # 1 is a cube root 
of unity, then 


(A) 4- %=(&- %)w 

(B) z+zw+zw=0 

(C) sgh ag li 
174 ]7-& 47% 

(D) A om A + q FHZOtrZBt BY 


4. Let z,=1+i, z,=-1-i and z, be complex numbers 
such that z,,z,and z, form an equilateral triangle. 
Then z, is equal to 


(A) V3(1 +i) 
(C) V3G-1) 


(B) V3(1-3) 
(D) V3(-1-) 


5. If cos~+cosB+cosy =0=sina+sinB+siny, then 
(A) cos(2a) + cos(2B) + cos(2y) = 0 
(B) sin(3a) + sin(3B) + sin(3y) = 3sin(a+ B+ 7) 
(C) cos(3@) + cos(3B) + cos(3y) = 3cos(a + B+ 7) 
(D) sin(2a@) + sin(28) + sin(2y) =0 


6. Leta>Oand|z+ (1/z)| =a(z # 0isacomplex number). 
Then the maximum and minimum values of | z| are 


(A) at+Ja+4 (B) 2a+Ja+4 
2 2 

(C) Ja+4-a (D) ja +4-—2a 
2 2 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and (D), 
while those in Column IJ are labeled as (p), (q), (x), (s) 
and (t). Any given statement in Column I can have cor- 
rect matching with one or more statements in Column I. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 


Example: If the correct matches are (A) —(p), (s); 
(B) > (q), (8), (0; (C) > @); (D) > ©), (W); that is if the 
matches are (A) > (p) and (s); (B) > (q), (s) and (t); 
(C) > (4); and (D) > (), (t); then the correct darkening 
of bubbles will look as follows: 


oo © fs 
SS 


Exercises [ii Weys} 


7. ABCD is a rhombus. Its diagonals AC and BD inter- 


sect at M and satisfy BD = 2AC. If the points D and 
M are represented by the complex numbers 1 +7 and 
2 —i, respectively, then A is represented by 


(A)3-i/2 (B)3+#2 (C)1+3i/2 (D)1-3i/2 


8. If the vertices of a square described in counter clock 


sense are represented by the complex numbers 2Z,, z,, 
z,and z,, then 


(A) z= x(l4 i)z,+ stl i)Z; 
(B) z= x(l- dat 5(4 i)z; 
(C) z= s(i- 1)z,+ s(l4 i)Z, 


(D) z= (i +1)z+ (1 —i)z 


9. Let p and q be positive integers having no positive 


common divisors except unity. Let z,, Z,,..., Z, be the 
q values of 2’, where z is a fixed complex number. Then 
the product z,z,--- Z, is equal to 

(A) z’, if g is odd 
(C) 2’, if q is even 


(B) —z’, if g is even 
(D) —z’, if g is odd 


. In Column I equations are given and in Column II the 
number of ordered pairs (x, y) satisfying the equations 
are given. Match them assuming that x and y are real 
numbers. 


Column I Column IT 
(A) (x + 2y) + i(2x - 3y)=5-4i (p) 1 
(B) (x + iy) + (7-Si)=9 + 4i (q)2 
(r) 3 
(C) xe - y-i(2x + y)=2i - 


(D) (2 + 3i)x’-(3-2i)y=2x-3y+5i  (t) 0 
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2. Match the items in Column I with those in Column II. 


Column I Column I 
(A) The number of values of 6€ (—7, 2) 
for which 3+ 2/Sin@ i, purely real is (p)2 
1- 2isind 
(B) The number of values of 0€ (—7, 7) 
for which 3+ 2/8in@ j, purely (q) 3 
1—2isind 
imaginary is 
(C) The number of solutions of the (r) 4 
equation 
(x*+ 2xi) — (3x° + iy) 
=(1+ 2yi)+ (3 -5i) (s) 0 


where x and y are positive real is 


(D) The number of complex numbers z(t) 1 
such that Z = iz’ is 


3. In Column I equations which are satisfied by complex 
number z are given. In Column II curves represented 


Comprehension-Type Questions 


1. Passage: If z,, z, and z, are three complex numbers 
representing the points A, B and C, respectively, in the 
Argands plane and ZBAC =a, then 


&3— rar 
47% 


AC i 
= (45) (cosa + ising) 
AB 


Answer the following three questions. 


(i) The four points 2 + 7,4+ 1,4 +3iand 2 + 3irepre- 
sent the vertices of 


(A) Square 
(B) Rhombus but not a square 
(C) Rectangle but not a square 


(D) Trapezium which is not rhombus/square/ 
rectangle 


(ii) The roots of the equation z’— 1=0 represent the 
vertices of 


(A) An obtuse-angled triangle 
(B) Isosceles but not an equilateral triangle 
(C) Equilateral triangle 
(D) Right-angled isosceles triangle 
(iii) If the roots of the equation 


2+ 3a,z + 3az+a,=0 


by equations with real coefficients are given. Match 
the items in Column I with those in Column II. 


Column I Column IT 
(A) If Re( 2*t)-2, thenz (p)4x°+4y+x- 
_. 6y+2=20 


lies on the curve 


(B) z,=6+i,z,=4-3i and z 


: (q) x+y +4y+3=0 
is acomplex number such 


Z-%)_ 4% : 
that are = |= 3° (r) 3(x°+ y’)-2x-4y 
then z lies on =0 
2z+1 a <3 
(C) If Im — |= 2,then z (s)x+y —x+2y-1=0 
1+iz 
lies on 
2z-1 é 2 2 
(D) If ; =1,thenzlieson (t) (x-5)'+ (y+1) =5 
Z+ 


represent the vertices of an equilateral triangle, then 
(A) a =a, (B) a =a, 
(C) q=aa, (D) a =a, 


2. Passage: Let X, Y and Z be the three sets of complex 


numbers defined as follows: 
X ={z:Im(z) 21} 
Y ={z:|z-2-i|=3} 
Z ={z: Re(z(1—1)) = V2} 


Answer the following questions. 
(i) The number of elements in the set XN YO Z is 
(A) 0 (B) 1 (C)3 (D) Infinite 
(ii) Let z be any point in XX YZ. Then|z +1 -i|*+ 
|z-5-—i| lies between 
(A) 25 and 29 (B) 30 and 34 
(C) 35 and 39 (D) 40 and 44 


(iii) Let z be any point in XN YZ and w be any 
point satisfying | w — 2 —i|<3.Then|z|—|w|+3 
lies between 
(A) -6 and 3 
(C) -6 and 6 


(B) -3 and 6 
(D) -3 and 9 


Assertion-Reasoning Type Questions 


In each of the following, two statements, I and II, are 
given and one of the following four alternatives has to 
be chosen. 


(A) Both I and II are correct and II is a correct reason- 
ing for I. 

(B) Both I and IJ are correct but II is not a correct 
reasoning for I. 

(C) Lis true, but II is not true. 

(D) Lis not true, but II is true. 


1. Statement I: If p, and p, are distinct prime 
numbers and a complex number a@#1 satisfies 
the equation 2"*?—7%—7?+1=0, then either 
L+at+ort--+a"=0 or 1404+ 4-40" '=0 
but not both. 


Statement I: For any two distinct prime numbers 
P, and p,, the two equations z”—1=QOand z”—1=0 
cannot have common roots other than unity. 


2. Statement I: If wis a complex number satisfying the 
equation (z + 1)*°=z*, then Re(z) =-1. 


Statement Ik If z, and z, are fixed complex numbers 
and zis any complex number such that |z — z,|=|z — z|, 
then z lies on the perpendicular bisector the segment 
joining Z, and z,. 


3. Let 

3 x° 
a=1+—+—+:+++0 

3 [6 

Xx x! x! 
b=—+—+— +--+ 0 

Oa ema 

x e x 
=— + +— +++ +0, 

25 8 


Statement I: a+ b°+ C- 3abc =1. 


Statement II: a+ b°+c’— 3abc =(a+b+c)(atbw+cw’), 
(a + bw’ + cw) where w # 1 is a cube root of unity. 


4. Statement I: Let /z+/z+m=0 be a line in the 
complex plane, where /#0 is a complex number and 
mis a real number. If two points z, and z, are reflec- 
tions of each other in the line, then /z,+ 1Z,+m=0. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 


Statement II: Equation of the perpendicular bisec- 
tor of the segment joining two points z, and z, in the 
complex plane is z(Z,- Z,) + Z(z,- %) -Z%%+%5=0. 


5. Statement I: Ifa, b,c and u,v, w are complex numbers 
representing the vertices of two triangles such that 
c=(1-y)a+ybandw=(1-y)u+yv, then the two 
triangles are similar. 


Statement II: Complex numbers z,, z,, z, and z/, Z), Z 
represent the vertices of directly similar triangles if 
and only if the determinant 


4 | 1 
% Z% W=0 
2 iy, «ll 


6. Statement I: If a and f are fixed complex numbers, 
then the equation |(z — @)/(z — B)| = K(# 1) represents 
a circle whose radius and center are K |a@— f\/|1 — K’| 
and (a@— K’ B)/(1 — K’). 


Statement II: If a is a non-zero complex number 
and b is real such that |a|’>b, then the equation 
zz + az +az+b=0 represents a circle with center at 


—a and radius ./aa — b. 


7. Statement I: Let A, B and C be vertices of a triangle 
described in counter clock sense and, respectively, be 
represented by z,, z, and z,. Then the area of AABC is 
lIm(Z,z + 2+ By )2|. 


Statement II: The area of AABC is equal to the 
absolute value of the number 


(4 % 1 

i 7 
i re) % 1 
% % 1 


example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2, 4, 6 are to be darkened. 
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. The number of common roots of the equations 


xx t+ x°-1=O0andx'-1=0is_ 


. The quadratic equation z° + (a+ ib)z + (c+ id) =0 (a, 


b,c, d) are real and (bd # 0) has equal roots. Then the 
value of ab/d is 


. If the equation z* + (a+ ib)z + (c+ id) =0 (a, b, c, d) 


are real and (bd #0) has real root, where k is real, 
then d’ — abd + bc is equal to ___. 


If z, and z, are complex numbers such that | z,| # 1 and 
(qj — 2z,)/(2 — %%)|=1, then |z,|is equal to 


10. 


. If z,/z, is pure imaginary and a and D are non-zero real 


numbers, then |(az,+ bz,)/(az,— bz,)| is equal to 


. If the points 1 + 2i and —-1 + 47 are real reflections of 


each other in the line z(1+7)+ z(1-i)+ K =0, then 
the value of K is 


. If the straight lines a,z + a,z + b, = O(i = 1,2, 3), where 


b, are real, are concurrent, then »b,(a,a,—@a,) is 
equal to 


. Thenumber of points zin the complex plane satisfying 


both the equations |z— 4 — 8i|= V10 and |z — 3 - 5ij+ 
\z—5-11i|=4V5 is 


. If z=x+iy satisfies the equation 7+Z=2 then 


x° — y’= K, where K is 


If the area of a triangle with vertices Z,, Z, and Z, is 
the absolute value of the number 


Z, 2, 1 
AZ, Ze 1 
Zz. 2. 4 


then the value of 1/A is equal to 


ANSWERS 


Single Correct Choice Type Questions 


(B) 
(C) 
(A) 
(D) 
(B) 
(D) 
(D) 
(D) 
(C) 
- (B) 
- (C) 
- (C) 
- (A) 


Multiple Correct Choice Type Questions 


ahwWhD = 


- (C),(D) 

- (B), (C), (D) 

- (A), (B), (©), (D) 
- (B), (C) 

- (A), (B), (©), (D) 


14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
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(D) 
(D) 
(A) 
(A) 
(D) 
(B) 
(A) 
(A) 
(C) 
(D) 
(D) 
(B) 


- (A), (C) 
- (A), (D) 
- (A), (B) 
- (A), (B) 


Matrix-Match Type Questions 


1.(A)>@), (B)>-@), ()>-@, ()-@) 
2 (A)>(t), (Bem, ©O-W®, M-® 


Comprehension-Type Questions 

1. (i) (A); (li) (C);_ (iii) (B) 
Assertion—Reasoning Type Questions 
4. (A) 


2 
3. (A) 
4 


Integer Answer Type Questions 
2 


2 
0 
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o 0 eS 


- (i) (B); 
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-(A)>@), (B)> 0), 


(ii) (C); (iii) (D) 


Answers |iyfey/ 


(C) => (p), 


(D) > (1) 


Quadratic Equations 
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4.1 Quadratic Expressions 
and Equations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


A polynomial equation of 
the second degree having 
the general form 


ax’ +bx+c=0 


is called a quadratic equation. 
Here x represents a variable, 
and a, b, and c, constants, 
with a 4 0.The constants a, b, 
and c are called, respectively, 
the quadratic coefficient, the 
linear coefficient and the 
constant term or the free 
term. 

The term “quadratic” comes 
from quadratus, which is the 
Latin word for “square”. 
Quadratic equations can be 
solved byfactoring,completing 
the square, graphing, Newton’s 
method, and using the 
quadratic formula (explained 
in the chapter). 
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In this chapter, we will discuss quadratic expressions and equations along with their roots. Numerous examples and 
worked-out problems would help the readers understand the concepts. Exercises at the end of the chapters would help 
evaluate your understanding. 


4.1 | Quadratic Expressions and Equations 


In this section, we discuss quadratic expressions and equations and their roots. Also, we derive various properties 
of the roots of quadratic equations and their relationships with the coefficients. 


DEFINITION 4.1 A polynomial of the form ax + bx +c, where a, b and c are real or complex numbers and 
a#0, is called a quadratic expression in the variable x. In other words, a polynomial f(x) 
of degree two over the set of complex numbers is called a quadratic expression. We often 
write f(x) =ax’ + bx +c to denote a quadratic expression and this is known as the standard 
form. In this case, a and b are called the coefficients of x° and x, respectively, and c is called 
the constant term. The term ax’ is called the quadratic term and bx is called the linear term. 


DEFINITION 4.2 If f(x)=ax°+bx+c is a quadratic expression and @ is a complex number, then we write 
f(a) for ao’ + ba +c. If f(a) =0, then ais called a zero of the quadratic expression f(x). 


Examples 


(1) Let f(x) =x° — 5x -—6.Then f(x) is a quadraticexpres- (3) Let f(x) =2x°—ix+1 be a quadratic expression. In 
sion and 6 and -1 are zeros of f(x). this case i and —i/2 are zeros of f(x). 


(2) Let f(x) =x° + 1.Then f(x) is a quadratic expression (4) The expression x° +x is a quadratic expression and 
and i and -i are zeros of f(x). 0 and -1 are zeros of x” + x. 


DEFINITION 4.3 If f(x) is a quadratic expression, then f(x) =0 is called a quadratic equation. If a is a zero 
of f(x), then @ is called a root or a solution of the quadratic equation f(x) =0. In other 
words, if f(x) = ax’ + bx + c,a #0, then a complex number @ is said to be a root or a solution 
of f(x) =0, if aa’ + ba+c=0. The zeros of the quadratic expression f(x) are same as the roots 
or solutions of the quadratic equation f(x) =0. Note that ais a zero of f(x) if and only if x - 
is a factor of f(x). 


Examples 
(1) 0 and -iare the roots of x* + ix =0. (3) iand -iare the roots of x» +1=0. 
(2) 2 is the only root of x°-4x+4=0. (4) iis the only root of x — 2ix-1=0. 


THEOREM 4.1) Let f(x)=ax°+bx+c be a quadratic expression. Then the roots of the quadratic equation 


f(x) =0 are 
-b+.J/b’ —4ac 
2a 
that is, 


—b+./b’— 4ac cer —b—./b’ — 4ac 


2a 2a 


ProoF| First note that for f(x) =ax’ + bx +c to be a quadratic equation, it is necessary that a #0. Let a 
be any complex number. Then 
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a@ is a root of f(x) =0 @ ao’ + ba+c=0 


© 4a(ao’ + ba +c) =0 
© (2aa + bY — b’ + 4ac =0 


© (2aa + bY = b’ — 4ac 
& 2aa+b=+./b’- 4ac 
—b+./b’ — 4ac 


2a a 


ea= 


Note that, in the above, ,/b’— 4ac denotes a square root of b’ — 4ac; that is, it is a complex number f such that 
B’ =b’ - 4ac. From the above theorem, it follows that any quadratic equation has two roots, which are not neces- 
sarily distinct. This is demonstrated in the examples described before. In the following some more examples are 


considered. 


Examples 


(1) Consider the quadratic equation f(x) =x°+x+1=0. 
Comparing with the standard form ax° + bx +c, we 
have a=1=b=c. Therefore, the roots of the given 
equation are 


-btJh-4ac -14JP-4x1x1_ -14i3 
2a 7 7 


2x1 2 


Recall from the previous chapter that these are 
precisely the cube roots of unity other than the unity. 


(2) The roots of the quadratic equation x* + 4ix- 4=0 
are 


—4i + |(4iY - (4-4) x 1) _ —4i+ J-16 +16 
2x1 7 2 


—2i is a repeated root or a double root of the given 


(3) Consider the equation 3x° + 2x +1=0. The roots of 
this equation are 


—2+,(2P-4x3x1 1 
2 (ei 
2x3 36 iv2) 


(4) Consider the equation J3(x’ + 2) +10(x— V3) =0. 
To find its roots, we have to first transform this into 
the standard form ax’ + bx + c=0. We thus obtain 


V3(x + 2) + 10(x — V3) = V3x? + 10x -8V3 


Therefore, the roots of the given equation are 


-10+ (oy - 4V3(-8V3) _-10414_ 2 
2/3 23 3” 


equation. 


DEFINITION 4.4 Let f(x)=ax’ + bx+c,a#0. Then the discriminant of the quadratic expression f(x) or the 
quadratic equation f(x) =0 is defined as b’ — 4ac and is denoted by A[f(x)] or simply A. 


It is evident that the roots of a quadratic equation f(x) =0 are real or imaginary according as the discriminant of 
f(x) is non-negative or negative, respectively. In the following we list the various natures of roots of a quadratic equa- 
tion which mainly depend on the nature of the discriminant. The proof of the following theorem is a straight-forward 


verification. 


THEOREM 4.2 


Let a and B be the roots of the quadratic equation f(x) = ax’ + bx +c =0, where a, b and c are 


real or complex numbers and a #0. Let A be the discriminant of f(x), that is, A=b° — 4ac. Then 


the following hold good: 


1. a=BSA=0(ie., b’ = 4ac), and in this case 


os 
2a 


B 
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2. If a, b and c are real numbers, then 


(i) A>0 @ aand B are real numbers and a + B. 


(ii) A<0 << qand B are non-real complex numbers which are conjugate to each other. 


PROOF 


Examples 


(1) The equation x° + 5x + 7=0 has no real roots, since 
the discriminant (5) - 4x 7x1=-3<0. 


(2) Suppose that we wish to find the value of k such that 
the equation x° + 2(k + 2)x + 9k =0 has equal roots. 
The discriminant is given by 


A=D'— 4ac =[2(k + 2)P-4x1x 9k 
= 4k’ + 16k + 16 — 36k 


= 4k’? —20k +16 


Since the roots are equal, therefore the discriminant 
should be zero, that is 


A=0eK-5k+4=0 


parE VS) -4 x14 


2 


i) 


543 


ok=—=4 or 1 
2 


THEOREM 4.3 


ee; and ap =< 
a 


ProoF| The values of a and f are given by 


The proof is left as an exercise for the readers. o 


(3) If a, b and c are rational numbers, then the roots of 
the equation 


x —2axt+a—b'+2be-c =0 
are also rational, for the discriminant is given by 
A=(-2ay -4x1x(a@ —b’ + 2be-c’) 
=4d — 4a’ + 4b’ - 8bce + 4° 
=4b°-8bce+ 4c 
=4(b-cy 


Since b and ¢ are rational numbers, (b—c)’ is a 
non-negative rational number and hence A 2 0,so that 
the given equation has real roots. Also, the roots are 


~(-2a) + V4(b= cy AOD galid 


2 


which are rational numbers, since a, b and c are so. 


Let a and B be the roots of the quadratic equation ax’ + bx +c =0. Then 


a 


2a 
and hence 
—b+./b’ — 4ac b b’-4ac —b 
a+ B= + = 
2a 2a a 
sith 8 —b+.Jb’ — 4ac ’ b-b’-4ac b’-(b’-4ac) 
ab = - = 
2a 2a 4a’ a | 


Also, we can write down a quadratic equation if the roots are known. In other words, if @ and f are any given 
complex numbers, then a(x — ~)(x — B)=alx + (-a—B)x + aB]=0 is a quadratic equation whose roots are a and B, 
where a is an arbitrary non-zero real or complex number. This can also be verified by observing 


b Cc 
ax+bx+c=alxt+—x4+— 
a a 


=a(x’-(a+ B)x + aB) 
= a(x — a)(x— B) 
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If the coefficient of x* in a quadratic equation is unity 

(i.e., 1), then 

1. The sum of the roots is equal to the coefficient of x 
with its sign changed; that is, a + B + b=0, where b 
is the coefficient of x. 


2. The product of the roots is equal to the constant term. 


3. The equation can be written as (x —a@)(x — B)=0, 
where a@ and f are the roots. 


Example 4.1 | 


Find the quadratic equation whose roots are 2 and -i. 


Solution: The required quadratic expression is 


(x — 2)[x —(-i)] = (x -2)(x +) =x + (i-2)x -2i 


Hence the equation is x° + (i— 2)x — 2i=0. 


Example | 4.2 | 


Find the quadratic equation whose roots are 1+i and 
1 —iand in which the coefficient of x’ is 3. 


Solution: The required quadratic expression is 


3[x-(1+)](x-A-1)) =3[( -1-d)[@-H+i] 
=3[(x 1+ 1] 
=3x-6x+6 


Hence the equation is 3x* — 6x + 6 =0. 


Example Ea 


If w and B are roots of the quadratic equation ax’ + bx + 
c=0 and z is any complex number, then find the quadratic 
equation whose roots are za and zf. 


Solution: We have 


apes! and op =~ 
a 


a 


The equation whose roots are za and zf is 


0 =(x — za)(x - zB) 
=x —(za+ zB)x + za x zB 


=x + gq-(a + B))x+ oP 
= 242) ae 


ax’ +zbx+27c=0 


that is, 
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If a and B are the roots of a quadratic equation 
ax’ + bx +c =0, then find the quadratic equation whose 
roots are ~@ + zand $+ z, where z is any given complex 
number. 


Solution: We have 


(+2) +(B+2)= (a+ B)+2z=— +22 


and (+ 2)-(B+2)= 0B +(a+ Bet 2-2-2242 


Therefore, the required equation is 
O=al[x—(@+z)]x[x-(B +2)] 


=ax +a[-(a+ z)—(B + z)]x + a(a + z)(B +z) 


~ar+a{2-22)x+0{£-2247] 
a a a 
= ax’ + (b—2az)x + (c—bz+az’) 


Therefore, the quadratic equation whose roots are &@ + Z 
and B +z is 


ax’ + (b-2az)x +(c—bz+az)=0 


Example | 45 | 


Let a and B be the roots of a quadratic equation 
ax’ + bx +c=0 and p and q be any complex numbers. 


Then find the quadratic equation whose roots are pa + q 
and pB + q. 
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Solution: Consider, Therefore, the required equation is 
b —pb ? 
(pa + q) + (pB +4) = p(a+ B)+2qg=-*~ +2 o-(Pv2g)s+[2 E Pa + @|=0 
a a a 
and = (pa+q)-(pB + 4)=p oB+ pq(at B)+¢ ax’ + (pb — 2aq)x + (pc — pqb+ ¢a)=0 
2, 
fe 2a). 2 
a a 
Example 4.6 | 
If a and B are roots of the quadratic equation F ( 1 I | 1 1 a 
an =—=—= 
ax'+bx+c=0 and c#0 aNB) of cla 
find the quadratic equation whose roots are 1/a and 1/8. — Therefore, the required equation is 
Solution: First, let us observe that a #0 and B #0, as a r= (=) rece) 
and Bare roots of ax’ + bx’ +c =0 and c ¥ 0. Now, consider c € 
1 1_a+B _-bla__b That is, 
a B ap cla c cx’ + bx +a=0 


The results obtained in the examples given above are summarized in the following and the reader can easily 
supplement formal proofs of these. 


Let f(x) =ax’ + bx +c=0 beaquadratic equationand 3. f(—x)=0 is an equation whose roots are —@ and —f. 


a and B be its roots. Then the following hold good. 4. If oB #0 andc #0, f(1/x) = 0 is an equation whose 
1. f(x — z) =0 is an equation whose roots are a@ + z and roots are 1/a and 1/B. 
B +z, for any given complex number z. 5. For any complex numbers z, and z, with z, #0, 
2. f(x/z)=0 is an equation whose roots are za and zB f[(x-~z)/z,]=0 is an equation whose roots are 
for any non-zero complex number z. Za+z, and zB + z, 


Note: If ax’ + bx + c=0 is a quadratic equation, then for any non-zero complex number d, the equation 
dax’ + dbx + dc=0 


has the same roots as ax’ + bx + c = 0. Therefore, given a and B, the quadratic equation whose roots are @ and B is not 
unique. However any two such equations are equivalent in the sense that their coefficients are proportional. 


THEOREM 4.4) Two quadratic equations 
ax’+bx+c=0 and a’x’+b’x+c’=0 


have same roots if and only if the triples (a, b,c) and (a’, b’,c’) are proportional and, in this case, 
a 
ax’ + bx+c=—(a'x + b’'x +c’) 
a 


ProoF| Suppose that @ and B are the roots of ax’ + bx +c =O and a’x’ + b’x + c’=0 simultaneously. Then 
by Theorem 4.3 we have 
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Now 


(a, b,c) = oft u : <) = oft ia : “| 7 2 (a’, b’,c’) 
aa a’ a a 
Therefore, (a, b,c) and (a’, b’, c’) are proportional and 
ax’ +bx+c= <a? + b’x+c’) 
a 


Conversely, suppose that (a, b,c) and (a’, b’, c’) are proportional. Then, there is non-zero d such that 
(a, b, c) = d(a’, b’,c’) 
and hence ax’ + bx +c =d(a’x’ + b’x +c’). Therefore, for any complex number a, 
aoe’ +ba+c=0edaa+b’a+c’=0 i 


Example 


The quadratic equations 2x° + 3x +1=0 and 6x° + 9x + 3=0 have same roots since 3(2, 3, 1) = (6, 9, 3). 


Example | 4.7 | 


Let wand Bf be the roots of the quadratic equation —b-—2c ( b 2] 
= =-| —+ 
ar+bx+c=0, c#0 c c 
Find the quadratic equation whose roots are Also 
io 1-8 (3 “(2 py 2 (a+ B)+ of 
— and — 
a B a B oB 
Solution: We have _ 1+ (b/a) + (c/a) 
cla 
—b c 
a+B=— and oB=— a+b+c 
a a = ——___ 
c 
Now, consider . . 
Therefore, the quadratic equation whose roots are (1 — o)/a 
l-a@ 1-8 _ BO-a)+a(—-B) and (1- f)/f is 
" ; i x -|- Be ere 5 
_ (a + B) - 208 c co! 
ap 5 
cx’ + (b+ 2c)x+(a+b+c)=0 
_ (-bla) — 2(c/a) 
cla 
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If a and B are the roots of the quadratic equation (i) of + B =(a+ BY —208 
ax’ + bx +c =0, then evaluate the following: 


(i) of + B (ii) @ + B (iii) a* + B* -( =) 2{<|- 20 2ac) 


Solution: We know that (ii) a + B =(a+ BY — 30B(a + B) 


a+ p= and op =~ -( Al 3(£][ 2) = = Gabe b) 


a a 
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(iii) a+ B'=(a" + BY — 20° Bt 


= = (b 2a) 2(£) 


= Le 2acy — 2c’a°] 
a 
1 4 Ds pads 2: 
=—[D' + 2c’a’ - 4ab‘c] 
a 


Example | 4.9 | 


Find the quadratic equation whose roots are a and B, 
where a + B=1and oa’ + B =13. 
Solution: We have 


of = =[(c+ By ~ (0? + B)]= 51-13) =-6 


Therefore, the required equation is 


0=x-(a+ B)x+aB=x —x-6 


Certain polynomial equations of degree greater than two can be reduced to quadratic equations by suitable substitutions. 


These are demonstrated in the following examples. 


Example | 4.10 | 


Find the solutions of the equation 
x'—4x°-5=0 
Solution: Put y=x*.Then the given equation is reduced to 
y -4y-5=0 
(y—5)(y+D=0 


This gives y= 5, —1. Therefore 
x =5,-1 
x=t+J5,+i 


Hence 5 : aa5, , 1 and —i are the solutions of the given 
equation. 


Example aay 


Solve the equation x* — 3x° + 2x°-3x+1=0. 


Solution: Since zero is not a solution of this equation, 
we can divide both sides of the equation by x’ and get 
an equation whose roots are same as that of the given 
equation. That is 


vr -3x+2 fei 


1 
+ -ax+2)+2=0 
x x 
Putting y= x + (1/x), we get 
(y -2)-3y+2=0 


y —3y=0 


This gives y= 0,3. When y =0, we have 


x+ 1 957 Sosqaes 
x 
When y = 3, we have 


Pe eee ee 
x 


ME: V(-3" - 4 325 


2 2 


Thus i, — i, (3 + V5)/2 and (3 — V5)/2 are the solutions of 
the given equation. 


>xXx 


Example | 4.12 | 


Solve x°*° + 3x"? —4=0. 


Solution: By substituting y= x'”, the given equation 
reduces to a quadratic equation given by 


y +3y-4=0 
(y+ 4)(y-D=0 
y=l1 or -4 


Now 
yeloe’=lSe7es1 


y=-45 x =-45 x=(-4Y =-1024 
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Therefore —1024 and 1 are the solutions of the given 
equation. 


Example EeER 


Solve 47+ 3-4*-4=0. 


Solution: Substituting y = 4", we get 
yt a 4=0 
y 
y -4y+3=0 
(y—3)(y-=0 
y=3 or 1 


Now 


y=l>4=1>x=0 


y=3 54 =3> x=log,3 


Therefore 0 and log,3 are the solutions of the given 
equation. 


Example | 4.14 | 


Solve the following: 


x 1l-x 13 
fe _ 
1-x x 6 


Solution: Substituting y for ,/x/(1- x), we get 


1 13 
+= 
y 6 
6y’—13y+6=0 
(2y —3)(3y—2)=0 
oo a 
aa 3 


Now 

Pe x 3 
ee | ea 
=> 4x =9(1- x) 

9 

>x=— 

13 
_2_, | * _2 
A ae a 
=> 9x =4(1- x) 

4 

>x=— 

13 


Therefore 9/13 and 4/13 are the solutions of the given 
equation. 


Example | 4.15 | 


Find all pairs of consecutive positive odd integers such 
that the sum of their squares is 290. 


Solution: Let x be a positive odd integer. Then x +2 
will be the next odd integer. We have to find all the value 
of x for which 


x +(x +2) = 290 
2x° + 4x — 286=0 


x +2x-143=0 
(x + 13)(x -11)=0 
x=-13 or x=11 


But x is given to be odd positive integer. Therefore 
x =1land x+2=13. Thus, (11, 13) is the unique pair of 
consecutive positive odd integers such that the sum of 
their squares is 290. 
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Example | 4.16 | 


Derive a necessary condition that one root of the Therefore 

quadratic equation ax’ + bx +c = 0,a #0 and c #0, ‘ 

is n times the other, where n is a positive integer. — —-b —b ese 
a(n + 1) a(n + 1) a 

Solution: Let a and na be roots of the equation ax* + 

bx +c =0. Then Simplifying the second equation we get nab* = (n + 1)’ 

ac. Now since a #0, nb’ =(n + 1/ ac. 


b Cc 
Qa+na=-— and a-na=— 
a a 


THEOREM 4.5) Ifa,bandcare real numbers and a #0, then (4ac — b’)/4a is the maximum or minimum value of 
quadratic equation of f(x) =ax° + bx +c according as a <0 or a>0, respectively. 


PrRooF| We have 


fa)ear+brecea[ e+ 2x2] 
a ea 


( 2) 4dac—-b ( 2) 4ac—b 
Ea xX+ + 5) =Salxt+ + 
2a 4a 2a 4a 


4ac—b 
4a 


If a<0, then 


fos -1(32) forall xe R 


Hence (4ac — b’)/4a is the maximum value of f(x). 


If a>0, then 
= 4dac-b 
(3) =““~" < f(x) forallxeR 
2a 4a 
Hence (4ac — b’)/4a is the minimum value of f(x). a 


1. If a, b and c are real numbers and a < 0, then 2. Ifa,b and c are real numbers and a> 0, then f(—b/2a) 


f(—b/2a) is the maximum value of f(x) = ax’ + bx +c. is the minimum value of f(x) = ax + bx +c. 
Examples 
(1) The maximum value of 2x — x’ +3 is (2) The minimum value of x + 3x +2 is 
2 2 
Bl ee tg mck ir pace re, ee ee 
2(-1) 2(-1) 2(1) 2(1) 4 2 4 


THEOREM 4.6) Let f(x)=ax’ + bx +c, where a, band c are real numbers and a #0. 


1. If wand B are real roots of f(x) =0 anda < B, then 
(i) f(x) and a will have the same sign for all real x <@orx>f. 
(ii) f(x) and a will have opposite sign for all real x such that a<x< B. 
2. If f(x)=0 has imaginary roots, then f(x) and a will have the same sign for all real x. 
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ProoF| 1. Itis given that f(x) =a(x — a)(x — B). Therefore 


POD (x —a)(x-B) 


(i) If x<a, then x< f also and hence x —a@ and x — B are both negative, so that f(x)/a>0. 
Similarly, if x > B, then x>q@ also and hence both x —a@ and x — B are positive, so that 
f(x)/a> 0. Therefore, in either case, f(x)/a is positive, and hence f(x) and a are either 
both positive or both negative. 

(ii) If a<x< B, then x-a@>0 and x—- B<0O and hence f(x)/a<0 which implies that one of 
f(x) and a are positive and the other is negative. 


2. Suppose that f(x) =0 has imaginary roots. Then b’ — 4ac <0 and 
2 _ pp 
AO _{s 4 , fac b 0 
a 


+ 
a 4a’ 


for all real x. Hence either both f(x) and a are positive or both are negative. O 


oe. QUICK LOOK 4 


Let f(x) =ax° + bx +c, where a,b and care real numbers and a # 0. Consider the graph of the curve y = ax’ + bx +c. 
Different cases considered in Theorem 4.6 are described next by means of the graph of y= ax’ + bx +c. 


1. 


2 
=ax°+bx+ce 
y y=ax*+bx+c 


B > x a B > x 
a<0 a>0 
f(x) <0 for all x ¢[a, B] f(x) >0 for all x ¢[a, B] 
f(x) >0 for all x € (a, B) f(x) <0 for all x € (a, B) 
2. 
y WY 
| \) y=ax?+bx+e 
> x > x 
= 2 
y=ax~+bx+c ee 
a<0 
f(x) =0 has no real roots f(x) =0 has no real roots 
Examples 
(1) 2x°-11x+15>0 for all x<5/2 orx>3 [by Theorem (2) —2x°+x+15<0 forall x<—S5/2 orx>3 and 2x7 +.x+ 
4.6 (1(i))] and 2x*-11x+15<0 for all 5/2<x<3 15 >0 for all —5/2 <x <3 since —(5/2) and 3 are roots 
[by Theorem 4.6 (1(ii))] since 5/2 and 3 are roots of of this quadratic expression in which the coefficient of 
this quadratic expression in which the coefficient of x x =-2<0. 


is2>0. 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. If the equations 
x +axt+1=0 and x°-x-a=0 


have a real common root, then the value of a is 


(A) 0 (B) 1 (Cja1 (D) 2 
Solution: Let abe areal common root. Then 
oe +aa+1=0 
o -a-a=0 
Therefore 


a(a+1)+(a+1)=0 
(a+1)(a+1)=0 
If a=—1, then the equations are same and also cannot 


have a real root. Therefore a+1+#0 and hence ~=-1, 
so that a=2. 


Answer: (D) 


2. If the roots of the equation x° + px + q=0 are cubes 
of the roots of the equations x° + mx +n=0, then 


(A) p=m'+3mn (B) p=m’—3mn 


mele) 


Solution: Let ao and B be the roots of the equation 
x° + mx + n= 0. Therefore 


(C) p+q=m 


a+ B=-m,ap=n 
Also since @ and B are the roots of the equation 
x°+mx+n=0, so that of and B° are the roots of the 
equation x° + px + q=0. Now, 

a+B=-p and a B=q 
We have 
—p=a+ PB 

= (a+ B)’— 30B(a + B) 

=—m —3n(-m) 
Therefore p =m’ —3mn. 

Answer: (B) 


3. If (x -5x+4)(y+y+1)<2y for all real numbers 
y then x belongs to the interval 


(A) 3.4) (B)GB,5) (©) (2,3) (BD) C12) 


Solution: Let m=x’-—5x+4. Then my +(m-2)y+ 
m<0O for all real y. Therefore, m<0O (by taking y=0) 
and (m—2) — 4m’ <0. Hence we have 


m<0 and 3m°+4m-—4>0 
=>m<0 and (3m-—2)(m+2)>0 
This gives m<—2 and so 
x —5x+6<05(x-2)(x-3)<0>x€ (2,3) 
Answer: (C) 
4. If pis prime number and both the roots of the equation 
x’ + px — (444) p = 0 are integers, then p is equal to 
(A) 2 (B) 3 (C) 31 (D) 37 
Solution: Suppose the roots of x° + px — (444)p =0 are 
integers. Then the discriminant 
p + 4(444)p = p{p + 4 x (444)} 


must be a perfect square. Therefore p divides p+4x 
(444). This implies 


p divides 4 x (444) = 2* x 3 x 37 
Therefore 
3 or 37 


If p=2 or 3 then p’ + 4(444)p is not a perfect square and 
when p = 37, it is a perfect square. Therefore, p = 37. 


Answer: (D) 


p=2 or 


5. Ifa,b and care distinct real numbers, then the number 
of real solutions of the equation 


(x-a)(x-—b) (x-b)(x-c) (x-c)(x 4) 4=0 

(c-—a)(c—b) (a-—b)(a-c) (b-c)(b-a) 

is 

(A)0 
Solution: 


(B)1 (C)2 (D) infinite 
Let p(x) =0 be the given equation. Then 
P(a) = p(b) = p(c) =2 
Since p(x) is a polynomial of degree 2 and a, b and c 


are distinct real numbers, it follows that p(x) = 2, that is 
p(x) =2 for all x. 


Answer: (A) 


6. The number of real solutions of the equation 


J+ 14-8 x—2 + [x +23- 10-2 =3 


is 


(A) 2 (B)4 (C)8 


The given equation is 
VQje—2 - 47 + (Qe —2 - 5) =3 
| fe-2 —4|+|fe-2 -5]=3 


(D) infinite 


Solution: 


Put x-2 —5=y. Then, the given equation becomes 
lyetlelyl=3 
Case 1: Suppose y > 0.Then y+ 1+ y=3ory=1.Therefore 
Jx-2-5=1>x=38 
Case 2: Suppose y <—1.Then y + 1 < 0. This implies 
-(yv+1)-y=3 or y=-2 
Hence 


4x-2-5=-2>5x=11 


Note that —-1<y<0O is impossible (for, otherwise, 3 = 
ly + 1] + |y|=y+1-—y). Thus, x = 38 or 11. 

Answer: (A) 
7. If a and 5 are roots of the equation (x +c)(x +d) —- 


k =0, then the roots of the equation(x — a)(x — b)+ 
k=O are 


(A) c,d (B)-c,-d  (C)-c,d (D) c, -d 


Solution: If a and b are roots of the equation (x+c) 
(x+d)-—k, then 


(x + c)(x + d)—-k =(x —a)(x — b) 
and hence 
(x -—a)(x-— b)+k =(x+c)(x+d) 
Therefore, —c, —d are the roots of (x —a)(x — b)+k=0. 
Answer: (B) 


8. The number of integer values of x satisfying 
(x+1)/>5x-1 and (x+1)<7x-3 
simultaneously is 
(A)1 (B) 2 (C)4 (D) 0 
Solution: The first inequality, 
(x+1)/ >5x-1>x-3x+2>0 
=> (x -1)(x-2)>0 
=>x<l or x>2 (4.1) 
The second inequality, 
(x+1P<7x-35x-5x+4<0 
=> (x-1)(x-4)<0 
=>1<x<4 (4.2) 


From Eggs. (4.1) and (4.2), we get 2<x<4 and that x is 
an integer. Therefore x = 3. 


Answer: (A) 


9. The minimum value of “a” for which the real values 
if x such that 


git af 3 = 53 of 5° 
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exist and are in arithmetic progression is 


(Note: p,q, 7 are said to be in arithmetic progression 
ifqg-p=r-q.) 
(A) -33/4 — (B) 33/4 (C) -12 (D) 12 


Solution: Put y=5'+5”%. Then 5y,a/2, y —2 are in 
AP. Therefore 


sy+°-2=2(2)=a 


This implies that y +5y—2-—a=0 has real solutions. 
Hence 


25+4(a+2)20 
az-— (4.3) 


Also, since (5? — 5" > 0, we get that 
ya 45722 
Therefore 
a=y+5y-2212 (4.4) 


From Eqs. (4.3) and (4.4), we get a 212. Therefore the 
minimum value of a is 12 and for this value of a, we have 


y +5y-14=0 
(y+ 7)(y-2)=0 
y=-7 or 2 


But y=5°+5“*>0. Therefore y= 2. This implies 


35? =o 
5*-2x5*+1=0 
(5*-1)'=0 

a St 

x=0 


Therefore the following are in arithmetic progression: 
545" = 10, 5 =6 and S*+57%=2 


Answer: (D) 


10. Let a, b be positive real numbers. If the equations 
x +ax+2b=0 and x + 2bx + a=0 have real roots, 
then minimum value of a+ b is 


(A) 4 (B) 6 (C)8 (D) 2 
Solution: We have 
x +ax+2b=Ohasrealroots>a>8b (4.5) 


x +2bx+a=Ohasrealroos>b°>a (4.6) 
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Therefore 
asb< (<) es 
8 4 
64<a or a>4 (4.7) 
Now, 
b>a and a>4>b>2 (4.8) 


From Eqs. (4.7) and (4.8), we have a + b 2 6 and, for 
values a=4 and b=2,the equations x + ax + 2b=(x +2/ 
and x° + 2bx +a=(x+2/ have real roots. 


Answer: (B) 


11. Let a,b,c and d be non-zero real numbers. If c and d 
are roots of the equation x° + ax + b=0 andaand b 
are roots of the equation x°+cx+d=0, then the 
value of -(a+ b+c+d) is 


(A) 1 (B) 2 (C)3 


Solution: Since c and d are roots of the equation 
x’ +ax+b=0, we have 


(D) 4 


c+d=-a and cd=b (4.9) 


Since a and b are roots of the equation x°+ cx + d=0, 
we have 


a+b=-c and ab=d 
From Eqs. (4.9) and (4.10) we have 


(4.10) 


a+b+c=O0=a+c+d 
and cd=b,ab=d 


We thus have b = d #0. Therefore a=c=1 and b=d=-2. 
Hence 


a+b+c+d=0+d=d=-2 
-(a+b+c+d)=2 
Answer: (B) 


12. If (a—1)(x° +x +1) — (at 1)(x* +x° +1) = Ohas distinct 
real roots, then 


(A) |al<2 (B) |al>2 
(C) lal =2 (D) ais nota real number 
Solution: Consider 


2 
Pexti-(x+3] +2>0 (for all real x) 


Therefore, the given equation can be written as 


(a-1)(x° +x +1)-(a4+1)( —x+1)=0 


[Note that (x? — x + 1)(x? + x +1) =x*+ x° +1]. Therefore, 
(x° + 1)[a-1-(a+1)]+ x(a—1+a+1)=0 
= -2(x* + 1) + 2ax =0 
=>x-ax+1=0 
This has distinct real roots if and only if a — 4 > 0, that 
is, |a| > 2. 
Answer: (B) 
13. Ifa,b,c and d are distinct positive real numbers such 
that a and b are the roots of x* - 10cx — 11d =0 and 


cand dare the roots of x’ — 10ax — 11b = 0, then the 


value of a+ b+c+d is 
(A) 1110 (B) 1010 (C) 1101 (D) 1210 


Solution: Since aand b are the roots of x’ — 10cx — 11d =0 


we have 
(i)a+b=10c and (ii) ab=-11d (4.11) 


Also since c and d are the roots of x° — 10ax — 11b = 0, 
we have 


(i)c+d=10a and (ii) cd=-11b 
Adding part (i) of Eqs. (4.11) and (4.12), we get 
at+b+c+d=10(at+c)>b+d=9%a+tc) (4.13) 
Multiplying part (ii) of Eqs. (4.11) and (4.12), we get 
abcd = 121 bd = ac = 121 (4.14) 


(4.12) 


Also, 
a —10ca—11d=0=c’-10ca—11b 
>a +c -—20ca-11(b+ d)=0 
From Eqs. (4.13) and (4.14), we have 
a +c —20(121) -99(a+c)=0 
(a+cy —2x121-—20x121-99(a+c)=0 
(a+c—121)(a+c+22)=0 
a+c=121 
or at+c=-—22 
Since a, c are positive, a + c #—22. Therefore a+ c= 121 
and 
at+b+c+d=(a+c)+9a+c)=1210 
Answer: (D) 


14. The sum of all the real roots of the equation 
|x—2/? +|x-2|-2=0 is 


(A)1 (B) 2 (C) 3 (D)4 


Try it out If we drop the condition that a, b, c and d are positive and assume that they are distinct non-zero 
real numbers, then also a+ b+ c+d value may be 1210 (Try!) 


Solution: 
Case 1: Suppose x 2 2. Then the equation becomes 


(x - 2% +(x-2)-2=0 
x -3x=0 
Since x = 2, we get that x =3. 
Case 2: Suppose x < 2. Then the equation becomes 
(2-xy+(2-x)-2=0 
x -5x+4=0 
(x -1)(x- 4) =0 


But x <2. Therefore x=1. Thus the real roots of the 
equation are 1 and 3 and their sum is 4. 


Answer: (D) 


15. If the product of the roots of the equation x° — 3kx + 
2e7'°e* _ 1 =0 is 7, then the roots are real for k = 


(A) 0 (B) 1 (C)2 (D) 3 
Solution: Observe that log k is defined when k > 0. 
The given equation is x° — 3kx + 2k°-1°=0. It is given 
that the product of the roots is 7 That is 


2k? -1=7 
=a 
k=+2 


Since k > 0, we get that k = 2. Further, for k = 2, the given 
equation is x° — 6x + 7=0 whose roots are 3 + V2, which 
are real. 


Answer: (C) 


16. Let a, b and c be the sides of a triangle, where a, b, c 
are distinct, and A be a real number. If the roots of the 
equation x° + 2(a+ b+ c)x + 3A(ab + bc + ca) =O are 
real, then 


4 5 
ae By hes 


(0) 5<a<2 (D) S<A<2 


Solution: The given equation has real roots. Therefore, 


4(a+b+cy —12A(ab+ bc + ca) =0 
at+b+c+(2-3A)(ab+ be+ca)=0 


a+h+e 2 
< + 
3(ab+bc+ca) 3 


(4.15) 


Since a, b and c are sides of a triangle, (a—b) <c’, 
(b-cyY <a and (c—a) <b’, so that 
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a+b+e 


oS ee (4.16) 
ab+be+ca 
From Eqs. (4.15) and (4.16) we get 
ees 
3°33. 3 
Answer: (A) 


17. Let wand B be roots of the equation x — px +r =0 
and a@/2 and 28 be the roots of the equation 
x’ — qx +r=0. Then the value of ris 


(A) 2 (p-q2q-p) —(B) 5 @- P)2P-a) 


(C) , (q-2p)(2q - p) (D) 5 (2p — q)(2q - p) 


Solution: Since @ and # are roots of the equation 
x — px +r=0, we have 

a+B=p and oBp=r 
Since @/2 and 2 are the roots of the equation x*— gx + 


r=0, we have 


a a 
—+2B= and —x2B=r 
5 B=q 5 B 


Therefore, 
a+B=p and a+4f=2q 


Solving the two equations we get 


2q-p 2q-p_2 
B 7 p-B=p 5 aC q) 
Therefore 
2 
pa ep ae 2) 
Answer: (D) 


18. If sin’ a@ cos’ @= sin’ B, then the roots of the equa- 
tion x’ + 2xcot B + 1=0 are always 
(A) equal 
(C) real and distinct 


(B) imaginary 
(D) greater than 1 
Solution: The discriminant of the given equation is 
A4cot’ B — 4=4(cot* B - 1) 
= 4(cosec’ B — 2) 
4 4 
~ sin? B 


2 
(sare 


_~ gin? 
_32 =u 20 4 
sin’ 20 


sin’ a cos’ a 


Answer: (C) 
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19. If A is real and (A°+A—2)x°+(A+2)x<1 for all 
real x, then A belongs to the interval 


(A) (-2, 1) (B) (-2, 2/5) 

(C) (2/5, 1) (D) (1, 2) 
Solution: Suppose that (A* + A-2)x?+(A+2)x-1<0 
for all real x. Then from Theorem 4.6, 


V+A-2<0 and (A+2P+4(74+A-2)<0 


(A+2)(A-1)<0 and 5/1°+81-4<0 
—2<A<1 and (A+2)(5A- 2)<0 
—2<A<1 and 2<h<2 


These inequalities imply 
de (-2, 2] 
=) 


20. At least one of the equations x°+ax+b=0 and 
x + cx +d=0 has real roots if 
(A) ac = 2(b+ d) (B) ad =2(b +c) 
(C) bc =2(a+d) (D) ab =2(c + d) 


Answer: (B) 


Solution: Suppose both the equations have imaginary 
roots and ac = 2(b+ d). Then a — 4b<Oand c?- 4d <0. 
Therefore 
a+c-—A(b+d)<0 
a+cC-2ac<0 
(a-cy <0 


which is impossible. Therefore ac = 2(b + d) implies that 
at least one of a’ — 4b and c’ — 4d is greater than or equal 
to 0. 


Answer: (A) 


21. For any real A, the quadratic equation (x — a)(x —c) + 
A(x — b)(x — d) =0 has always real roots if 


(A) a<b<c<d (B) a<xc<b<d 
(C)a<c<d<b (D) d<c<b<a 


Solution: 
(1+ A)x* —(a+c+Ab+ Ad)x + (ac + Abd) =0 


The given equation is 


This equation has real roots if the discriminant 
A(A) =(a+c+ Ab+ Ady — 4(1+ A)(ac + Abd) =0 
for any A. That is 


A(A) =(b— dy A? + 2(ab + ad + bc + dc —2bd -2ac)a 
+(a-—cy 20 forany real A 


A(0)=(a-—c)>0 fora#c 


It is enough if we show that A(A) > 0 for any 4 and hence 
to prove that the discriminant of A(A) is negative. The 
discriminant of A(A) is given by 


A(ab + ad + bc + cd — 2bd — 2acy — 4(a — cy (b— dy 

=4[ab + ad + bc + cd —2bd — 2ac + (a—c)(b— d)] 

x [ab + ad + bc + cd — 2bd — 2ac —(a-—c)(b-d)] 
=-16(b-a)(d—c)(c — b)(d -a) 


This is less than 0 if a<b<c<d. If a<b<c<d, then 
A(A) > 0 for all real A. 


Answer: (A) 


22. If a and B are the roots of x°+bx+c=0 and are 
positive, then Ja + VB is 


(A) b+2Ve (B) |-b + 2Vc 
(C) b+ 2Ve (D) /2b— Ve 
Solution: Since @ and PB are the roots of x° + bx +c =0, 
we have 
a+B=-b and ap=c 
Therefore 


(Va + JBY =a + B+ 2faB =-b+2Ve 
Va + JB =J-b+2Ve 


Answer: (B) 


23. Let a@ bea root of ax’ +bx+c=0 and B be a root 
of —ax* — bx + c= 0, where a, b and c are real numbers 
and a #0. Then the equation 


a 
—x+bxt+c=0 


has a root Y such that 

(A) 7 <min{a, B} 

(B) 7 > max{or, B} 

(C) y lies between a and B 
(D) —y lies between a and B 


Solution: By hypothesis, 


ao’ +ba+c=0 and af’ —bB-c=0 
Let 


fQx)= 5x + bx te 
Then 


f(a) =o? + ba +c 


= 5 (aoe + 2ba + 2c) 
1 2 aia 
=—(ac’ — 2a’) =-~a 
2 2 
and f(B)= SB + bB+c 


= >(aB" + 2bB + 2c) 


= 5 (ap? +a6°)= ap? 


Therefore, 
fla)f(p)=F <0 


Hence f(x) =0 has a root in between a and B. 
Answer: (C) 


24. The number of equations of the form ax’ + bx + 1=0, 
where a, b ¢€ {1, 2, 3, 4}, having real roots is 


(A) 15 (B) 9 (C)7 (D) 8 
Solution: The roots are real & b’ —- 4a >0 & BD’ > 4a. In 
tabular form 


No. of required 


a 4a b b’ equations 
1 4 2, 3,4 4,9, 16 3 
2 8 3,4 9,16 2 
3 12 4 16 1 
4 16 4 16 1 
Total 7. 
Answer: (C) 


25. If x°+(a—b)x + 1—a-—b=0, where a and bare real 
numbers, has distinct real roots for all values of b, 
then 


(A)a<1 (B)a>1 
(C)a<0 (D)0<a<1 
Solution: We have 


(a—by —4(1-a—b)>0 forall real b 
=>b'+2(2-a)b+a-4(1-a)>0 forall real b 
= 4(2 -a) -4(@ -4+4a)<0 
=-1l6a+16+16-16a<0 


>a>1 
Answer: (B) 
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26. The number of solutions of the equation 
|x|? — 2|x|—8 =0 which belong to the domain of the 


function f(x) =./5—-2x is 


(A) 0 (B) 1 (C)2 
Solution: The domain of f ={x|x < 5/2} 
[xl —2|x|- 8 =(|x|—4)(1x] +2) =0 


=>|x|=4 (since|x|+2>0) 


(D) 3 


=x=4 or -4 
Now -4 < 5/2 and —4 belongs to the domain of f- 
Answer: (B) 


27. The least integral value of k for which the quadratic 
expression (k —2)x°+8x+k+4 is positive for all 
real x is 
(A)4 (B) -6 (C)5 (D) 6 

Solution: Let f(x)=(k—2)x°+8x+k+4. From Theorem 

4.6 we have 


f(x) >0 for all real x => discriminant < 0 and coefficient 
of x >0 


This implies 
64 -4(k-2)(k+4)<0 and k>2 
k’+2k-24>0 and k>2 
(k+6)(kK-4)>0 and k>2 


k>4 and 


Therefore the least integral value of k is 5. 
Answer: (C) 


k is an integer 


28. If the roots of the quadratic equation (p—3)x’- 
2px + 5p =0 are real and positive, then 
(A) p>0 (B) 3< ps15/4 
(C) 3< ps<i15/4 (D) p>15/4 
Solution: Let f(x) =(p—3)x’ —2px + Sp. The roots of 
f(x) =0 are real. This implies 


4p’ —20p(p—3)20 


4p —15p<0 
p(4p —-15) <0 
15 
erry (4.17) 


Now 
1. p =0 implies that the roots are 0,0. 


2. Roots are positive implies that f(0) and the coeffi- 
cient of x’ must have the same sign. f(0)=5p and 
p—3 have the same sign and p #3. 

By Eq. (4.17), we have 3< p< 15/4. 

Answer: (C) 
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29. If wand Bare the roots of the equation (5 + V2)x’ — 
(4+ J5)x+8+25 =0, then 


2 
(1/cx) + (1/B) 
is equal to 
(A) 2 (B) 4 (C) 1/2 (D) 1/4 
Solution: Since @ and f are the roots of the given 


equation we have 


+ paAtys and op = 822N5 
S442 S42 
Therefore 
at Bp Aeals il 
aB (44/5) 2 
z af ok 
(l/r) + (1/B) a+B 
Answer: (B) 


30. If a < f are the roots of the equation x° + bx +c =0, 
where c<0<b, then 


(A) 0<a<B (B) @<0<B<|a| 
(C)a<B<0 (D) a<0<la|<B 
Solution: Since a < B are the roots of the equation 


x +bx+c=0, 
at+pPp=-b<0 (since 0<b) 
and ap=c<0 
Since a < B and aB <0, we get that 
a<0<fB (4.18) 


Also, B =-b-a<-a. Therefore B <-a anda < B and 
hence 


la|>B (4.19) 
From Eqs. (4.18) and (4.19), we get 
a<0<B<|a| 

Answer: (B) 


31. If a<b, then the equation (x — a)(x — b)—1=0 has 


(A) both the roots in [a, b] 

(B) both the roots in (—s, a) 

(C) both the roots in (b, +¢) 

(D) one root in (—c, a) and another in (b, +¢2) 


Let f(x) =(x-a)(x —b)-1. Then 
f(a)=—-1= f() 


Solution: 


and coefficient of x°=1>0. Therefore a and b must lie 
between the roots and a< b. Hence one root is less than 
aand another is greater than b. 


Answer: (D) 
32. The number of real solutions of the equation 
(x? — 5x +7) — (x —2)(x - 3) =0is 
(A)1 (B) 2 (C) 3 
The given equation is 
(x°-5x +7) —(x° -5x+6)=0 
Put x°-5x+7=t. Then 


(D) 0 


Solution: 


2 
r=(x-3] go 50 forallxeR 
2 4 


The given equation is equivalent to 


P—(t-1)=0 
f-t+1=0 
(_itiN3 
2 


Therefore there is no real root of the given equation. 
Answer: (D) 
33. The number of real values of x satisfying the equation 
er pe ee G-6(x42)-7=0 
x x x 
is 
(A)1 


(B) 2 (C) 3 (D) 4 


Solution: Put x + (1/x) =¢. Then we have 


v+tup-2 and p+ tap-3 
x x 


Therefore the given equation transforms into 
(f —3t)+(f -2)-6t-7=0 
e+f-9t-9=0 
(t+1)(° -9)=0 
Equating t = —1 and substituting the value to tf back, we 
get 


x+i=-190 +x+1=0= xis not real 
Now for f =9 we get 
t=+35xr53x4+1=0 
This gives 
345 
2 


and x= 


-3+J/5 
a 


Therefore four real values of x satisfy the given equation. 
Answer: (D) 


34. The number of quadratic equations, with coefficient of 
x’ as 1, which are unaltered by squaring their roots is 
(A) 2 (B) 4 
(C) 6 (D) infinite 

Solution: Let a and B be the roots of x°+ bx +c=0 

for which o” and B’ are also roots. But the equation whose 

roots are a and PB is x —(b’ —2c)x +c =0. Therefore 

Bf -2¢=-b and ¢ =< Ge, ¢=0 or 1), 

(i) If c=0, then b’ =—b and hence b=0 or -1. 
(ii) If c=1, then Db? + b—2=0 and hence b=1 or -2. 


Therefore the required equations are 
V=0, P-x=0, PC +x4+1=0, x -2x+1=0 
Answer: (B) 


35. The quadratic equations x° - 6x +a=0 and x*-cx+ 
6 = 0 have one root in common. The other roots of 
the first equation and the second equation are inte- 
gers in the ratio 4:3. Then the common root is 
(A) 4 (B) 3 (C)2 (D) 1 


Solution: Let a@ be the common root and let the other 
roots of the equations be 4 and 39, respectively. Then 


at+4B=6, 4oB=a 


and a+3B=c, 30B=6 


This implies 
a=4aB = 42 =8 


The first equation is x°—-6x+8=0 whose roots are 2 
and 4. 
If ~ =4, then 
6 1 3 
=—=— and 3f=— 
3a 2 P 2 
which is not an integer, a contradiction to the hypothesis. 
Therefore, @ =2 is the common root, in which case the 
equations are x —6x+8=0 and x —5x+6=0, whose 
roots are 2, 4 and 2, 3, respectively. 


Answer: (C) 


36. The set of all real values of x for which x° —|x +2| + 
x>Ois 


(A) (-=, 2)U(2, ) 
(C) (-,-N UCL») 


Solution: 


(B) (-e, -V2)U (V2, «) 
(D) (V2, ©) 


Case 1: Suppose that x < —2. Then the given inequality is 
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V+xt24x>0 
(x+1/+1>0 


which is always true. Therefore any x € (—c°, —2) satisfies 
the given inequality. 
Case 2:Suppose that x 2-2. Then 
x —(x+2)+x>0@x-250 
exx<—-V2 or x>¥V2 
Therefore, the required set is (—ce, -V2) U (V2, ©). 
Answer: (B) 


37. The smallest value of k for which both roots of 
the equation x —8kx + 16(k°—k+1)=0 are real, 
distinct and have values at least k is 


(A) 0 (B)1 (C) 3/2 


Solution: Roots are real and distinct. Therefore discrim- 
inant > 0. That is 


64k? — 64(k° -k +1)>0 
k>1 


(D) 2 


(4.20) 


For & = 1, the given equation has roots 4, 4. Values of the 
roots at least 4 implies that the product of the roots 2 16. 
Therefore 


16(k° —k + 1) >16 


k(k -1)20 
k<0O or k21 (4.21) 
Roots = 4 => f(4) 20 
=> 16 - 32k +16(k’—k+1)20 
=> (k -1)(k-2)20 
=>k<1 or k2=2 (4.22) 
From Eggs. (4.20), (4.21) and (4.22), we get k = 2. 
Answer: (D) 
38. If 
ce OE 
xt+x+1 
for all real x, then 
(A) m<-1 (B) -l<m<6 
(C) -l<m<5 (D) m>6 
Solution: We have 


Therefore 


—3(x° +x4+1) <x 4+mx41<3(x0°+x4+1) 
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4x°+(m+3)x+4>0 
for all real x 


(m+3)-64<0 and (3-m)-16<0 
(m+3+8)(m+3-8)<0 and (3-—m+4)(3-—m-4)<0 
(m+11)(m-5)<0 and (m-—7)(m+1)<0 


and 2x°+(3-m)x+2<0 


-ll<m<5 and -1l<m<7 


This gives -l<m<5. 
Answer: (C) 


39. The number of natural numbers n for which the 
equation (x — 8) x =n(n-10) has no real solutions is 


(A) 2 (B) 3 (C)4 (D) 5 


Multiple Correct Choice Type Questions 


1. Suppose a and b are integers and b 4-1. If the quadratic 
equation x +ax+b+1=0 has a positive integer root, 
then 


(A) the other root is also a positive integer 
(B) the other root is an integer 

(C) a +B isa prime number 

(D) a +B has a factor other than 1 and itself 


Solution: Let a and f be the roots and @ be a positive 
integer. Then 


a+B=-a and oB=b+1 
B =-a-«a implies Bis an integer and 
a+b =(a+ BY +(aB-1yP 
=0+P+@p+1 
= (a + 1)(B’ +1) 


Since o° +1>1 and B’ +1>1, it follows that a’ +1 isa 
factor of a + b’ other than 1 and itself. 

Answers: (B), (D) 
Note: If b=—1, then a’ + b* may be prime number; for 
example, the equation x° — 2x =0 has a positive root 2 and 
the other root is 0. Here a’ + b*( =5) is a prime number. 
In fact, a’ +b° is prime implies a7 +1=1 or B?+1=1. 
This gives 


a=0 or 


or b=-1 


B=0 


2. If a, b and c are integers, then the discriminant of 
ax’ + bx +c is of the form (where k is an integer) 
(A) 4k (B) 4k +1 
(C) 4k +2 (D) 4k +3 


Solution: x° — 8x —n(n—10)=0 has no real solutions. 


This implies 
64 + 4n(n - 10) <0 
nm —10n+16<0 
(n-8)(n-2)<0 
2<n<8 


Therefore, n = 3, 4, 5, 6, 7 Also, when n = 3, 4, 5, 6 or 7 
it can be seen that (x — 8)x =n(n—-10) has no real solu- 
tions. Therefore the number of such 7 is 5. 


Answer: (D) 
Solution: 
Case 1: Suppose b is even, that is, b = 2m. Then b’ — 4ac = 
A(n? — ac) = 4k. 


Case 2: Suppose b is odd, that is, b= 2m-—1. Then 
b’ — 4ac = (2m-—1) — 4ac 
= 4m’ + 4m+1-4ac 
=4(n’ +m-—ac)+1 
=4k+1 
Answers: (A), (B) 


3. If a and b are roots of the equation x° + ax+b=0, 
then 


(A) a=0,b=1 (B) a=0=b 
(C) a=1,b=-1 (D) a=1,b=-2 
Solution: Ifa+b=-aand ab=b, thena=0=b ora=1, 


b=-2. 
Answers: (B), (D) 
4. Let a,b and c be real numbers and a# 0. Let a and B 


be the roots of ax’ + bx +c =0. If a@’and P’ are roots 
of the equation a’x* + (abc)x + c =0, then 


(A) a= 08 (B) B’= Bo? 
(C) @=a' 6 (D) B’= af? 
Solution: Since wand Bare the roots of ax* + bx +c =0, 


we have 
ee eo and op =< 
a a 


Also since a’ and ’ are roots of the equation a°x’ + (abc) 
3 
x+c =0, 


a’+ p= 


(9) 2) roe 


a’ p= — = (op) 


Now 
(a’ BY = (a’+ BY - 40'B" 
=(a+ BY oe B - 407 B 
= (aBY (a + BY — 408] 
= (aBy (a — By 
Also 
|a’— B’|=|aB(a — B)| 
Therefore 


a’— B’=aB(a—B)>a’=cB and p’=af? 
a’— B’=-aB(a-B)>a’=ap’ and p’=orB 
Answers: (C), (D) 


5. If w and B are roots of the equation x° — 2ax + b’ =0 
and y and 6are the roots of the equation x° — 2bx + 
a =0, then 
(A) a+ B=2/% (B) a+ B=2y+6) 
(C) (7 + 6) = 408 (D) (@ + B)(y + 6) = 496 


Solution: Since @ and f are roots of the equation 
x’ —2ax + b’ =0, we have 


a+B=2a and oB=b 


Since y and 6 are roots of the equation x — 2bx + a =0, 
we have 


y+6=2b and =a 
Solving the two sets of equations we get 
a+ B=2/75 
(y + 6Y =4b° = 408 
Answers: (A), (C) 


6. If wand B are the roots of x* — p(x +1)—q=0, then 


(A) (@+1(B+)=1-¢q 
(B) (a+ 1)(B+1)=1+q 


(Cc) (a+ 1) (B +1) Lg 
(at+1P+q-1 (B+1)+q-1 
(D O+2at+1 BP +2B4+1_ 


O+2a+q Pf +2B+q 


Solution: Since a and B are the roots of x* — p(x + 1) — 
q=0, we have 


a+B=p and aB=-(p+q) 
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Now 
(a+1)(B+l=aB+a+Bh+1 
==(p+g)tprial=g 
(a +1) (B+1y | (a+1/y 
(a+1yP+q-1 (B+1Y¥+q-1 (a+1)-(a@4+1)(B+1) 
ey 
(B+ 1" -(a@+1)(B+1) 
7 at+1. Bt+1 
a-B B-a 
_(a+I)-(B+1)_, 
a-B 


Answers: (A), (D) 


7. Let a,b and c be real numbers and f(x) = ax’ + bx +c. 
Suppose that whenever x is an integer, f(x) is also an 
integer. Then 
(A) 2a is an integer 
(C) cis an integer 


(B) a+ b is an integer 
(D) a+b + cis an integer 


Solution: By hypothesis, f(—1), f(0) and f(1) are integers. 
Therefore a(-1) + b(-1) +c, a(0) + b(0) + c and a(1)? + 


b(1) + care all integer. Hence 
a-b+c, c and a+b+c 


Also 


are integers 


a—banda-+ bare integers = 2a is an integer 
Answers: (A), (B), (C), (D) 


8. If one root of the equation 3x°+ px+3=0 is the 
square of the other, then p is equal to 


(A) 1/3 (B) 1 (C)3 (D) -6 


Solution: Let a and a be the roots of 3x* + px + 3=0. 
Then 


ator=t and a=1 
Therefore 
1413 —1=83 
a=1, ar a or a os 


(i) If ~=1, then p=-6 so that the equation is 3x°—6x + 
3 =0 whose roots are 1, 1. 

(ii) If @= w or w’, then p = -3(a@+ O°) =-3(w+ w’) = 
-3(-1) and hence p=3 so that the equation is 
3x° + 3x +3=0, whose roots are w and w”. 


Answers: (C), (D) 


190 | Chapter 4 | Quadratic Equations 


9. Suppose that the three quadratic equations ax’ —2bx + 
c=0, bx’ -2cx+a=0 and cx’-2ax+b=0 all have 
only positive roots. Then 


(A) b’=ca (B) c =ab 
(C) a =be (D) a=b=c 
Solution: Leta >Oand B > Obe the roots of ax” — 2bx + 
c=0.Then 
“= of >0 
a 


and therefore a and c have the same sign. Similarly, 
b and c have the same sign and a and b have the same 
sign. Therefore, a, b and c have the same sign and 
hence ab > 0. Also (—2b)’ > 4ac, that is, b* > ac. Similarly 
c 2aband a > be. Hence 


BPe2adbe, Ca =bca and &b=cab 
which gives 


be>=a, ca>b and ab>c (since ab, bc 


and ca are all positive) 


But we have a’ > bc, b’ > ca and c’ > ab. Therefore 


Matrix-Match Type Questions 


1. Match the items in Column I with those in Column II. 


Column IT 
(p) 1 


Column I 


(A) If the difference of the roots of the 
equation 2x* —(a+1)x+(a-1)=0 
is equal to their product, then the 
value(s) of a is (are) )0 

(B) If the sum of the roots of the equation 
x° — 2a(x — 1)-1=0 is equal to the 
sum of their squares, then a is 


(C) If one root of the equation m2 
x — x -3m=0(m# 0) is twice one 
of the roots of x* — x —m=0, then 
the value of m is (s) 1/2 
(D) If the sum of the squares of the roots 
of the equation x* - 4x +m=0 is 
equal to 16, then m is (t) -1 


Solution: 
(A) Let wand B be the roots of 2x” — (a+ 1)x + (a—1) =0. 
Then 
a-1 
2 


a+ p= and ap= 


Now 


la — Bf =(aBy = (a + BY - 408 = (apy 


b’=ca and c=ab 
@=b=cC=abc 
a=b=c 


Answers: (A), (B), (C), (D) 


10. Let a and b be two real numbers. If the roots of the 
equation x —ax—b=0 have absolute values less 
than 1, then 


(A) |b] <1 (B)a+b<1 
(C) b-a<1 (D) a+ b=0 
Solution: Let @ and f be the roots of x°- ax —b=0. 


Then, |a@|< 1and|B|<1. Also 
|b| =|-b| =|oB|=|o||B|<1 


Since the roots ~ and B lie between —1 and 1, we have 
f(-1) > Oand f(1) > 0. Therefore 


l+a-b>0 and 1-a-—b>0 


or b-a<1 and a+b<1 
Answers: (A), (B), (C) 


(at+1y 4(a-1)_(a-1y 
4 2 4 
(a+ 1) -8(a-1)-(a-1)Y =0 
a-2(a-1)=0 


a=2 
Answer: (A) —> (r) 


(B) Let a and B be the roots of x -2a(x-1)-1=0. 
Then a+ B=2a and af =2a-1. Now 


+P =a+B> (a+ BY -20p=a+ B 
= (2a) - 2(2a-1) =2a 
= 4a -6a+2=0 
=> 2a -3a+1=0 
=> (2a-1)(a-1)=0 
>a= zl 
2 
Answer: (B) = (p), (s) 
(C) Let a be one root of x° — x -m=0and 2a be a root 
of x’ — x —3m=0. Then 
@-a-m=0 and (2a) -(2a)-3m=0 
Eliminating m, we have ~@ =0,-1. Also a=0 => m=0, 
a contradiction to hypothesis. Therefore, ~=—1 and 
m=2. 
Answer: (C) —> (r) 


(D) Let @ and B be the roots of x°- 4x +m=0. Then 
a+ B=4and of =m. Now 


a + B =16> (a+ BY —2a8 =16 
=> 16-2m=16 


=>m=0 
Answer: (D) — (q) 


2. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) If the roots of the equation 
ax’ + bx +c =0 are of the form 
(k+1)/k and (k + 2)/(k +1), 
then (a+b+c)= 
(B) If one root of the equation 
ax’ + bx + c=0 is the square of 
the other, then b° + ac’ + ac = 
(C) If the sum of the roots of the 
equation ax’ + bx +c=0 
is equal to the sum of their 
squares, then b(a + b) = 
(D) If the roots of the equation 
1 1 1 
+ - 
x+b c¢ 


(p) 5(@ +B) 
(q) 2ac 
(r) 3abc 


(s) b’ — 4ac 


x+a 


are equal in magnitude, but 

opposite in sign, then the (t) af (a +B) 

product of the roots is 2 

Solution: 

(A) Since (k + 1)/k and (k + 2)/(k +1) are the roots of 
the given equation we have 


k+l k+2_ b (4.23) 
k k+1 

and k+2_¢ (4.24) 
k a 


From Eq. (4.24), 


and hence 


c-a 
Substituting this value for & in Eq. (4.23), we get 


[2a/(c—a)]+1 
2al(c — a) 


[2a/(c—a)|+2 Db 
[2al(c-a)]+1 a 


Worked-Out Problems 1191s 


atc 2c 
+ 


2a atc a 


(a+c) +4ac _ e: 
2a(a +c) 4a 
a+c+6ac=—2bc—2ab 

Adding b’ to both the sides and splitting 6ac, we get 
a+b4+c¢ +2ab+2be + 2ca=b —4ca 
(a+ b+cy=b' —4ca 

Answer: (A) —> (s) 

(B) Let @ and a” be the roots of ax’ + bx +c =0. Then 


_ c 
at+oe=— and o=— 
a a 


Therefore 


(2) Cc (=) b 
+—+3 =-5 
a a a\a a 

Cc +ca—3be _ —b 


2 3 
a a 


b> +ac’+ ca =3abc 
Answer: (B) —> (r) 
(C) Let @ and B be the roots of ax’ + bx +c =0, then 


ee ee and op =~ 
a 


a 
Therefore 
SE ee, ee ee ee ee 
a a a 
This gives 
—ab = b’ —2ac 
2ca = b’ + ab 


Answer: (C) — (q) 
(D) The given equation is equivalent to 
x’ +[a+b—2c]x + ab-bc-ca=0 
If wand —aare the roots of this, then 
0=a+(-a)=2c—a—b and -o’=ab-bc-ca 
Therefore 


a+b=2c and -o =ab-c(a+b) 
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The product of the roots is 
2 2 2 
ab —c(a+b)=ab a = E +) 


Answer: (D) —> (t) 


3. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) The values of & for which (p) (2,5) 
both the roots of the equation 
x —6kx + 2-2k + 9k* =0 are 3 
greater than 3 belong to (q) | -=, 2 
(B) If log, (x? + x) > logy .(x° — x) + 
log, (x — 1), then x belongs to (r) (1, +2) 
(C) If |x -1-x°|<|x’ - 3x +4], then x rl 
belongs to (s) (=. + ~| 
(D) If |x* - 2x —3|< 3x — 3, then x lies 
in the interval (t) [2, 5] 


Solution: 


(A) Let f(x) =x° — 6kx +2 -2k + 9k’ and a and B be the 
roots of f(x) = 0. Then, since 3 < a and 3 < f, we have 
6k > 6 and therefore k > 1. Also 


f(3)>0 
9k — 20k +11>0 
(9k —11)(k -1)>0 


k<1 or k>= 


Since k > 1, it follows that k > 11/9. 
Answer: (A) > (s) 
(B) The inequality is defined for x > 1. Since 
log,(x -1)= log 51% —1)=-log,,(x - 1) 
we have 
logy (x +x)> logy s(° — x) —log,,(x - 1) 


Therefore 


3 a 
logy s(x + x)> logy; (==) = logy s(x” +x) 
x 


which further gives 
x+x>13x+x-1>0 


1+/5 V5-1 
<- 5 or car a and x>1 


This implies x € (1,9) 
Answer: (B) > (r) 


(C) We have 
|x -1-x°|<|x’?-3x4+4| 
=>|x-—x4+1|s|x?-3x+4| 


>x-x+1<x-3x+4 (since both are positive 


for all real x) 
>xs a 
2 


Therefore 


a 
x E] —oo, — 
2 
Answer: (C) > (q) 
(D) We have 


|x* - 2x -3|<3x-3>|(x-3)(x+1)|<3x-3 
Case 1:x <-1. Then 
(x -3)(x +1) <3x-3ex-5x<080<x<5 


However, x <—-1. 
Case 2:-1 <x <3. Then 
(3-x)(x4+1)<3x-3@-x°4+2x4+3<3x-3 
20<x+x-6 
© (x +3)(x-2)>0 
Therefore, x > 2. Hence 
x € (2, +00) 
Case 3: x 23. Then 
(x -3)(x +1) <3x-3 x -2x-3<3x-3 
ex -5x<0 
©20<x<5 
e3sx<5 (x23) 
From the above two cases x € (2,5) 


Answer: (D) > (p) 


4. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If arr 2 then x belongs to (p) (-e9, +e) 
x-3 Xx 
2 — 
(B) wat <2 for all x belonging to (q) @, 2) 
—1) 3 (r) [1, 6] 
(eye 26 forall ni 
ae (9) [1.0 
nie = *** <2 for all xin 


be atl (t) (0, 3) 


Solution: 
(A) Let 


x 1 


LC ear a 


Observe that 
1V 
v-143=(x-3] +—>0 
2 4 


and hence f (x) #0 for all real x # 0,3. Therefore 


f(x) <0 8 x(x-3)<080<x<3 
Answer: (A) > (t) 
(B) Let 
x +6x-7 
POST 


Note that x*+ 1 >0 for all x. Now, 
f(x)<2e@ x + 6x-7<2(x +1) 
&x-6x+920 
© (x-3f 20 


which is true for all x. Also f (3) =2. 
Answer: (B) > (p) 
(C) Let 


(x-1)(x+1/ 


F(x) = x*(x —2) 


Comprehension-Type Questions 


1. Passage: Let f(x) =ax’ + bx +c, where a,b and c are 
real and a#0.Let a< B be the roots of f(x) =0. Then 
(a) for all x such that a<x<, f(x) and a have 
opposite signs. 
(b) for x<aorx> B, f(x) andahave the same sign. 
Based on this, answer the following three questions. 
(i) If both the roots of the equation 
x° — mx +1=Oare less than unity, then 
(A) m<-2 (B) m>2 
(C) -l<ms<3 (D) 0<m<5/2 
(ii) If both the roots of the equation x* — 6mx + 
9m’ —2m+2=0 are greater than 3, then 
(A) m<0 (B) m>1 
(C)0<m<1 (D) m>11/9 
(iii) If both the roots of the equation 4x° — 2x + 
m= 0 belong to the interval (—1,1), then 
(A) -3<m<-2 (B) 0<m<2 
(C) 2<m<5/2 (D) -2<m<1/4 


Worked-Out Problems |iy{hex} 


Now f(x) =0@x=1,-1. To determine the change 
of sign of f(x), we have to consider the points -1,0,2. 


Case 1:x <-1 > (x +1)? <0 and x-2<0. Therefore 
f(x) > 0 for all x <-1. 


Case 2:-1<x<05x-2<0Oand f(x)<0. 


Case 3:0<x<25x-2<0=>/(x) <0. Therefore 
f (x) <0 for all x € (-1, 0) U (0, 2). 
Answer: (C) — (q), (s) 
(D) We have 
2 
(eae ane 

x +1 
2X 4+1< 3x -7x+8< 2(x° +1) 
ex4+1<3x-7x+8 and 3x°-7x+8<2x°+2 


22x” -7x+7>0 and x-7x+6<0 


Note that 


2 
2x°=1447=2 x2) +250 for all x 


x -7x+6<S06(x-1)(x-6)<0G1Sx<6 
Therefore, both the inequalities hold for 1< x <6. 
Also note that 

3x -7x+8_ 
x+1 
when x = 1,6. 
Answer: (D) => (r) 


Solution: 


(i) f(x) =x°-mx + Land a@< Bare the roots of f(x) =0. 
Now a < B<1 implies that f(1) and the coefficients 
of x° have the same sign. This gives 


1-m+1=f(1)>0 


m<2 (4.25) 
Also, discriminant is m’— 4 > 0. Therefore 
ms-2 or m2=2 (4.26) 


From Eggs. (4.25) and (4.26), m< —2. Also, note that 
if m=-—2, the roots are —1,-1. 


Answer: (A) 


(ii) Let f(x) =x° —6mx + 9m’ — 2m+ 2.Leta > B>3 be 
the roots of f(x) = 0.Then 6 < a + 8 = 6m and hence 
m>1 (4.27) 
Also 9n? — 2m+2= af > 9. Therefore 


On’ —-2m-—7>0 
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(9m + 7)(m—1)>0 
This gives 


nie or m>1 (4.28) 


Also, f(3) and the coefficient of x” have the same 
sign. Therefore, f(3) > 0. This gives 
9 -18m + In? —-2m+2>0 
9m’ — 20m + 11>0 
(9m —11)(m—-1)>0 


m<1 or m>— (4.29) 
From Eqs. (4.27)-(4.29), we get 
11 
—<m 
9 
Answer: (D) 


(iii) Let a, B, where a < B, be the roots of 4x* — 
2x +m=0.Then -1<a, B<1 and 


1 m 

a+B=-, ap=— 

B=5, o6=7 
Now f(-1) and the coefficient of x* have the same 
sign. Therefore f(—1)>0 and hence 4+2+m>0, 


that is 
m>-6 (4.30) 
Also, f(1) >0>4-2+m> 0. This implies 
m>-2 (4.31) 
The discriminant is 4 — 16m = 0. Therefore 
ms - (4.32) 
4 


From Eqs. (4.30)—-(4.32), we get 
—2<ms ta 


4 


If m=1/4, then the given equation is 
Ax? —2x+ a =0 
4 


16x° -8x+1=0 


Therefore the roots are 1/4, 1/4. If the roots are dis- 
tinct, then 


we Ae 
4 


Answer: (D) 


2. Passage: Let f(x) =ax’ + bx +c, where a, b and c are 
real numbers and a<0. If b’-—4ac <0, then for all 
real x, f(x) and a will have the same sign. If a < B are 
real roots of f(x) =0, then 
(a) f(x) and aare of opposite sign for allx,a<x< B. 
(b) f(x) and a are of same sign for all x such that 

x<a orx> Bp. 
Answer the following questions. 


(i) If (a—1)x°-(a+1)x+(a+1)>0 for all real x, 


then 
(A) a<-5/3 (B) -5/3<a<5/3 
(C) a< 5/3 (D) a>5/3 
(ii) If (a+ 4)x° — 2ax + 2a—6 <0 for all real x, then 
(A) a<-6 (B) -6<a<0 
(C) -6<a<6 (D) a>6 


(iii) If the roots of the equation (2 — x)(x + 1) =a are 
real and positive, then 
(A) a<-2 
(C) 2<as9/4 


(B) -2<a<2 
(D) 9/4<a<17/4 


Solution: 
(i) Let f(x) =(a-1)x’ -(a+1)x+a+1. Then the discri- 
minant is given by 


(a+1) -—4(@ -1)=-3a@ +2a+5 
f(x) > 0 for all real x, this implies 
—3a +2a+5<0 
3a —2a-5>0 
(3a-5)(a+1)>0 


a<-1 or i (4.33) 
f(x) and a—1 are of same sign. This implies 
a-1>0>a>1 (4.34) 
From Eqs. (4.33) and (4.34), we have 
5 
a>= 
3 
Answer: (D) 


(ii) Let f(x) =(a+ 4)x° — 2ax + 2a - 6. Now f(x) <0 for 
all real x, implies 


4a —8(a+4)(a—3)<0 and at+4<0 


a<-4 and q@-—2(a+a-12)<0 
a<-4 and (a+6)(a—4)>0 
a<-6 


Answer: (A) 
(iii) The given equation is equivalent to x°- x +a-—2=0. 
Let f(x)=x —x+a-2. Roots of f(x) =0 are real 

and positive. Therefore discriminant = 0. That is 


1-4(a-2)20 


as 


| 


Also, the roots of f(x) =0 are 


14 f1-4(a-2) _ Las Jooaay 


P) “2 


These are given to be positive. Therefore, 


1-9 -4a>0 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both Land IJ are true and II is a correct reason for I 

(B) Both I and IJ are true and IJ is not a correct reason 
for I 

(C) Lis true, but II is false 

(D) Lis false, but II is true 


1. Statement I: Let a, b and c be real numbers and 
a#0. If 4a+3b+2c and a have same sign, then not 
both the roots of the equation ax’ + bx + c=0 belong 
to the open interval (1, 2). 


Statement II: A quadratic equation f(x) = 0 will have 

a root in the interval (a, b) if f(a) f(b) <0. 
Solution: Let f(x)= px’ +qx+r.If f(a) and f(b) are 
of opposite sign, the curve (parabola) y= f(x) must 
intersect x-axis at some point. This implies that f(x) has a 
root in (a, b). Therefore, the Statement II is true. 

Let wand B be roots of ax” + bx +c =0. Then, 


re, me and op =< 
a a 


By hypothesis, 


4a+3b+2c 
———“- {(Qvc™> 
a 


4+ 3(2}+ 2(<) >0 
a a 

4—3(a+ B)+2aB>0 

(aB —-2a-—B+2)+(aB-a-2B8+2)>0 
(a-1)(B-2)+(a-2)(B-1>0 (4.35) 
Ifl<a, B<2, then (~@-1) (B-2) + (a- 2) (B-1) <0 
which is contradiction to Eq. (4.35). Therefore, at least 

one root lies outside (1, 2). 


0 


Answer: (B) 


Worked-Out Problems |i {}s) 


9-4da<1 
a>2 
Therefore, 
pe" 
4 


Note that, when a=9/4, f(x) =0 takes the form 
4x° — 4x +1=0,whose roots are 1/2, 1/2. 


Answer: (C) 


2. Statement I: If P(x) = ax’ + bx +c and Q(x) =—ax’ + 
dx + c, where ac # 0, then the equation P(x) Q(x)=0 
has at least two real roots. 


Statement II: A quadratic equation with real coeffi- 
cients has real roots if and only if the discriminant is 
greater than or equal to zero. 


Solution: Let px’ + qx +r=0 bea quadratic equation. 


The roots are 
43 P= 4pr 
2p 
These are real @ q —4pr=0. Therefore Statement II 
is true. 

In Statement I, ac # 0. Therefore ac > 0 or ac < 0. If 
ac < 0, then b’ — 4ac > 0,so that P(x) = 0 has two real roots. 
If ac > 0, then d’ + 4ac > 0 so that Q(x) = 0 has two real 
roots. Further, the roots of P(x) = 0 and Q(x) = 0 are also 
the roots of P(x)Q(x) = 0. Therefore, Statement I is true 
and Statement II is a correct reason for Statement I. 

Answer: (A) 


3. Statement I: If a, b and c are real, then the roots of the 
equation (x — a)(x — b) + (x— b)(x—c) + (x-c)(x-a) =0 
are imaginary. 


Statement II: If p, g and r are real and p+0, then 
the roots of the equation px’ + qx +r=0 are real or 
imaginary according as ¢ — 4pr>0or g —4pr<0. 


Solution: Statement II is obviously true. In Statement I, 
the given equation is 3x°— 2(a+b+c)x+ab+bc+ca=0. 
The discriminant is 


4(a+b+cy —12(ab+bc+ca) 
=4[a +b°+¢ —ab—bc-ca] 
= 2[(a—b) +(b-c)+(c-ay ]20 


Therefore, the equation has real roots. Statement I is 
false and Statement II is true. 


Answer: (D) 
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4. Statement I: Let f(x) =x° + ax + b, where aand bare 
integers. Then, for each integer n, there corresponds 
an integer m such that f(n) f(n+ 1) = f(m). 


Statement II: If @ and 8 are roots of x°+ px+q=0, 
then x° + px+q=(x-a@)(x- B). 


Solution: Let @ and B be roots of f(x)=0, where 
a and f may be imaginary. Then f(x) =(x — a@)(x — B), 
a+ B=-a and aB=b. Now, 

f(a) f(n+1) = (n-a@) (n- B)(n+1-a)(n+1-B) 
=(n-a)(n+1- B)(n- B)(n+1-a@) 
=[n(n+1)-n(a+ B)+ aB - a] 

x [n(n + 1)-—n(a+ B)+ of - B] 
=[n(n+1) + an+ b-a][n(n +1) + an+b-B] 

Put m=n(n+1)+an+b. Then m is an integer and f(n) 


f(n+1) =(m- @&)(m- B)= fim). 
Answer: (A) 


5. Statement I: If one root of 2x° — 2(2a+1)x +a(a+1)=0 
is less than a and the other root is greater than a, then 
ae (-0e ,-1) U(0, +2). 


Statement Il: If ~@<f are the roots of the equation 
f(x) =ax’ + bx +c=0, then for a<x< B, f(x) anda 
have opposite signs. 


Solution: Roots are to be real and distinct. The discrim- 


inant is 
4(2a+1) —8a(a+1)>0 
4a’ + 4a+1-2a@ -2a>0 
2a +2a+1=(a+1y+a>0 


Therefore a lies between the roots > f(a) and coefficient 
of x’ are of opposite sign. Hence f(a) <0, which gives 


2a —2(2a+ l)at+a(a+1)<0 
a(a+1)>0 
a<-1 or a>0 
ae (—9, —1) U(0, +0) 
Therefore both Statements I and II are correct and 
Statement II is a correct reason for Statement I. 


Answer: (A) 


6. Statement I: If @ and B are roots of the equation 
ax’ + bx +c=0 and @+6 and B +6 are roots of the 
equation px’ + qx+r=0, then 


b’-4ac_ g¢ -4pr 
c Dp 
Statement IL If @ and f are roots of a quadratic 
equation f(x) =0, then the equation whose roots are 
ath and B+h is f(x—h)=0. 
Solution: Let a@’= a+ 6 and B’= B + 6. Then (a’ — B’y 
= (a— By .Thatis, 


(a’ — B’y — 408’ = (a — BY — 408 


Therefore 


g —4pr _ b’ — 4ac 
P © 
So, Statement I is true. 
For Statement II, put y =x + h. Then x = y — h. Therefore 
a+hand B+h are the roots of f(y — h) =0. By replacing y 


with x, Statement II is also true, but Statement II is not a 
correct reason for Statement I. 


Answer: (B) 


7. Statement I: If a, b,c, d and p are distinct real numbers 
such that 
(a +b'+c’)p’ —2(ab+be+cd)p 
+(b+0C+d)<0 
then a, b,c and d are in geometric progression, that is 
2 
c 


x i 
b d 


Statement I: Sum of squares of real numbers is always 


non-negative and equal to zero if and only if each of 
the real numbers is zero. 


Solution: Statement IJ is obviously true. In Statement I, 
the given inequality can be written as 


(a p —2abp+b’)+(b p-2bcp+c) 
+(cd’ -2cdp+d’)<0 
(ap — by + (bp —cy +(cp-dy <0 


and hence 


or 


Therefore, both Statements I and IJ are true and II is 
a correct reason for I. 


Answer: (A) 


Exercises |MMIW/ 


| 


4.1 Quadratic expressions and equations: If a, b, c 
are real numbers and a # 0, the expression of the 
form ax’ + bx +c is called quadratic expression and 
ax’ + bx + c=0 is called quadratic equation. 


4.2 Let f(x) = ax’+bx+c be a quadratic expression 
and q@ be a real (complex) number. Then we write 
f(@) for ace + ba +c. If f(a) =0, the ais called a zero 
of f(x) or a root of the equation f(x) =0. 


4.3 Roots: The roots of the quadratic equation ax’ + 


bx+c=Oare 
—b+./b —4ac -—b—.{b’ —4ac 


2a 2a 


4.4 Discriminant: b° — 4ac is called the discriminant of 
the quadratic expression (equation) ax’ + bx +c =0. 


4.5 Sum and product of the roots: If cand B are roots of 
the equation ax’ + bx +c =0, then 


epee” and ap=< 
2a a 


4.6 Let ax°+bx+c=0 be a quadratic equation and 
A=b’ —4ac be its discriminant. Then the following 
hold good. 


(1) Roots are equal @ A=0 (i.e., b’ = 4ac). 
(2) Roots are real and distinct = A> 0. 


(3) Roots are non-real complex (i.e., imaginary) © 
A>0O. 


4.7 Theorem: Two quadratic equations ax’ + bx +c=0 
and a’x’ + b’x +c’=0 have same roots if and only 
if the triples (a, b,c) and (a’, b’, c’) are proportional 
and in this case 


a 
ax’ + bx+c0=—(a'x + b’x +0’) 
a 


4.8 Cube roots of unity: Roots of the equation x°—1=0 

are called cube roots of unity and they are 
1, = ti v3 
2 2 

—1/2 + iV3/2 are called non-real cube roots of unity. 
Further each of them is the square of the other and 
the sum of the two non-real cube roots of unity is 
equal to —1. If w ¥ 1 is a cube root of unity and n is 
any positive integer, then 1+ w"+w” is equal to 3 
or 0 according as n is a multiple of 3 or not. 


4.9 Maximum and minimum values: If f(x) = ax? + 
bx+canda#0, then 


-b) 4ac-—b 
(3) da 


is the maximum or minimum value of f according 
asa<OQora>0. 


4.10 Theorems (change of sign of ax’ + bx + c): Let f(x) = 
ax’ +bx+c where a, b, c are real and a = 0. If 
aand Bare real roots of f(x) =0 and a< f, then 
(1) (i) f(x) and a (the coefficient of x”) have the 

same sign for all x < aor x> B. 
(ii) f(x) and a will have opposite signs for all x 
such that a<x< B. 
(2) If f(x) =0 has imaginary roots, then f(x) and a 
will have the same sign for all real values of x. 


4.11 If f(x) is a quadratic expression and f(p)f(q) < 0 
for some real numbers p and gq, then the quadratic 
equation f(x) =0 has a root in between p and q. 


| EXERCISES 


Single Correct Choice Type Questions 


1. The roots of the equation 
(10)"" fe (25) = 60)" 


are 


(A242 @Wy242 (2-12 ~w)i212 


2. Ifa # 0 and a(l + my + 2blm +c =0 and a(l + ny + 
2bIn+ c=0, then 


(A) mn=P +cla (B) m=n'+cla 


(C) In=m +cla (D) mn=P + bcla 


3. If x is real, then the least value of 


6x° —22x+21 
5x° -18x +17 
is 
(A) 5/4 (B) 1 (C) 17/4 (D) -5/4 
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4. 


10. 


11. 


12. 


13. 


The roots of the equation x° —(m-—3)x + m=0 are 
such that exactly one of them lies in the interval 
(1,2). Then 

(A)5<m<7 
(C)2<m<s5 


(B) m< 10 
(D) m>10 


. If wand Bare roots of the equation 2x* + ax +b =0, 


then one of the roots of the equation 2(ax + B)’ + 
a(ax + B)+b=0 is 


(A) 0 (B) 2 Z 
(C) aa + (D) aa —2b 
ao 20° 


. Ifa<band x’ +(a+b)x +ab<0, then 


(A)a<x<b 
(C)x<aorx>b 


(B) -b<x<-a 
(D) x<-borx>-a 


. If wand B are the roots of x* —- 2x +4=0, then the 
value of a° + B° is 
(A) 64 (B) 128 (C) 256 (D) 32 
. The greatest value of the expression 
a 
4° +2t+1 
is 
(A) 4/3 (B) 5/2 (C) 13/14 (D) 14/13 


. The roots of the equation 4° — 3 x 2‘** + 32 =0 are 


(A142 (B)1,3.« = (©)2,3.~— (D) 2,12 
If the equations x -3x+a=0 and x°+ax-3=0 


have a common root, then a possible value of a is 
(A) 3 (B)1 (C)-2 (D) 2 


If x°-1<0 and x°-x-220 hold simultaneously 
for a real x, then x belongs to the interval 

(A) (-1, 2) (B) (-1, 1) 

(C) [-1,2) (D) x=-1 


Let a#1 and @?=1. If a=a+a+a0°+a0*+a°+ 
a and b=a@+a@+0°+a°+a°+a@” then the 
quadratic equation whose roots are a and b is 

(A) x°+x+3=0 (B)x°+x+4=0 
(C)x°+x-3=0 (D)x°+x-4=0 


If ax’ — 2a’ x +1=0 and x - 3ax +a’ =0,a#0, have 
a common root, then a’ is a root of the equation 


(A) x -x-1=0 (B)x°+x-1=0 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


A sufficient condition for the equation x°+bx — 
4=0 to have integer roots is that 

(A) b=0,+3 (B) b=0, +2 

(C) b=0, +1 (D) b=0, +4 


The quadratic expression ax’ + bx +c assumes both 
positive and negative values if and only if 

(A) ab #0 (B) b’ - 4ac > 0 

(C) b’ - 4ac = 0 (D) b* - 4ac <0 


If a>O and one root of ax” + bx + c =0 is less than -2 
and the other is greater than 2, then 

(A) 4a+2|bl+c<0 

(B) 4a+2|b|+c>0 

(C) 4a+2|b|+c=0 

(D) a+b=c 


If b and c are real, then the equation x + bx +c =0 
has both roots real and positive if and only if 


(A) b<Oandc>0 
(B) be <Oand b>2Vc 
(C) be<Oand b’ > 4c 
(D) c>Oand b<-2Vc 


It is given that the quadratic expression ax’ + bx +c 
takes all negative values for all x less than 7. Then 


(A) ax’ + bx +c =0 has equal roots 
(B) a is negative 

(C) aand b are both negative 

(D) a and b are both positive 


The value of a for which the equation cos* x - 
(a+2)cos’ x—(a+3)=0 possesses solution, belongs 
to the interval 
(A) (-e, 3) 
(C) [-3, -2] 


(B) (2, +e) 
(D) (0, +») 


If the expression ax+(1/x)—220 for all positive 
values of x, then the minimum value of a is 


(A) 1 (B) 2 (C) 1/4 (D) 1/2 


If a, b and c are real, a#0,b#c and the equations 
x’ + abx+c=0 and x°+cax+b=0 have a common 
root, then 

(A) @ (b+c)=-1 
(C)c (a+b)=1 


(B) b’ (c+a)=1 
(D) a (b+c)=1 


If (x° +x+2) —(a—3)(x° +x+2)(x° +x+1)+(a-4)x 
(x° +x+1) =0 has atleast one real root, then 
(A)0<a<5 (B) 5<a<19/3 


(D)x*-x-2=0 


(C)x°+x+1=0 


(C)5<a<7 (D)a=7 


Multiple Correct Choice Type Questions 
1. The equation x/)0% 7 +m 2-6/4) — 7 has 


(A) atleast one real solution 

(B) exactly three solutions 

(C) exactly one irrational solution 
(D) complex roots 


2. If S is the set of all real values of x such that 
2x-1 
I+ 34x 


then S is a superset of 
(A) (-, = 3/2) 
(C) (-1/4, 1/2) 


(B) (-3/2, -1/4) 
(D) (1/2, 3) 


3. If||x°—5x + 4|—|2x — 3]|=|x°- 3x +1], then x belongs 
to the interval 


(A) (-*, 1] (B) (1, 3/2) 
(C) [3/2, 4] (D) (4, +2) 
4. Let 


a a 


Then the set of real values of x for which y is real is 
(A) [-1,2) (B) (2,3) 
CC) (-e=1) (D) [3, te) 


5. Let a, b and c be distinct positive reals such that the 
quadratics ax°+ bx +c, bx°+cx+a and cx’+ax+b 
are all positive for all real x and 

a+b+e 


ee es 
ab+bc+ca 


Then 
(A) ssl (B)1<s<4 
(C) s€(-~, 1)U(4,+e)  (D)0<s<1 


6. If wand 1/a (a> 0) are roots of ax’ — bx +c =0, then 


(A) c=a (B) c22b 
(C) b2 2a (D) a22b 
7. If 
k a b 
= + 
2x x+c x-C 


where c #0, a and b are positive, has equal roots, then 
the value of k is 


10. 


11. 


12. 


13. 


14. 


(A)at+b 


(B)a—b 
(C) (Va + vby (D) (Va — VbyY 


. If the product of the roots of the equation 


x —4mx + 3e°"-—4=0 


is 8, then the roots are 


(A) real 
(C) rational 


(B) non-real 
(D) irrational 


» Tf 378-09) <1 then x belongs to 


(A) [0, 1/3) 
(C) (2,3) 


(B) (1/3, 1) 
(D) (3, 10/3] 


If every pair of the equations x + ax + bc =0,x° + bx + 
ca=O and x’ + cx + ab = 0 has a common root, then 


(A) sum of these common roots is —(1/2)(a + b+ c) 
(B) sum of these common roots is (1/2)(a+ b+ c) 
(C) product of the common roots is abc 

(D) product of the common roots is —(abc) 


If the equations 4x* — 11x + 2k =O and x°-3x-k=0 
have a common root a, then 
(A) k=0 
(C) a=0 


(B) k =-17/36 
(D) a@=17/6 


Ifaand bare realand x’ +ax + b’=Oand x°+ax+a =0 
have a common root, then which of the following are 
true? 

(A)a=b 

(B) a+b is the common root 

(C) for real roots, a= b=0 

(D) no real values of a and b exist 


For a> 1, the equation 


(a+ Ja —- iy +(a—,a - i =2a 


has 


(A) three real roots 

(B) roots which are independent of a 
(C) roots whose sum is 3 

(D) roots whose product is —1 


If a,b and c are positive real and a = 2b + 3c, then the 
equation ax’ + bx + c=0 has real roots for 


(A) P-4)> 297 (B) | —4[>2V7 
© fe-u >4V7 (D) | +4 22 '3 
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Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column II are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) — (p), (s); 
(B) > (q), (s), (t); (C) > (1); (D) > (1), (t); that is if the 
matches are (A) —> (p) and (s); (B) > (q), (s) and (t); 
(C) > (1); and (D) > (2), (t), then the correct darkening 
of bubbles will look as follows: 


YC ance 
| D1 
el | 
lla g 


1. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) If wand B are roots of 
x+x+1=O0andkisa 
positive integer and not 
a multiple of 3, then the 
equation whose roots 
are of and B* is 

(B) If a and B are roots of 
x’ +x+1=0, then the 
equation whose roots 
are oo” and ge is 

(C) If wand Bare roots of 
x +ax+b=0,b#0, 
then the equation 
whose roots are 
1/at, 1/B is 

(D) If wand B are roots 
of x +ax-—4=0, 
then the equation 


whose roots are 
a—2and B-2 is 


(p) x + (a+4)x + 2a=0 


(q) *—x+1=0 


(r) x +x+1=0 


(s) bx’ -ax -1=0 


(t) bx’ +ax+1=0 


2. Let a and B be roots of the equation ax’ + bx +c =0 
and a@B # 0. Then match the items in Column I with 
those in Column II. 


Column I Column IT 


(A) The equation 
whose roots are 
a+ Band af is 

(B) The equation 
whose roots are a” 
and p? is 

(C) The equation 
whose roots are 
1/o and 1/B is 

(D) The equation 
whose roots are 
a—cand B-cis 


(p) cx’ + bx+a=0 
(q) ax’ + (2ac —b’)x + =0 
(rt) dx’ + a(b—c)x —bc=0 


(s) ax’ + (2ac + b)x + ac + 
be+c=0 


(t) cx’ -— bx +a=0 


3. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) The maximum value of (p) 0 
x —6x+4 
x +2x+4 
(x is real) is 
(B) The correct value of a (q)1 
for which the equation 
(a + 4a+3)x+(a@-—a-2)x+ 
a(a+ 1)=0 has more than two roots is 
(C) The number of real values of x (r) -1 
satisfying 5° + 5‘ =log? is 
(D) If the ratio of the roots of the 
equation ax’ + bx + b=0 (aand b 
positive) is in the ratio /:m (land m 
positive), then (s) -1/3 
eo {n fe 
— + — —_ 
m l a 
(t) 5 


is equal to 


4. For the equation (x° — 6x) = 81+ 2(x — 3), match the 
items in Column I with those in Column II. 


Column I Column I 
(A) The number of rational roots is (p) 12 
(B) The number of irrational roots is (q) 6 
(C) Sum of all the real roots is “)2 
(s) 99 


(D) Product of the real roots is (t) -99 


5. Let 


x -6x45 
x -—5x+6 


f(x)= 


Then match the items in Column I with those in 
Column II. 


Column I Column IT 
(A) If -l< x <1, then f(x) satisfies (p) 0< f(x)<1 
(B) If 1<x<2, then f(x) satisfies . or 
(C) If 3<x<5, then f(x) satisfies (s) f(x)<1 
(D) If x >5, then f(x) satisfies (t) f(x) =0 


Comprehension-Type Questions 


1. Passage: To solve equations of the form 
(ax? + bx + c)(ax’ + bx +d)=k 


use the substitution ax° + bx = y,so that the given equa- 
tion transforms into a quadratic equation in y which 
can be solved. Answer the following three questions. 


(i) The number of real roots of the equation 
1 Ld 
x(x+2) (x+1yP 12 


is 


(A) 2 (B) 1 (C)0 (D)4 
(ii) The equation 
24 15 _ 
V+2x-8 ¥42x-3 


has 


(A) all positive solutions 

(B) three positive and one negative solutions 
(C) two non-negative and two negative solutions 
(D) two real and two imaginary solutions 


6. Match the items in Column I with those in Column II. 


Column I Column I 
(A) If x is real, the expression (p) [1,7] 
3) -24 
aul kare 
2(x -2) 


admits all values except those in 
the interval 


(B) If the expression (q) [-1/11, 1] 


px +3x-—4 
p+3x-4x 


(p + 3x — 4x° #0) takes all real 
values, then p lies in the interval 


(C) If x is real, then 


(r) (-3, -2) 


—_ 
xv -5x+9 


must lie in the interval 
(D) If x #-2 and x #-3, then 


(s) (4,6) 


x —-4x45 
Vr +5x+6 


for all x in the interval 


(t) (3,5) 


(iii) The real solution set of the equation 
(x —2)(x+ I(x + 4)(x+ 7) =19 


contains 


(A) four elements 
(C) two elements 


(B) three elements 
(D) no elements 


2. Passage: Let f(x)= ax’ + bx +c anda#0.If wand B 


are roots of f(x) =0, then a + B =—b/aand aB = c/a. 
Further, if wand B are real roots with a< B, then f (x) 
andahave thesamesignforall x <q@or x > B,and f(x) 
and a have opposite sign for all @ < x < B. Consider 
the quadratic equation 


(1+ m)x* —2(1 + 3m)x + (1+ 8m) =0 
Now, answer the following three questions. 


(i) The number of real values m such that the roots 
of the given quadratic equation are in the ratio 


2:3 is 
(A) 2 (B) 4 
(C) 0 (D) infinite 
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(ii) The set of values of m such that both the roots of 
the equation are positive is 
Lait) 
(B) -l<m<3 
(C) 3<m<c 
(D) (-, -1) U (3, +29) U {0} 

(iii) The values of m for which the equation has equal 
roots are 
(A) 0,3 (B)-1,3 (C)-1,0 (D)1,3 

3. Passage: Let f(x) =ax’ + bx +c,a#0. Let aand Bbe 

roots of f (x) =0. Then the following hold good. 


(a) @+hand B+ hare roots of f(x — h) = 0 for all h. 
(b) Aa+h and AB +h are roots of f[(x — h)/A] = 0 for all 
hand for all 2 #0. 
Now, answer the following three questions. 
(i) If wand B are the roots of ax’ + bx +c = 0, then 
the equation whose roots are 


atl suet B+1 
a-2 B-2 


is 
(A) a(x +1) + D(x + 1)(x — 2) + c(x - 2) =0 
(B) a(x — 2) + b(x +1)(x —2)+c(x +1) =0 
(C) a(2x + 3) + D(x + I(x +2) + c(x +2)Y =0 
(D) a(2x +1) + b(2x + 1)(x -1)+c(x-1" =0 
(ii) If @ and B are roots of the equation 2x + 4x — 
5=0, then the equation whose roots are 2a—3 
and 28 — 3 is 
(A) x + 10x -11=0 
(B) 11x°+ 10x -1=0 
(C) x° + 10x+11=0 
(D) 11x°-10x+1=0 
(iii) If @ and B are roots of ax’ + bx +c=0, then the 
equation whose roots are @ + (c/a) and B + (c/a) is 
(A) ax? — 2(ac + b)x + c(a+ b)=0 
(B) ax’ —(ca+b)x+c(at+b)=0 
(C) ax’ + 2(ac + b)x-cla+b+c)=0 
(D) ax’ —a(b+2c)x + c(a+b+c)=0 


4. Passage: Let a, b and c be real numbers, a # 0 and 
f(x) = ax’ + bx +c. If a< Bare roots of f(x) =0, then it 
is known that 
(A) f(x)-a<0 for all x in the open interval (a, B). 
(B) f(x)-a>0 for all x such that either x < a or x > B. 


Assertion-Reasoning Type Questions 


In each of the following, two statements, I and I, are given 

and one of the following four alternatives has to be chosen. 

(A) Both I and I are correct and IT is a correct reasoning 
for L. 

(B) Both I and II are correct but I is not a correct 
reasoning for I. 


Now, answer the following three questions. 
(i) If the equation (a’ + 1)x’-(a+1)x+(a@-—a-2)=0 
has one positive and one negative root, then which 
one of the following is possible? 


(A) as-1 (B) -l<a<2 
(C)2sas5 (D)a>5 
(ii) If mx’ — (m+ 1)x +3=0 has roots belonging to 
(1, 2), then 
(A)O0<m<1 (B) l<ms2 
(C)m<0 (D) no real value for m 
exists 


(iii) If x°-(m+1)x+n’+m—8=0 has one root 
in the open interval (—c,1) and the other in 


(1, +e), then 

(A) m<-2V2 (B) m>2V2 

(C) -2V2 <m< 22 (D) no real value for m 
exists 


5. Passage: Let f(x) =ax° + bx +c, where a, b and c are 


real and a#0. Then f(x) =0 has real roots or imagi- 
nary roots according as b’—4ac>0 or b’- 4ac <0. 
Answer the following three questions. 


(i) If the function 


takes all real values for real values of x, then 
(A)m<0 (B)O0<m<1 (C)m>0 (D)m>1 
(ii) If 
x +2x+e 
a x +4x + 3c 


takes all real values, then 


(A) 0<c<l (B) c<-1 
(C)c>1 (D)c>0 
(iii) If 

x +ax+1 

V+xt1 
for all real x, then 
(A) a<0 (B)a<-l 
(C) -l<a<7 (D)a>7 


(C) Lis true, but II is not true. 
(D) Lis not true, but IT is true. 


1. Statement I: If f(x) = ax’ + bx +c is positive for all x 
greater than 5, then a > 0, but b may be negative or 
may not be negative. 


Statement II: If f(x) =ax°+bx+c>0 for all x > 5, 
then the equation f(x) =0 may not have real roots or 
will have real roots less than or equal to 5. 


. Statement I: If a, b and c are positive integers and 
ax’ — bx +c =0 has two distinct roots in the integer 
(0, 1), then log, (abc) = 2. 

Statement II: If a quadratic equation f(x)=0 has 
roots in an interval (H,k), then f(h), f(k) >0 


. Statement I: There are only two values for sin x satis- 
fying the equation 2" * +5x2°°* =7. 


Statement II: Maximum value of sin’x is 1. 


. Statement I: If x=1 is a root of the quadratic equa- 
tion ax’ + bx +c=0, then the roots of the equation 
4ax’ + 3bx+ 2c=0 are imaginary. 


Statement I: For any polynomial equation, 1 is a root 
if and only if the sum of all the coefficients of the poly- 
nomial is zero. 


. Let a, b, c, p and q be real numbers and @ and B be 
roots of the equation x° + 2px + q =0. Suppose a and 
1/B are roots of the equation ax + 2bx + c=0 where 
B ¢{-1, 0, 1} 


Statement I: (p’ — q)(b’ — ac) 20 


Statement II: b 4 paorc#qa 


. Statement I: Let a, B,a and b be real numbers. If ~@+ 
iB (a# 0, B# 0) isa root of the equation x° + bx +c =0, 
then 2a@ is a root of one of the following equations. 

(i) x -—bx+c=0 (ii) x? -— bx —c=0 
(iii) x° + bx -—c=0 (iv) «+bx-2c=0 
Statement II: Complex roots occur in conjugate pairs 
for any polynomial equation with real coefficients. 


. Statement I: The maximum value of 


3x°+9x+17 


isreal 
3x°+ 9x47 o ) 


is 8. 


Statement II: If a,b, and c are real numbers and a> 0, 
then the minimum value of ax’ + bx + c (x is real) is 


4ac — b° 
4a 


. Statement I: Suppose a, b and c are real numbers and 
a#0. If the equation ax° + bx +c=0 has two roots 
of which one is less than —1 and the other is greater 
than 1, then 


10. 


11. 


12. 


13. 


<0 


c 
1+-—+ 
a 


Statement II: Let f(x) = ax’ + bx + c, where a, b and c 
are real numbers and a #0. If f(x) =0 has real roots, 
then af(x) <0 for all real x lying between the roots 
of f(x) = 0. 


. Statement I: Let 


x -xtl 


Vrt+xt1 


where x is real. Then y cannot lie between 1/3 and 3. 


Statement II: If a,b and c are real, then the quadratic 
equation ax* + bx +c =0 has real roots if and only if 
b’ — 4ac 2 0. 


Statement I: For all real values of x, the range of the 
function 


#2 (ax — b)(cx - d) 
(bx — a)(dx — c) 


is R if a, b,c and d are real, a#b,c #d and (a — b’) 
(c-d’)>0. 


Statement I: A quadratic equation will have real 
roots if its discriminant is greater than or equal to 
Zero. 


Statement I: Suppose a, b and c are real, c > 0, 
a+b+c>0 and a—b+c>0. Then both the roots 
of the equation ax” + bx + c=0 lie between —1 and 1. 


Statement II: For a quadratic expression f(x), if f(p) 
and f(q) are of opposite sign, then f(x) = 0 has a root 
in between p and q. 


Statement I: Let f(x) and g(x) be quadratic expres- 
sions with rational coefficients. Suppose they have 
a common root of the form @ + JB where f is not a 
perfect square of a rational number. Then g(x) = y f(x) 
for some rational number ¥. 


Statement II: For a quadratic equation, with rational 
coefficients, if a+b (b is not a perfect square of 
a rational number) is a root, then a — Vb is also a root. 


Statement I: If the equation x + px + q =0 has rational 
roots and p and q are integers, then the roots are 
integers. 


Statement II: A quadratic equation has rational roots 
if and only if its discriminant is a perfect square of a 
rational number. 
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Integer Answer Type Questions 


The answer to each of the questions in this section is 
a non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 


CHOSIOIOISIS IOS (OE 


O/@/Q/E|@/@|@/@jO/9|~ 


©|@|@/@/@/@|©|@|O\e) x 


©|/@|Q/@/@|@|©|@|O}E} x 


1. The integer value of k for which 
x’ — 2(4k —1)x + 15k? - 2k -7>0 


for all real x is 


. The number of negative integer solutions of x? x 2°*! + 


glx-3}+2 = xr x glx3h+ 4 fe Ql is 


. If (@ + Si)/2 is a root of the equation 2x* - 6x +k =0, 


then the value of k is 


. If the equation x*- 4x +log,,,a=0 does not have 


distinct real roots, then the minimum value of 1/a 
is 


. If ais the greatest negative integer satisfying 


x -4x-77<0 and x>4 


simultaneously, then the value of |a| is 


. The number of values of k for which the quad- 


ratic equations (2k —5)x*-4x-15=0 and (3k-—8) 
x’ — 5x —21=0 have acommon root is___ 


. The number of real roots of the equation 2x° — 6x — 


5,/x° — 3x -—6 =0 is ; 


| 


Single Correct Choice Type Questions 
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vs) 
— 


—_— = 


Multiple Correct Choice Type Questions 


- (A), (B), (©) 
- (A), (D) 
- (A), (C) 
- (A), (D) 
- (B), (C) 
- (A), (C) 
- (©), (D) 


NQ ab WD = 


- (A), (D) 

- (A), (D) 

- (A), (C), (D) 

- (A), (B), (C), (D) 
- (A), (B), (C) 

- (A), (B), (C), (D) 
- (A), (C) 


Matrix-Match Type Questions 


1.(A)>@), Bom, OW), OM) 
2. (A)>(1), (B)>@), (->(p), WM) () 
3. (A)o(), BM, (Or), W)>() 
4.(A)>(), @8 0), (-®), MO) -W 


Comprehension-Type Questions 
1. (i) (A); Gi) (C);_ Gil) (A) 
2. (i) (A); (ii) (D); (iti) (A) 
3. (i) (D); Gi) (C);_ Gait) (D) 


Assertion-Reasoning Type Questions 


Se eS 
on 
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Integer Answer Type Questions 


1. 3 
2. 0 
3. 17 
4. 16 


- (A) > (P), @), (); 


- (A)>(), 


- (i) (B); 
. (i) (D); (ii) (A); 


(B) — (q),(s), 
(D) > (p), (2), (8) 
()>q@, WO) 


(C) > (q), (s), 
(B) > (p), 


(ii) (D); (iti) (C) 


(itt) (C) 


Progressions, 
Sequences and Series 
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5.1 Sequences and Series 

5.2. Arithmetic Progressions 
5.3 Geometric Progressions 
5.4 Harmonic Progressions 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Sequences: A sequence is an 
ordered list of objects (or 
events). It contains members 
(also called elements or terms), 
and the number of terms 
(possibly infinite) is called the 
length of the sequence. Order 
matters and the exactly same 
elements can appear multiple 
times at different positions in 
the sequence. 


Series: The sum of terms of 
a sequence is a series. 
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We have defined the concept of a function and its domain, codomain and range in Chapter 1. A sequence is a function 
whose domain is the set of natural numbers and codomain is a given set. In this chapter, we discuss various aspects of 
sequences, in particular of sequences defined in certain recursive types. 


5.1 | Sequences and Series 


In this section, we will introduce the notion of a sequence and the corresponding series and their limits. Though the 
concept of limit is discussed in another volume of this series, we assume a certain intuitive idea about the limit or the 
approaching value. For example, the value of 1/n decreases as n increases and 1/n becomes nearer to zero (and it is 
never zero) as we take bigger values for n. A naive idea like this is enough to understand the concepts introduced in 
this chapter. 


Sequence of Elements 


DEFINITION 5.1 Let Z” be the set of positive integers and X any set. Then a mapping a:Z*— X is called a 
sequence of elements in X or, simply, a sequence in X. For any n€ Z", we prefer to write a, for 
the image a(n). This a, is called the nth term of the sequence. 


Usually a sequence is denoted by its range {a,|n €Z*} or simply {a,} or {a,, a,, a;,...}. 


Examples 


(1) {1/n} isasequence of realnumbers.Herethesequence (4) {i"} is a sequence of complex numbers. Here the 
a:Z* >R is given by a,=1/n for any ne Z’. sequence a:Z* > C is given by a,=i'" for any neZ’. 
Recall that 7” = 1 if is a multiple of 4,7" = ifn =4m +1, 


(2) {n°} isasequence of integers. Here a, =n’ forall n € Z*. : ge 
!=-lifn=4m+2 and i" =-iifn=4m +3. 


(3) {log,m} is asequence of real numbers. Here the sequence 
a: Z, > Ris given by a, = log,n for any ne Z’. 


DEFINITION 5.2 A sequence {a,} is called finite if its range is a finite set. In other words, the set 
{a,|n €Z"} 


is a finite set. An infinite sequence is a sequence which is not finite. 


Examples 


(1) The sequence {7’} is finite, since {1,7,-1,—i}is precisely (3) For any m> 1, {m’} is an infinite sequence. 
the range. (4) The sequence {log, 7} is infinite. 
(2) The sequence {(—1)"} is finite, since {1,—1} is its range. 


DEFINITION 5.3 A sequence {a,} is called constant if a,=a,=--- (i.¢.,a,=a,, for alln and me Z’). {a,} is called 


ultimately constant if it is constant after a certain stage in the sense that, there is a positive 
integer m such that 


a=a forall keZ* 


mi “mt+k 


or a, =a 


m m+1 


nr Se 

Quite often, ultimately constant sequences are also called finite sequences for the simple reason that their ranges are 
finite. As per our terminology, any ultimately constant sequence is finite and not vice-versa; for, consider the following 
examples: 


Examples 


5.1 | Sequences and Series /209,sSY 


(1) The sequence {(-1)"} is finite but not ultimately whether n is odd or even, respectively. In this case 


constant, since a, # a 


1 for alln € Z", where a, =(-1)", {a,} is finite, but not ultimately constant. Here also, 


a, = 1ifnis even and a, =—1 ifn is odd. a, #4,,, for allne Z’. 


(2) The sequence {q,}, where a, =[1/n] (the integral partof (4) The sequence {i"} is also finite, but not ultimately 


1/n), is ultimately constant, since [1/n] = 0 for alln> 1. constant. 


(3) Define the sequence {a,} by a, =the remainder obtained 
by dividing n with 2. Then a, is 1 or 0 depending on 


Quite often, sequences are defined recursively in the sense that a, is defined in terms of a,_,,4,_,,...,@,a,. Of 


course, one has to define the first term a, or the first few terms. 


te Try it out ) 
1. Let a,=2 and a,=a,_,+2 for any n>1.Then show that 
@=a+2=24+2=4 
Gh = tar 26) 
a@,=a,+2=8, etc. 
2. Let a,=1,a,=4 and a,=a,+a,+-:-+a,, for n=3.Then show that 
G— Ga) 
&=a,+a+a,=10 
a,= a, + a, + a,+ a,= 20, etc. 
Note that a,=2a,_, for n>3. 
3. Let a,=1,a,=2 and a,=a, ,+a,_, for any n>2.Then show that 
=a + a,=3 
C= Cher => 
On aS 
a,= a; +a,=13 
a, =a,+ a,=721, etc. 
4. Let 
ne and @,=—*1— for all n>1 
2 ilar 2a 
Then show that 
1 1 il il 
a, Tee » gs ue 
L Note that a,=1/2n for allneZ’. ) 


Series 


DEFINITION 5.4 If {a,} is a sequence of real or complex numbers, then an expression of the form 


+a tate 
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is called a series. If s, is the sum of the first n-terms of the sequence {a,}, that is, 
§,=Qtate-+4, 


then {s,} is again a sequence and s, is called the nth partial sum of the series. 


Examples 


(1) 1+2+3+---isaseries and the partial sumis givenby (2) 1+(-1)+1+(-1)+--: isaseries and the partial sum 


is s, = 1 or 0 depending on whether n is odd or even. 
n(n +1) 
S,=14+2+4+--+n=—— 


Note: An ultimately constant sequence {a,} is some times referred as a finite sequence and is expressed as a, d,,..., @, 
with the assumption that a,=4,,,=-"- 


Limit 


DEFINITION 5.5 Let {a,} be a sequence of real numbers and a be a real number. Then ais said to be limit of the 
sequence {a,} if, for each € > 0, there exists a positive integer n, such that 


la,-a|<e foralln>n, 


That is, a—e<a,<a+e forall n2=n,. 


THEOREM 5.1) Any sequence can have at most one limit. 


ProoF| Let {a,} be a sequence and a and b be limits of {a,}. Suppose that a # b. Take 


Sa la20l 
2 


Since ais a limit of {a,}, there exists n, € Z* such that 
la,-a|<e foralln>n, 
Similarly, there exists n,€ Z” such that 
la,—b\|<e foralln>n, 
Choose n € Z* such that n > max{n, n,} Then 
ja—b|<|a-—a,|+|a,+ bl|<e+e=|a—-b| 


which is a contradiction. Thus a = b. |_| 


DEFINITION 5.6 _ If ais the limit of {a,}, then we write lima, =a or, simply, lima, =a and denote it by a, a. 


Examples 


(1) Consider the sequence {1/n}.Then lim(1/n) = 0. For, 
if € >0 is given, choose a positive integer n, > 1/e so 
that, for any n =n, 


+-0|-2s 


d 
—< 
n no Ny 


(2) The sequence {n} has no limit. 

(3) If lima, =a and lim b,=5, then lim(a, +b,)=a+b 
and lim a,,b,, = ab. 

(4) Ifais the limit of a sequence {a,}, then ais the limit of 
any sequence obtained by omitting a finite number 
of consecutive terms from {a,}. 
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Convergent and Divergent Series 


DEFINITION 5.7 Let {a,} be any sequence of real numbers and s,=a,+ a,+---+4,,. If the sequence {s,,} has limit s, 
then we write 


a= 5 
n=1 


In this case, the infinite series ae is said to be convergent to s. If {s,} has no limit, then the series per is said to 
be divergent. 


Examples 


co 


(1) Lis is convergent. (3) If >. a, is convergent, then lima, =0. 


=1 7 


(2) y el. divetent (4) Iflim a, =0, then ba 4, 2n May not be convergent (see 
cue) example given in point 2). 


5.2 | Arithmetic Progressions 


A sequence whose terms satisfy a specific condition is called a progression. In this section we discuss sequences in 
which the difference between any two consecutive terms is a fixed constant. Such sequences are called arithmetic 
progressions. We begin with the formal definition in the following. 


DEFINITION 5.8 A sequence {a,} is called an arithmetic progression if a,,,—4,=4,—,_, for all integers n>1 
and, in this case, a,,,— 4, is called the common difference. 


> ntl 

An arithmetic progression is also called an arithmetic sequence. Note that {a,} is an arithmetic progression if and 
only if 

Gy4, + G1 = 24 


nN 


for all integers n> 1. 
Before going for examples, let us have the following fundamental characterization of arithmetical progressions. 


THEOREM 5.2) Let {t,} be a sequence of real numbers. Then {t,} is an arithmetic progression if and only if there 
exist unique real numbers a and d such that 


t,=a+(n-l)d 
for all integers n= 1. 
ProoF| Suppose that {t,} is an arithmetic progression. Then 


t=t-t for alln>1 


nt+1 n n n-1 
Take a=t, and d=t,-4,. Then 
t=a+(1-1)d 
L=4+(4-t)=a+(2-l1)d 
£=6+(4-6)=44+(6-4)=atd+d=a+2d 
and, in general, we can prove by induction that ¢,=¢,_,+ (¢,-¢,.,)=a+(n—-2)d+d=a+(n-l1)d 
for any positive integer n. 
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Conversely, suppose that there are real numbers a and d such that t,=a+(n-1)d for all 
positive integers n. Then 


tay t,=at(nt+1-Ld-(at+(n-1)d)=d 


for all ne Z* and therefore {t,} is an arithmetic progression. The uniqueness of a and d follows 
from the facts that 4 =a and 4,-4,=d. a 


1. In any arithmetic progression {t,} the first term ¢, 3. Any arithmetic progression must be of the form 


and the common difference ¢,,, — ¢, determine all the a,a+d,a+2d,a+3d,...where a is the first term 
terms and, therefore, the first and second terms (¢, =a and d is the common difference. This is called the 
and t,—¢,=d) of an arithmetic progression deter- general form of an arithmetic progression. 


mine the whole sequence. Also, by examining the 
first three terms (in fact any three consecutive terms) 
we can get a clue that the given sequence is or is not t=at+(n-1)d 
an arithmetic progression. 


4, The nth term of an arithmetic progression is 


: j : —— where a is the first term 4 and d is the common 
2. A sequence {t,} is an arithmetic progression if and 


only if twice of any term is equal to the sum of its 
proceeding term and succeeding term. 


difference ¢,,,-t,(=6—4). 


Examples 


(1) The sequence {n} is an arithmetic progression. Here (2) Any constant sequence is an arithmetic progression 


the first term and the common difference are both the common difference being zero. 
equal to 1. 
1. If {a,} is an arithmetic progression, then for any real also an arithmetic progression whose common differ- 
number k, {a,+k} is also an arithmetic progression ence is kd. 
with the same common difference as {a,}, since 3, If {a,} and {b,} are arithmetic progressions, then 
(4,1+k)—(a,+k)=4,,,—4,, for any ne Z’. {a, + b,} is also an arithmetic progression; however 
2. If {a,} is an arithmetic progression with common {a,b,,} is not so, in general. In this direction, we have 
difference d and k is any real number, then {ka,} is the following. 


THEOREM 5.3) Let {a,} and {b,} be arithmetic progressions. Then {a,b,} is an arithmetic progression if and only if 
either {a,} or {b,} is a constant sequence. 


ProoF| If {a,} or {b,} is constant, then by point 2 of Quick look 2, {a,b,} is an arithmetic progression. 
To prove the converse, let d and e be the common differences of {a,} and {b,}, respectively. 
Then 


{a,b,}isan AP > a,,,b,,, 
=> (Gye — Gy )Bus + (Byes — By On = (Gy = Gy Py + (By = Pps) Ont 
= db,,,+ea,=db,+ea, , 
=> d(D,,1— By) =— eG, — 4,1) 


= de=-—de 


-—a,b,=4,b,-a,,b,4 


non 
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=> 2de=0 
=d=0 or e=0 
=> {a,} is constant or {b,} is constant | 


DEFINITION 5.9 Let a,a,...,a, be given numbers. Then a, a,,...,a, are said to be in arithmetic progression if 
these are, in this order, consecutive terms of an arithmetic progression. 


THEOREM 5.4) a,@,...,q, are in arithmetic progression (where n > 2) if and only if 2a =a 


1, +a, forallrandk 
such that l<r—k<r<rt+k<n. 


Proor| If 2a =a 


r+k 


+a,,, then 
4.,-4,=a,-a., foralll<r<n 


and hence a, = a, + (r — 1)(@ —a,) for all 1 <r <n. Therefore a,, a,,...,a,, are in 
arithmetic progression. o 


o& Try it out The converse is clear. It is left for the reader as an exercise. 


1. Any two real numbers a,,a, are in arithmetic progres- 6. In general, (27+ 1) numbers in AP can be taken as 
sion whose common difference is a, — a,. a-—rd,a—(r—1)d,...,a,a+r,...,a+rd. 

2. a), a,, a, are in AP if and only if 2a, =a, + a. 7. In general 2r numbers (r € Z*) in AP can be taken as 

3. Three numbers in AP can be taken as a—d,a,a+d a—(2r—-1)d,a-(2r—3)d,...,a—d,at+d,a+3d,..., 
for some a and d. a+ (2r-1)d. 

4. Four numbers in AP can be taken as a — 3d, a-d, 8. A sequence {a,} is an AP if and only if the nth term 
a+d,a+3d. a, is a linear expression in n. 


5. Five numbers in AP can be taken as a — 2d, a-— d, 
a,a+d,a+2d. 


THEOREM 5.5) The sum of the first n terms of an arithmetic progression is given by 
n-1 
s,=n|a,t d 
anlage al 


where a, is the first term and d is the common difference. 


ProoF| Let {a,} be an arithmetic progression and d the common difference. Then 
a,=a,+(n-1)d forallneZ 
Let s, be the sum of the first n terms in {a,}.Then 
S,=a+at+--+4, 


=Yia=D(q+-Da) 


r=1 
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=na,+[0+1+2+---+(n-D]d 


n-1 
nl ee =a 
aC 2 


The sum of the first n terms of an AP is given by 


foo (Deo $ 


which is a quadratic expression in n, with constant term zero. a 


na, + mand Z d 


Converse of Theorem 5.5 is proved in the following theorem. 


THEOREM 5.6] A sequence is an arithmetic progression if and only if the sum of the first n terms is a quadratic 
expression in 1 with the constant term zero. 


ProoF| Let {a,} be a sequence and s,=a,+ a,+---+4,, for any ne Z*. Then the nth term is given by 
a, = S, ~ Spa 
Now, suppose that s, is a quadratic expression in 1 with constant term zero, that is, 
s,=an +bn 
where a and Bb are real numbers. Then 
A, = Sy Spy 
=an + bn—[a(n-1) + b(n-1)] 
=a[n -(n-1)]+)[n-(n-1)] 
=(2n-lat+b 
Therefore, the nth term is a,=(2n—1)a+ and so, for any n> 1, 
a, — 4,_,=(2n—- lat b—-[(2(n-1)-la+ b] 
=[2n-1-(2n-3)]a=2a 


This shows that a,—a,_, is a constant for all n and hence {a,} is an arithmetic progression with a 
common difference 2a and first term a+ b. a 


QO QUICK LOOK 4 


1. In the above, if 5,=an’ + bn+c with c #0, then {a,} Therefore {a,} is not an arithmetic progression. 
is not an arithmetic progression. In this case, it can However, 4, a, d,, a;,... are in AP, with common 
be observed that difference 2a. That is, excluding a, {a,} is an AP. 

2. If the sum of the first m terms of a sequence is 
an’ + bn for all ne Z*, then the sequence is an AP 

and =a = (ss = 6) a == 5; Le first term is a+ b and the common difference 

is 2a. 


@,—a,,=2a forn>2 


=(4a+2b+c)-2(at+b+c) 


=2a-—c#2a (sincec#0) 


5.2 | Arithmetic Progressions 
Example Sa) 


If the first, second and nth term of an arithmetic The sum of the first n terms is given by 
progression are a, b and c respectively, then find the sum 
of the first n terms of the sequence. n-1 c-a 
nas a)=n a+ Xb 5 a) 
-a 
Solution: The given sequence can be written as 
AD Dig Digsiig Os Diyas _¢c+b- “(a+ —*) 
The common difference must be b — a. Also, c which is b-a 2 


the nth term equals 
b-2 
a+(n—1)d =a+(n—1)(b—a) er 


2(b-a) 


Therefore 


c-@..,  ctb—2a 
b=@ b-a 


Arithmetic Mean 


DEFINITION 5.10 _ Ifthree numbers a,b,c are in arithmetic progression, then b is called the arithmetic mean (AM) 
between a and c. In general, if a, b,,5,,...,b,,¢ are in arithmetic progression, then b,,b,,...,b 
are called n arithmetic means (n AMs) between a and c. 


n 


THEOREM 9.7] IfA,,A,,...,A, are arithmetic means between a and c, then 


k(c-a 
A,=a+t ( =2 forl<sk<n 
ProoF| Leta, A,,A,,..., A,,c be in arithmetic progression and d be the common difference. Then 
A=a+d, A,=a+2d, ..., A,=at+kd, A,=at+nd 
and c=at+(n+l1)d 
Therefore, 
d=" : and A=a+ Sk . 


1. If b is the arithmetic mean between a and c then 


At Att A=n{ 24) 


Be a+c D) 
2 That is, the sum of n arithmetic means between two 
2. For any real numbers a and b given real numbers a and b is equal to n times of the 
é AM of aand b. 
a ae b 4. If ais the first term and 5 is the nth term in an AP, 
> 9) > 


then the sum of the first 1 terms is equal to 


are in arithmetic progression. n (nD) 
3. IfA,,A,,...,A,, are n arithmetic means between a and 2 
b, then 
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THEOREM 95.8 
first n terms, respectively, then 


Proor) Let the two AP’s be 


a,a+d,a+2d,... 


Then, by Theorem 5.4, we have 


If T, and T, are the nth terms of two arithmetic progression and s,and s’ are their sums of the 


a3 — San-1 
- - 
T Syn 


n 


and b,b+e,b+2e,... 


Sy, __ (2n—-1)[a+ {(2n -2)/2}d] 


sy, (2n-V[b + {(2n- 2)/2}e] 


_at+(n-1)d_T, 


~ b+(n-Ne T’ Fs 


n 


Example cea 


The nth terms of two AP’s {a,} and {b,} are 10 and 15, 
respectively. If sum of the first 7 terms of {a,,} is 30n, then 
find the sum of the first 21 terms of {b,}. 


Solution: If s, and ¢, are the sums of the first n terms 
of {a,} and {b,}, respectively, then by Theorem 5.7, 


20@n-1) &,4. a 10 


bn bra b 15 


and hence 


_ 30(2n- 1) x 15 


bya 7; = 45(2n-1) 


Thus, the sum of the first 21 terms in {b,} is given by 
45(21) = 945 


by bya 


Example oat 


The 22nd term and 46th term of an AP are 36 and 72, 
respectively. Find the general term of the AP. 
The 22nd term is 36. This means 
a+21d=36 
The 46th term is 72 which implies 
a+45d=72 


Solution: 


Here, a is the first term and d is the common difference 
of the AP. 


Then, solving the above two equations in two variables 
we get 


ad = 363 d == 


Substituting this value of d in any one of the above equa- 
tions gives 
9 


a= = 
2 


Therefore, the nth term is given by 


aa D3 
n 2 2 


Example EI 


The sum of four integers in AP is 24 and their product is 
945. Find these integers. 


Solution: Let the four integers be a—3d, a—d,a+d, 
and a + 3d. Then, it is given that 


(a—3d)+(a-—d)+(a+d)+(a+3d)=24 
and (a—3d)(a—d)(a+ d)(a+ 3d) =945 
Therefore, from the first equation we get 


4a=24 or a=6 
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Also from the second equation we have d‘— 40d’ + 39 =0 
(a —d’)(a@ — 9d’) =945 (a? —1)(d? — 39) =0 

(36 — d’)(36 — 9d°) =945 Since the terms of the given AP are integers, so is d. 

Od* — 360d? + (36 x 36) =945 Therefore, d’ # 39. This gives d’ = 1 or d=+1. Hence, the 


given integers are 


4 2 _ 
d’—40d° +144 =105 35,19 or 9,75,3 


5.3 | Geometric Progressions 


A sequence in which the ratio of any term, and its immediate predecessor term is constant is called a geometric 
progression. In this section we will discuss various properties of geometric progressions. 


DEFINITION 5.11 A sequence {a,} of non-zero real numbers is called a geometric progression (GP) if 


foralln>1 


DEFINITION 5.12 Let {a,} be a geometric progression and r be the constant a,,,/a,. Then ris called the common 


n+l 


ratio. 
Examples 
(1) The sequence {1, 2, 2”, 2’,...} is a geometric progres- | (3) The common ratio of a geometric progression is 1 if 
sion with common ratio 2. and only if it is a constant sequence. 
(2) {3, -3/2, 3/4, -3/8, 3/16, -3/32,...} is a geometric (4) {3,-3,3,-3,3,-3,...} is a geometric progression with 
progression with common ratio —1/2. common ratio —1. 


DEFINITION 5.13 Non-zero real numbers t¢,, t,...,¢,, are said to be in geometric progression (GP) if these are 


oa 


consecutive terms of a geometric progression. 


oe. QUICK LOOK 6 


1. Any geometric progression with first term a and a ies ; 
common ratio r can be expressed as tS a, a foralllsis<n 


2 n 
(0, C1? OF ase Oi none a 
4. The nth term of a GP with first term a and common 


This is known as the general form of a GP. ratio ris given by 


2. Three non-zero real numbers a, b and c are in GP if 
and only if b* = ac. 


t= igo 


n 


a, foranyneZ 


3. In general, non-zero real numbers 4,, a,,..., a, are in 
GP if and only if 


THEOREM 5.9) Leta,,a,,...,a, be in GP with common ratio r. 
1. For any non-zero constant A, Aa,, Aa,,..., Aa,, are in GP with common ratio r. 


2. For any real number b > 1, log,a,, log,a,,..., log,a,, are in AP with common difference log,r, 
provided a,>0 for 1<i<n. 
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ProoF| 1. The first part is clear, since 


nl a, 


= =r foralln>1 


2. The second part follows from the fact that 


log,a, — log,a,_,; = log, on ) =log,r foralln>1 
Q,-1 B 
THEOREM 5.10) Thesum of the first 1 terms of the GP with first term a and common ratio r # 1 is given by 
ie a(l-r") 
1-r 
ProoF| The GP with first term a and common ratio r can be expressed as 
a,ar,ar,... 
Ifs, is the sum of the first n terms, then 
S,=atar+-+ar"" 
s,(1—r)=a-ar"=a(1—-r") 
and therefore, 
gO). apy a4 
1-r | 


If the common ratio of a GP is 1, then the sum of the first n terms is na, where a is the first term. 


DEFINITION 5.14 _ Let 


Pe Oa ) 
1-r 


be the sum of the first n terms of a GP with first term a and common ratio r. If |r| < 1, then 


lims, = 


neo —r 


is called the sum to infinity of the GP and this will be generally denoted by s,. 


Example Sea 


Consider the sequence Solution: The nth term of the sequence is (1/4)”". The 
sequence is a GP with first term 1/4 and common ratio 
Pid i 1/4. Therefore, 
4° 16’ 64’ 256’ 
1-(1/4)" — 4"-1 1 4 
Calculate the sum of first 7 terms and the sum to infinity. Oa (1/4) 3.4" and s.= 1-(1/4) “3 
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Geometric Mean 


DEFINITION 5.15 _ If three numbers a, b and c are in GP, then b is called the geometric mean (GM) of a and c or 
geometric mean between a and c. 


oe. QUICK LOOK 8 

1. A number b is the GM between a and c if and only if or, equivalently, 
a = ac 
a 


é 
b 2. If x and y are any non-negative real numbers, then 
Xs Jxy, y are in GP. 


DEFINITION 5.16 _ Ifa,g,,g,,...,g,,b are in GP, then g,, g,,...,g, are called n geometric means or, simply, n GMs 
between a and b. 


In the following we discuss the insertion of n GM’s between two given non-zero real numbers, where nv is a given posi- 
tive integer. 


THEOREM 5.11} Leta and b be two given non-zero real numbers and 7a positive integer. If 


ki(n+1) 

.=a(2) forl<k<n 
a 

then g,, g,,...,g, are n geometric means between a and b. 


Proor| Let 


b ki(n+1) 
=a) forlsk<n 


and consider 4, g,, ,,..., g,,b. Then 


& 7 (ey 
a a 


g _ a(blay""*? : (ay 
2, ~ a(bla)"*) a 


2, a(blay"" _ er _ b 


Bi. a(blayhP a & 
1(n+1) 


Therefore a, g,, g5,..., g,, 0 are in GP with common ratio (b/a) and hence g,, g,,..., g, are the 


n GMs between a and b. | 
If g,, 2,---, g, are m geometric means between a and b, p \ treet) 
then their product is given by =a (*) 


Pees = any. 


y a b ki(n+1) 
Hs=TH(*] 
i 


=2(2) (Jaby" 


since 
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Example 56) 


Insert 8 geometric means between 1 and 16. and hence g, = (16)*”. Therefore, 


1/9 2/9 8/9 
Solution: Let 1,g,, g5,..., gs, 16 be in GP. Then (16)", (16)",..., (16) 


16a) are the 8 GMs between 1 and 16. 
s.=1( =) forl<k<8 


Arithmetic Geometric Progression 


DEFINITION 5.17 A sequence of the form 
a, (a+ d)r, (a+ 2d)r’, (a+ 3d)r’,... 


is called arithmetic geometric progression (AGP) the nth term in AGP is [a+ (n- 1)d]?"", 
where d and r are non-zero real numbers. 


THEOREM 5.12] Thesum of the first n terms of an AGP is given by 


_ a ,a-r"") (a+(n-1)d)r" 
"|-r (1-r/ 1-r 


If |r| <1, the sum to infinity is 
oe 
“ 1-r (1-ry 
Proor| Leta,(a+d)r,(a+2d)r’,... be an AGP and s, be the sum of first n-term; that is, 
s,=at(atd)r+(at2d)r+---+[a+(n—-1)d]r"" 
Then 
rs, =ar+(a+d)r+(a+2d)r° +--+ [a+ (n-1)d]r" 
Now using the two equation we get 


dr(i—r”") 
1-r 


(l-r)s,=s,-rs,=at [a+(n—1)d]r’" 


a, dr(i-r"') [a+(n-1)d}r" 


ae (1-ry 1l-r 
If |r| <1, then 
: a dr 
s, =lims, =—— + 
ne 1l-r (1-7r) oH 
Example EA 
Find the sum to infinity of the series which is an arithmetic geometric progression with a= 1, 
d=3 and r=1/5. Since |r| <1, the sum to infinity of the 
4 7 10 nas 
te a AGP is given by 
ai. dr ss 1 - 3(1/5) 5,5 _3 
Solution: The given series is of the form 1-r (1-ry 1-(1/5) [1-(/5)P 4 16 16 


a,(at+ d)r,(a+2d)r’,... 
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5.4 | Harmonic Progressions and Series 


In this section we consider sequences in which the reciprocals of the terms form an arithmetic progression. Such 
sequences are called harmonic progressions. Let us begin with the following. 


DEFINITION 5.18 A sequence of non-zero real numbers is said to be a harmonic progression (HP) if their 
reciprocals form an arithmetic progression (AP). That is, {a,, a,,...} is said to be a HP if 


(i) 04a, e Rforalln 
(ii) {1/a,, 1/a,,...} is an AP 


DEFINITION 5.19 Non-zero real numbers 4a,, a,,..., a, are said to be in HP if they are consecutive terms of a HP, 


that is, 
Bags : for alll<i<n 
Go Gy Gin G 
oe. QUICK LOOK 10 
The general form of an HP is where the nth term is 
Lee il 1 
aat+d a+2d> a+(n-1)d 
Examples 
(1) {1, 1/2, 1/3, 1/4,...} is an HP. is an HP, if a#—nd for alln €Z’. 
(2) For any0<aeR and0#deR, (3) The numbers 1/3, 1/7, 1/11 are in HP. 


11 4 
a atd at+2d™ 


Harmonic Mean 


DEFINITION 5.20 _ Ifa,b,c are in HP, then b is called the harmonic mean (HM) between a and c. Note that b is 
the HM between a and cif and only if 


Examples 


(1) Note that 1/5 is the HM of 1/3 and 1/7. (2) If y is the AM of x and z, then 1/y is the HM of 1/x 
and 1/z. 


DEFINITION 5.21 h,,h,,...,h, are said to be n harmonic means between two given real numbers a and b if a,h,, 
h,,...,h,, b are in HP. 


vey flay 


THEOREM 5.13) Ifh,,h,,...,h, are n HMs between two non-zero real numbers a and b, then 


ab(n + 1) 


= f 1<K< 
«B(n+D+K(a-b) . 
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ProoF| Suppose that a,h,,h,,...,h,,b are in HP. Then 
111 1 1 
ahh, 7h,’ b 
are in AP. If dis the common difference of this AP, then 


1 1 1 1 
+d,—=—+ 


7 d,—= 2d,...,h,=—+nd 
ha 2 
and Pes wtiada 
boa 
and so 
ee F ~|- a—b 
n+1Lb al (n+\1)ab 
Therefore 


1 1+ a-—b } Menken? 


hy a (n+ 1)ab (n+ l)ab 
jee (n+ lab 
* b(n+1)+ K(a—b) | 


THEOREM 5.14) If A, G and H are the arithmetic, geometric and harmonic means, respectively, between two 
positive real numbers a and 5, then 


AH=G 
that is, A, G, H are in GP or Gis the GM of A and H. 


ProoF| Since A, Gand H are the arithmetic, geometric and harmonic means, respectively, we have 


AoE Bade aad He” 
2 a+b 
Therefore, 
An =2t2. 2ab -ab=C 
2 atb es 


Note: In Theorem 5.14, one has to take a and b to be non-zero, but in this theorem a and b must be positive. Also, note 
that A => G2 H and that the equality holds at the two places if and only if a= b. These are proved in the more general 
cases later (see Theorem 5.15). 

Some inequality problems and maxima and minima problems can be solved by using the inequalities A = G = H, 
where A, G and # are arithmetic, geometric and harmonic means, respectively, of two positive real numbers. Let us 
begin with the following. 


DEFINITION 5.22 Leta,,a,,...,a, be positive real numbers (n = 2). Then 


(i) (a,+a,+---+a,)/nis called the arithmetic mean (AM) 
(ii) (a,a, «++ a,)” is called the geometric mean (GM) 
(iii) n/[(1/a,) + (/a,) + --- + (1/a,)] is called the harmonic mean (HM) 


THEOREM 5.15) Ifa, 4a,,...,a,(n = 2) are positive real numbers and A and G be their AM and GM, respectively, 
then A > G and the equality holds if and only if a;= a, for all 1 <i,j <n. 
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Proor| We will use mathematical induction on n. If a,, a,,..., a, are all equal to each other, then clearly 
A=G=a,. Suppose that, not all the a,s are equal. For n =2 


A=47% and G=,/a4, 


so that 


A-G= a >0 


and hence A > G. Now, consider the case n = 3. Let a,, a,, a, be positive real numbers and let 


x=(a), y=(a)'" and z=(a,)"" 


Then x, y and z are positive and 


a,+a,+ a, 13 


A-G= 


(a,a,a;) 
13, 3,3 
=e +y +z —3xyz) 


1 
=g(at yt ga't yi tz'— xy— yz—zx) 


= F(x y+ M(x WP + (VF H(E- 20 


Hence A 2 G. Also, A = G if and only if x = y = z and hence a, = a, = a,. Therefore the theorem is 
valid for n= 2 andn=3. 
Now, let n > 3 and assume that the theorem is valid for any n — 1 positive real numbers. Let 


a), 4>,...,a,, be any positive real numbers that are not all equal. We can suppose that a, = a,2--- 2a, 
and a, >a,. Let 


_AGt 44, 


A and G=(aa,---a,)'” 


n 


Consider 4,, 4, ..., 4,_,, 4,a,/G (which are n — 1 in number). By the induction hypothesis, 


1/(n-1) 
u Redeye oe | 5, ,d,""° a, Gn 
n—-1 2 3 n—-1 G 3 n-1 G 


a, a, 


G >(n- D{ a0 a4 as =(n-1)G 


A+ A,+° +a. + 


Therefore 


a, a, 


NG<Gta,+4,++°+4,,+ 


=G+nA-(a+a,)+ 


G -(a,+a,)Gt+aa, 
G 
(G-a,)(G—a,) 


=nA+ 


=nA+ 


<nA (sincea,>G>a,) 


Therefore G< A. | 
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Note: If any two of the a,s are not equal, say a, # a,, then we can write 


atat--+a,_ [(a,+a,)/2]+[(a,+a,)/2]+a,+a,+---+4, 


> (4,4,0,4,---a, ye 


Coro.ttary 5.1} Ifa,,a,,...,a, are positive real numbers such that their sum is a fixed positive real numbers, then 
their product is greatest when each of 


a=~ (i=1,2,...,n) 
rn 


1 


ProoF| By Theorem 5.15, 
a,+a,+--+4,2n(a,4,...4,)" 


where equality holds if 


a, = 4,=0,="-=a 


Therefore greatest value of a,a,a, --- a, is (s/n)”. o 


Coro.taAry 5.2) If a,,a,,...,a, are positive real numbers such that their product is a fixed positive real number P, 
then their sum is least when each of a,, a,,..., 4, is equal to P””. 
Proor| The following equality 
at+at--+4 


n (Geog yo =P” 
n 


holds when each a,= P'”. Therefore, the least value of a, + a,+ ++ +a, is nP™”. | 


The following formulae and the methods of their derivation will help us in finding the sum to n terms of certain series. 


Example 5a | 


If a, b,c are in HP, then show that a:a—b=a+c:a-c. a-b_ b-c 
ab bc 
Solution: Ifa,b,c are in HP then 1/a, 1/b, 1/c are in AP. 
Therefore a b_b c_(a b)+(b c)_a Cc 
a c atc atc 
1 1 1 
hae pb From the first and the last fractions we get 


a:a—-b=a+c:a-c 


Example Fea) 


Find the harmonic mean of the roots of the quadratic 445 2(4+ 5) 
equation a+ B= eats) and ap= ee 

(5+ ¥2)x°- (44 V5) x +2(44 ¥5)=0 Therefore, the harmonic mean of « and f is 
Solution: Let wand f be the roots of the given equa- 208 _ 4 


tion. Then at+ Bp 
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5.5 | Some Useful Formulae 


I. Telescopic Series: Suppose that we have to find the sum to n terms of a series u, +u,+u,+---.Ifa,+a,+a,+--: 
is another series such that 


Ug =Ag-Ay,, forall K 


then Uj +U, +++, =4,—4,,, 
: 1 1 1 
For example, consider —~ + ——_ + —— +:--. Here, we have 
2:3 3-4 45 
1 1 


for all K >2 


K(K+l) K K+l 


II. Suppose that the mth term wu, of a given series is the product of r successive terms of an AP beginning with the nth 
term of the AP; that is, suppose that 


u, =[a+(n—-1)d](a+nd)---[a+(n+r—-2)d] 
By choosing a, = u,[a+(n+r-—1)d], we can write 


1 
Kk = 
" (r+1)d 


[4, io a,1] 
so that the sum to n terms is equal to 


1 
(+a) 


For example, consider 
(i) 1-2-34+2-3-44+3-4-54--- 
(ii) 1-3-5-74+3-5-7-94+5-7-9-11+--- 
III. Suppose that the nth term of a series is the reciprocal of the nth term of the series given in IJ; that is, 
1 
Tat (n—Dd]latnd]-~[a+(ntr—2)d] 


Then, we can choose 


a, =u, [a+ (n-1)d] 


so that 
1 
u, = (pd —4,) 
and sum to n terms is given by 
1 
(r- pa 1) 
For example, consider 
: 1 1 1 
(i) + + + 
1-4-7 4-7-:10 7-10-13 
1 1 
(ii) 


+ + fe 
1:3-5-7  3-5-7-9 5-7-9-11 


IV. Successive Differences Method: Suppose that in a given series, we cannot express the nth term by using induction. 
But when we take the successive differences of the series, ultimately we may arrive at an AP or a GP. Then we can 
find the nth term by the following method. 
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Let the given series be u, + u,+u,+---.Let 


Au, = (u) — u,) + (U,— Uy) + (Uy — U3) ++ 


Vy Vy Vy 


Au, = (%,- V,) + (¥3-¥,) + (Yj- 3) + 


(i) Suppose that A“u,, becomes a series where all the terms are equal. Afterwards A“"'u,, becomes a series in 
which each term is zero. We stop at A*u,. Let the first terms of Au,, A°u,, A°u,,..., A“u, be dj, d>, dy, ..., dy, 
respectively. Then 


ae d,(n-1) n d,(n—1)(n—- 2) - d(n~M(n=2)(n=3) 
1! 2! 3! 


A‘u, is called the Kth-order differences of the given series. 


Example 


Let us find the sum to n terms of the series 2, 10,30,68, Now, 


130, 222, 350, ... 
= 8(n-1) 12(n-1)(n-2) 6(n-1)(n—-2)(n-3) 
Au, = 8, 20, 38, 62, 92, 128,... alee T = 31 
A’u, = 12, 18, 24, 30, 36, ... =2+8n-8+6(n’ —3n+ 2) +(n’—3n+2)(n—3) 
35 
ASu, = 6, 6, 6, 6,... ee 
a= 000 ox, 


One can check that n° +7 is the general term by giving 
values 1,2,3,... forn. 


(ii) Suppose that A““'w,, forms a geometric progression. In this case, the nth term u, is of the form 
ar” +a,+a,(n—1)+a,(n—-1)(n-2)+-+ 


where r is the common ratio and the values of a, a, a;, a,,... can be evaluated by giving values 1,2,3,... ton 
and equating the terms to the corresponding terms of the given series. 


Example ay 


Consider the series 6+9+14+23+40+.---.Findthenth Taking n=3, we get 
term and sum to n terms. 


14=u,=4a+a)+2a, (5.3) 

Solution: We have Au, = 3,5,9,17.... Therefore Solving Eqs. (5.1)-(5.3), we get that a=2, a,=4 and 
A’u, = 2,4, 8,... a, = 1. Therefore 
which is a GP. Therefore u,=2"+4+(n—I=2+n+3 
u, = a2" +a,+a,(n—1) Hence the sum to n terms is given by 
Taking n = 1, we get ¥ (28+ K+3)=(24+ 2 4-42") + n(n +1) +3n 
K=1 2 
6=u,=ata, (5.1) 


Taking n = 2, we get =2""_24 ao) +3n 


9=u,=2a+a,+a, (5.2) 


Worked-Out Problems 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. Sum of the first 20 terms of the AP 
2, a roe 52 
ie ae 
is 


(A) 274 (B) 211 (C) 277 (D) 274 


Solution: First term a and the common difference d 
are given by 


a=2 and ii 
4 


Therefore the sum of the first 20 terms is given by 


a (4+ 19x 3\=2775 
2 4 2 


Answer: (B) 


2. The third term of an AP is 18 and the seventh term is 
30, then the sum of the first 17 terms is 


(A) 812 (B) 512 (C) 612 (D) 712 
Solution: Let“a” be the first term and “d” the common 
difference. Then 

a+2d=18 (5.4) 
a+ 6d =30 (5.5) 


Solving Eqs. (5.4) and (5.5), we get a= 12,d =3.Therefore 
sum of 17 terms is 


5 (244163) =17 x 36=612 
Answer: (C) 


3. The nthterm of an AP is 4n + 1. The sum of the first 
15 terms is 


(A) 495 (B) 555 (C) 395 


Solution: The progression is: 5, 9, 13, 17,.... Here the 
first term is a=5, the common difference is d=4 and 
the number of terms is n = 15. Then the sum of the first 
15 terms is 


(D) 695 


> (10+ 14x 4) =15 x 33 = 495 
Answer: (A) 


4. The sum of the first 15 terms of an AP is 600 and the 
common difference is 5. The first term is equal to 


(A) 8 (B) 9 (C) 10 (D) 5 


Solution: Using the formula for sum of an AP and 
substituting the values, we get 


600 = => (2a + 14x 5) 


a+35=40 


a= 5 
Answer: (D) 


5. If 17 arithmetic means are inserted between 7/2 and 
—83/2, then the 17th AM is 
(A) -19 (B) -29 (C) -39 

Let d be the common difference. Then 

d= (—83/2)—(7/2) 5 
18 2 


(D) -49 


Solution: 


Therefore the 17th mean is given by (using Theorem 5.6) 


Z + 17(-3] =—39 
2 2 
Answer: (C) 


6. The number of terms of the series 26, 21,16, 11,... to 
be added so as to get the sum 74 is 


(A) 5 (B) 4 (C) 3 (D) 6 
Solution: In the given series a=26, d=—5. Suppose 
sum of the first m terms is 74. This implies 


74 = 5152 +(n-1)(-5)] 


148 = n(57 — 5n) 
5n’ — 57n+148=0 
5n’ —20n — 37n + 148 =0 
5n(n — 4) - 37(n—- 4) =0 
n=4 
Answer: (B) 


7. The sum of the first n terms of two arithmetic series 
are in the ratio (7n + 1):(4n +27). The ratio of their 
11th terms is 


(A) 2:3 (B) 3:2 (C) 3:4 (D) 4:3 
Solution: It is given that 
S,_ in+1 
So 4n+27 


n 
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Therefore, using Theorem 5.8 we get 


T,  7(2n-1)+1 _ 14n-6 


n 


7 4(2n-1)+27 8n+23 


Substituting m = 11 in this equation we get 


T, 148 4 


Me 111 3 
Answer: (D) 


8. If S,, S,, S;,..., 8, are the sums of first n terms of p 
arithmetic progressions whose first terms are 1, 2, 
3,..., p and whose common differences are 1,3,5,7..., 
then the value of S, + S,+ S;+---+5, is 


(A) np(np + 1)/2 (B) np(np — 1)/2 
(C) (np - 1) (np + 1)/2 (D) n(np +1) 
Solution: We have 
$= 512+ (n-1I]= ee ) 
S,="[4+(n-13]=2O*9) 
S,="[6 +(n—1)5]= mone 1) 
Se (2k Lacie jet oe au 
Therefore 
Y.-S [nll 43 4540-4 Op 1)} +p] 
= sin + P) 
= (np +1) 
Answer: (A) 


9. A total of n arithmetic means are inserted between 
x and 2y and further arithmetic means are inserted 
between 2x and y. If the kth arithmetic means of both 
sets are equal, then a relation between x and y is 
(A) ky = (n—-k)x (B) ky=(n+1-k)x 
(C) k(yv+1)=(n—-k)x (D) k(y +1) =(n+1-k)x 


Solution: Let A, and A; be the kth AMs between x and 
2y and 2x and y, respectively. Then 


n+1 
and A, =2x+ sO dated, (Theorem 5.7) 
n+1 


Therefore 


A,= A, = x+ Mey) =2x+ Aye) 
=>k(2y—-x)=x(n+1)+k(y-2x) 
=>ky=(n+1-k)x 

Answer: (B) 


10. Between two numbers whose sum is 24, an even 
number of arithmetic means is inserted; the sum of 
these means exceeds their number by unity. Then, 
the number of means is 


(A) 8 (B) 10 (C) 12 (D) 16 
Solution: Let x and y be the given numbers so that 
X+y= = (5.6) 


Let A,, A,,...,A,, be the means between x and y. Then 


(2n){ 222) —sum of the means = 2n +1 


Therefore by Eq. (5.6) 


n 2 |=2n+ 1 
6 


This implies m = 6 and 2n = 12 is the number of means. 
Answer: (C) 


11. The number of terms in an AP is even. The sum of 
the odd terms is 24 and the sum of the even terms 
is 30. If the last term exceeds the first term by 10+, 
then the number of terms in the AP is 


(A) 6 (B) 8 (C) 10 (D) 12 
Solution: Let a, a+d,...,a+(2n—1)d be the 2n num- 
bers. Therefore, by hypothesis 


24 = Sum of the odd terms = 52a + (n—1)2d] 


This gives 
n[a+ (n—1)d] =24 (5.7) 


Also, again by hypothesis, 


30 =Sum of the even terms = —[2(a + d) + (n— 1)2d] 


id 
2 
This gives 

n(a+nd) = 30 (5.8) 


Now it is given that the last term exceeds the first term 
by 105, so 


a+(2n-1d=a+> 
(2n-1)d= + (5.9) 
From Eggs. (5.7) and (5.8) we get 
30 -—nd=24 
(5.10) 
nd=6 
From Eggs. (5.9) and (5.10) we have 
12-d= 2 
2 
oa and 6=nd=n{ 5) n=4 
2 2 
Therefore the number of terms is 2n = 8. 
Answer: (B) 


12. The mth term of an AP is a and its nth term is b, and 
m#n.Then the sum of the first (7m +) terms of the AP is 


(A) men a4 be Sao] 

(B) man a4 5) 2—8 
(C) men a 9+ 8] 
(D) mt gp) GD 


Solution: Let a@ be the first term and d the common 
difference. Then 


a+(m-l1)d=a 


(5.11) 
at+(n-l1)d=b 
Therefore 
rs a-b 
m-n 


Substituting the value of d in the first equation of Eq. (5.11), 
we get 


_ ge D(a- 5) 
_ am n)—(m-1)(a—b) 


_am—an-—am+a+bm—b 


_ b(m-1)-a(n-1) 


m—-n 
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Therefore the sum of the first (m+) terms is given by 


ee 


m—-n m—-n 


aes —[2b(m 1) - 2a(n-1) + (a oN(men—] 


ee [bm —bn—-b ans ama 
2 |m-n 

aa clita 6) nla 6) (a= b)) 
2 |m-n 


1 


m—-n 


I 
SS 
+ 
3 
= 


[((a+ b)(m—n)+(a- on 


Answer: (A) 


13. The sum of the first and fifth terms of an AP is 26 
and the product of the second and fourth is 160. Then 
the sum of the first six terms of the progression is 


(A) 59 or 69 (B) 69 or 87 
(C) 87 or 109 (D) —-69 or 87 
Solution: Let a be the first term and d the common 


difference, then 
a+(a+ 4d) =26 
>a+2d=13 
(a+ d)(a+ 3d) = 160 
(13 — d)(13 + d) = 160 


(5.12) 
(5.13) 
[from Eq. (5.12)] 
169 —d°=160 
d=+3 and a=7,19 


Therefore the sum of the first six terms = 69, 87 
Answer: (B) 


14. If the sum of first n terms of an AP is cn’, then the 
sum of the squares of these terms is 


(A) [n(4n? - 1)c°\/6 (B) [n(4n? + 1)c°J/3 
(C) [n(4n? - 1)c°\/3 (D) [n(4n? + 1)c*]/6 
Solution: Leta, be the nth term. Therefore 
a, = (sum of first n terms) — [sum of first (n — 1) terms] 
=en’ —c(n-1/ 


=c(2n-1) 
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This gives 
ya ae > (2k -1y 
k=1 k=1 


=D (4k — 4k +1) 


k=1 
=C se aS een 
L k=1 K=1 


[4n(n+1)(2n+1) 4n(n+1) r n| 


is) 


a 6 2 

wis ee + Ce +1) n(2n+ | 
- Men o¢n +1)-3]e 

7 n(4n? — 1)c? 


3 
Answer: (C) 


15. If the numbers 3%", 14, 3% (0 <a<1) are the first 
three terms of an AP, then its fifth term is equal to 


(A) 33 (B) 43 (C) 53 (D) 63 
Solution: By hypothesis 3%! + 3° = 28. Therefore 
oe + 81 =28 
3. 9" 
Substituting 9° = x, we get 
x 8&1 
Se aaa 
3° & 
x°— 84x +243=0 


(x — 81)(x-3)=0 


28 


x=81 or x=3 
This gives 


9%=81 or 9=3 


a=2 or u 
2 


Genet ages 
2 


Therefore, the numbers are 1, 14,27, which are in AP with 
common difference 13. The fifth term is 1 + 4 x 13 = 53. 


Answer: (C) 


16. If the sum of the first 2n terms of the AP, 2,5,8,11,... 
is equal to the sum of the first n terms of the AP. 
57, 59, 61, 63,..., then 7 is equal to 


(A) 10 (B) 12 (Cc) 11 (D) 13 


Solution: The sums,,=2+5+8+--- upto 2 terms is 


a + (2n —1)3]=n(6n + 1) 


Now the sum s, = 57+ 59+ 61+--- upto n terms is 
sli +(n—-1)2]=n(n + 56) 
Therefore 
S>,= s. => n(6n + 1)=n(n+ 56) 
=> 5n°—55n=0 
>n=11 
Answer: (C) 


17. InanAPifs, is the sum of the first n terms (n is odd) 
and s. is the sum of the first n odd terms, then s, /s, = 


(A) 2n/n +1 (B) n/in+1 
(C) n+1/2n (D)n+1/n 
Solution: Let a be the first term and d the common 


difference. Then 


5, 5 (2a +(n-1)d] 


aa (a42d)+(arddyr--+[ax(22t1}2a] 


(22 Jason 1d] 


Therefore 
5, _(n/2)[2a+(n—1)d]_ _n 4 2n 


n+1 
Answer: (A) 


D441 


s. [(n + 1)/4][2a + (n - 1)d] 


18. The series of natural numbers is divided into groups 
(1), (2, 3, 4), (5, 6, 7 8, 9)... and so on. The sum of the 
numbers in the nth group is 
(A) n+(n+1)y 
(C) nw +14+(n-1) 


(B)(n-1) +n" 

(D) (n+1)°+(n-1) 
Solution: Clearly the nth group contains 2 — 1 numbers. 
The last terms of each group are 1’, 2’, 3’,... and hence the 
last term of nth group is n°. Also, the first term of each 


group is one more than the last term of its previous group. 
Therefore the first term of the nth group is 


(n-1)?+1 
Hence the sum of the numbers in the nth group is 


2n-1 


[((n-1) +14+n’]=(2n-1)(W -—n+1) 


=(n-1p+n° 
Answer: (B) 


19. If log,,2, log,, (2* — 1), log,,(2* + 3) are in AP, then 


(A)x=1 (B) x=2 
(C) x =log,5 (D) x =log,,5 
Solution: By hypothesis log,,2, log,,(2* — 1), log,,(2* + 3) 


are in AP and so 
log,,2 + log,,(2* + 3) =2log,,(2* — 1) 
log,)2(2* + 3) = log,,(2* — 1)” 
2(2* + 3) =(2*-1/ 
2 aA? = 5. =0 


a—4a-5=0 (wherea=2") 
(a—5)(a+1)=0 
2*=-1 or 2*=5 
But 2* cannot be negative. Therefore 
2*=5 
x =log,5 
Answer: (C) 


20. Inasequence a,,d,,a;,... of real numbers it is observed 
that a, = J. a,= V3 and a= “5. where p, g, r are 
positive integers such that 1 <p <q<vr.Then 


(A) a,,a,, 4, can be terms of an AP 

(B) 1/a,, 1/a 

(C) a,, a,, 4, can be terms of an AP if and only if 
D.4q,¥ are perfect-squares 


(D) Neither a,, a,, a, are in AP nor 1/a,, 1/a 
in AP 


1/a, can be terms of an AP 


Q 


1/a, are 


QD 


Solution: Suppose 
V2 =a,=a+(I-1)d 
V3 =a,=a+(m-1)d 
V5 =a,=a+(n-1)d 


where /, m,n are positive integers in the increasing order. 
Therefore 


(m—lDd=V3- V2 and (n—m)d=5 - V3 


and so 
m-1_ 5-3 
n—m 3-2 
which is absurd because left-hand side (LHS) is rational. 


Answer: (D) 


21. The arithmetic mean of two numbers is 184 and the 
positive square root of their product is 15. The larger 
of the two numbers is 
(A) 24 (B) 25 


(C) 20 (D) 30 


Worked-Out Problems 


Solution: Let aand b be the positive numbers. Then 
aes | ee ee 
2 4 
and Vab =15 = ab = 225 
Therefore 
2. 
a-b=t @ —4ab 
y\2 
=a Aegis 
V4 


=+ (F+20[F-29] 


ae 135 15 4" 


2 2 


Case 1:a+b=75/2 and a— b= 45/2 

Solving the two equations we get a = 30 and b = 15/2 
Case 2:a+b=75/2 and a—b=-45/2. Solving the two 
equations we get 


15 


a=— 
2 


and b=30 


Therefore larger of the numbers is 30. 
Answer: (D) 


22. The sum of the integers from 1 to 100 which are 
divisible by exactly one of 2 and 5 is 


(A) 2505 (B) 1055 (C) 2550 (D) 3050 
Solution: Let A,B and Cbe the set of all integers from 
1 to 100 that are divisible by 2, 5 and 10, respectively. 
Therefore 

A={2,4,6,..., 100}, B={5, 10, 15,...,100} 
and C=({10,20,30,...,100} 
Clearly, C= AM B. Therefore 


(i) A contains 50 numbers which are in AP with first 
term 2 and common difference 2. 


(ii) B contains 20 numbers that are in AP with first 
term 5 and common difference 5. 


(iti) C=A OB contains 10 numbers which are in AP 
with common difference 10 and first term 10. 


Therefore the required sum is 


Yx+ Dy-Yz= 22+ 100) + 265 + 100) 


xeA yeB zeC 


a (10 + 100) = 3050 
2 Answer: (D) 
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23. If the sum of the roots of the quadratic equation 
ax’ + bx + c=0 is equal to the sum of the squares of 
their reciprocals, then 


(A) bc’, ca’, ab’ are in AP 
(B) bc’, ab’, ca’ are in AP 
(C) ca’, bc’, ab’ are in AP 
(D) ab, bc, ca are in AP 


Solution: Let @ and B be the roots of the equation. 
Then 
a+p= ne ap = = 
a a 
Now 
irene 
at+ B= = + BP 
b_ (b’la’) -(2c/a) 
a cla 
_b_b’-2ca 
a ve 


—bc’ = ab’ —2ca’ 
2ca’ = ab’ + bc’ 


Therefore, bc’, ca’, ab’ are in AP. 
Answer: (A) 


24. If the reciprocals of the roots of the equation 
10x? — ax’ — 54x — 27 =O are in AP then the value of ais 


(A) 6 (B) 8 (C)-9 (D) 9 
Solution: Let a, B, y be the roots of the given equation. 
Then 

a 54 27 
a+B+y=—, op + By + yo=-—, aBy =— 
ee a a ia aa aay 


Now the reciprocals of the roots of the equation are in 
AP, that is 


1 1.2 
i 
a y B 
Adding 1/f to both the sides we get 
1 1 1.3 
—+—=4+—=— 
a py B 
By+yat+ap 3 
oy B 
ms 
B 


a 
27 


Since fis a root of the given equation we get 
108° - aB’ - 54B -27=0 
Substituting the value of B we get 


H(-S) Ca) -s(S) 2 


9a__ 10x27 5 
4 8 
a=4[-F46]-F-9 
8 2 
Answer: (D) 


25. The fifth and 31st terms of an AP are, respectively, 
1 and —77 If kth term of the given AP is —17 then k is 


(A) 12 (B) 10 (C) 11 (D) 13 
Solution: The fifth term is 1; therefore, 
a+4d=1 (5.14) 
The 31st term is —77; therefore, 
a+30d=-77 (5.15) 


Solving Eqs. (5.14) and (5.15) we get 
26d =78 >d=-3 
Substituting the value of d in either equation we get 
a=13 
Now the kth term of the given AP is —17; therefore, 
at+(k-1)d=-17 
=> 13-3(k-1)=-17 
=> 3k =33 


>k=11 
Answer: (C) 


26. The sum of the four arithmetic means between 4 and 
40 is 
(A) 90 (B) 88 


(C) 108 (D) 118 


Solution: Sum of the four means is given by 


4G+40) og 


Answer: (B) 


27. In an increasing arithmetic progression, the sum 
of the first three terms is 27 and the sum of their 
squares is 275. The common difference of the AP is 


(A) 6 (B) 8 (C)2 (D)4 


Solution: Let a—d, a, a+d be the first three terms. 
Since the terms are increasing, d > 0. By hypothesis 
3a=27>a=9 
(a—d) +a +(at+d) =275 
and 3a’ + 2d? = 275 
d=l6sd=24 


Since d>0, we get d=4. 
Answer: (D) 


28. If 5*-5*.5°--- 5°" = (0.04), then n is equal to 
(A)7 (B) 5 (C) 6 (D) 3 
The given equation can be written as 
(FFP YP (FY= (FP 
D5 1t2tstoan = 25°8 
lee 


Solution: 


Since the bases are the same, equating the powers we get 


n(n + 1) _28 
2 
n(n+1)=56 


(n+ 8)(n-7)=0 
n=-8,7 
Now n = -8 is not possible. Hence n =7 


Answer: (A) 


29. The interior angles of a polygon are in AP. The 
smallest angle is 120° and the common difference 
is 5°. The number of sides of the polygon is 


(A) 11 (B) 9 (C) 12 (D) 13 


Solution: Sum of the interior angles of a polygon of 
n sides equals (2n — 4) right angles. Therefore 


5 (240 +5(n—1)]=(2n—4)90 


5n’ —125n+720=0 
n’—25n+144=0 
(n—9)(n-16)=0 


Now this gives two values of n = 9 and 16. We take n = 9, 
as n = 16 is rejected because the last angle becomes 


120° + (15 x 5)° =195° 
Therefore number of sides = 9. 
Answer: (B) 


Worked-Out Problems 


30. The ratio of sum of m terms to the sum of n 
terms of an AP is m’:n’. If T, is the kth term, then 
T,/T, is 


(A) 6 (B) 5 (C) 4 (D) 3 
Solution: By hypothesis 
ma m 
Ss, Ww 
Also 
T,,  S,—S, 1 _m—-(m-1y _2m-1 


T  s=8, wa(nel? ~ 2-1 
Substituting m= 5 and n=2 in this equation we get 


Ty _2(5)-1_9 | 


E %32j-1 3° 
Answer: (D) 
31. The sum of the first eight terms of a GP whose nth 
term is 2-3"(n = 1, 2,3,...) is 
(A) 19880 (B) 19860 ~— (C) 19660 
The terms of the GP are 
DIAS 2S ago 


(D) 19680 


Solution: 


First term is 6 and the common ratio is 3. Therefore the 
sum of the first 8 terms is 


Answer: (D) 


32. The difference between the fourth and the first term 
of a GP is 52 and the sum of the first three terms 
is 26. Then the sum of the first six terms is 


(A) 720 (B) 725 (C) 728 (D) 780 
Solution: Letthe GPbea, ar,ar’,.... Then by hypothesis 
ar’—a=52 

at+ar+ar’=26 
r-1 52 
a ——— 2 
l+rt+r 26 
Therefore 


r-1=2>r=3 
Using this value we get a=2. Therefore the sum of the 
first six terms is 
2(3°-1) 
3-1 


= 728 


Answer: (C) 
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33. The sequence {a,} is a GP such that 


a, 1 
—=— and a+a,=216 

a, 4 

If the common ratio is positive, then the first term is 


(A) 12 (B) 11 (C) 103/7  (D) 13 


Solution: Let a, =a, a,=ar,a,=ar’,a,=ar’,a,=ar' and 
a,=ar. Then 


ee ea 
A te or 
and hence r= 2 (since r > 0). Therefore 
a, + a;= 216 > a(rt+r’)=216 > a=12 
Answer: (A) 


34. a,b,c,d are in GP and are in ascending order such that 
a+d=112 and b+c=48. If the GP is continued with 
aas the first term, then the sum of the first six terms is 


(A) 1156 = (B) 1256 ~— (C) 1356 ~— (D) 1456 


Solution: Let rbe the common ratio so that b = ar,c=ar, 
and d=ar’.Therefore 


a+ar=112 and ar+ar’=48 


Dividing the first equation by the second and canceling a 
we get 


Ler 1127 

rt+r 48 3 
(l+r)\(-r+r)_7 
r(i+r) 3 
3(1-r+r)=7r 
3° -10r+3=0 


(3r-1)(r-3)=0 
r=3 or : 
3 
(i) r=3 >a=4 
(ii) r=1/3 > a=108 


But, it is given that a< b<c<d. Therefore, the GP is 4, 12, 
36, 108, 324, 972,.... Hence the sum of the first 6 terms is 


4+12+36+4+ 108 + 324 + 972 = 1456 
Answer: (D) 


35. The sum of the first m terms of the series 


1 3 7 #15 

—p+o pop fee 

2 4 8 16 
is equal to 
(A) 2"-n-1 (B) 1-2" 
(C)2"+n-1 (D) 2"+1 


Solution: The given series is 


ee + i-2 + (j= tees 
2 4 16 
Therefore the sum of the first n terms is 


(Le Lb--4 mtimes) 31454 gett oo] 
2 2 2 2” 


Sg I) eotohe, 5g 
2\1- (1/2) 


Answer: (C) 


36. Let a and f be the roots of the quadratic equation 
ax’ + bx +c=Oand A=b’ - 4ac. If a+ B, a’ + B’ and 
a + B’ are in GP, then 


(A)A#0  (B)bA=0 (C)cA=0 (D)A=0 


Solution: Since @ and B be the roots of the given 
quadratic equation, we have 


ep and op =< 
a a 


Now 
be 2c 


a + B= (a+ BY — 208 =~ — — 


a + B=(a+ p)'—30p(a+ p)=—> + 2 


Suppose that a+ B, a + B’, a + B° are in GP. Then 
(a’ + By =(a + B)(a' + B’) 
(4 ze) af b se) 
a a al a@ @ 
(b’ — 2ac) =—b(—b’ + 3abc) 
4c’a + b*- 4b’ac = b* — 3ab’c 
b’ca—4c’a =0 
ca(b’ — 4ac) =0 
Since a #0, cA=0. 


Answer: (C) 


37. The first term of a GP a,, a,, a,,... is unity. The value 
of 4a, + Sa, is minimum when the common ratio is 


(A) 1/3 (B)-1/3 — (C) 2/5 (D) -2/5 


Solution: Let r be the common ratio. Then 


= = os _ yn-l 
a,=1,a,=17,0,=1',...,.a,=17 


n 


Now 4a, + 5a, = 4r + 57’, which is minimum when 


Answer: (D) 


(Note that, if a>0,then ax’ + bx + cassumes its minimum 
value at x = —b/2a.) 


38. Three numbers are in AP. If 8 is added to the first 
number, we get a GP with sum of the terms is equal 
to 26. Then the common ratio of the GP when they 
are written in the ascending order, is 


(A) 3 (B) 1/3 (cy2 (D) 1/2 


Solution: Let the three numbers which are in AP be 
a-—d,a,a+d.Then a—d+8,a,a+d are given to be in 
GP. Therefore 


a =(a—d+8)(a+d)=a —d°+8(a+d) 


-d’+8a+8d=0 (5.16) 
Also (a—d+8)+a+(a+d) = 26. Therefore 
3a+8=26 


and hence a=6. 
From Eq. (5.16), we get 
d’—48-8d=0 
(d+4)(d-12)=0 
and hence d=12 or —4. 
(i) If d=12, the GPa-—d+8,a,a+d is 2,6, 18 
(ii) If d=—4, the GP a— d+8,a,a+d is 18,6,2 


When we write the GP in the ascending order, the 
common ratio is 3. 


Answer: (A) 


39. Three distinct numbers a, b,c form a GP in that order 
and the numbers a+ b,b+c,c +a form an AP in that 
order. Then the common ratio of the GP is 
(A) 1/2 (B) -1/2 (C) -2 (D) 2 

Solution: Let b= ar and c=ar’.Then 

2(ar + ar’) =(a+ar)+(ar +a) 


Qr+2r=24+rtr 


rt+r—-2=0 
(r+2)(r-—1)=0 
r=-2 or 1 


Since a, b and c are distinct, r 4 1. Therefore r= —2. 
Answer: (C) 


40. The number of geometric progressions containing 
27,8 and 12 as three of their terms, is 


(A) 1 (B)2 
(C)5 (D) infinite 
Solution: Let a be the first term and r the common 


ratio of a GP containing 27, 8 and 12 as /th, mth and nth 
terms, respectively. Then 


Worked-Out Problems 


ar''=27, ar™'=8 and ar’'=12 


(5.17) 


(5.18) 


(2) - ae alae 
2 12. 
From Eggs. (5.17) and (5.18), we have 

3 


a ada and m-n=-1 


Therefore 
l=m+3=n+2 and m=n-1 
Each value of n determines the values of / and m. 


Therefore, there are infinitely many GP’s satisfying the 
given conditions. 


Answer: (D) 


41. Ifa<b<c are numbers lying between 2 and 18 such 
that 


(i) a+b+c=25 
(ii) 2, a, b are three consecutive terms of an AP in 


that order 
(iii) b, c, 18 are three consecutive terms of a GP in 
that order 
then the product abc is equal to 
(A) 480 (B) 680 (C) 440 (D) 640 
Solution: Given2<a<b<c<18, 
a+b+c=25 (5.19) 
2+b 
a (5.20) 
c =18b (5.21) 
From Eqs. (5.19) and (5.20), we get 
3a+c=27 (5.22) 
From Eggs. (5.20) and (5.21), we get 
c’ = 36(a-1) (5.23) 


From Eggs. (5.22) and (5.23), we get 
(27 - 3a) =36(a-1) 
(9-ay =4(a-1) 


a —22a+85=0 
(a—5)(a-17)=0 
a=5 or 17 


Case 1: Let a=5.Then b=2a—2=8 and 
Cc =18b=18x8=9x16 


implies c=12 
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Case 2: Let a= 17 Then b =2a— 2 =32 and 
Cc =18b=18 x 32=9x64 
implies c=3x8=24 


But 2<a<b<c< 18. Therefore a=5, b=8, c=12 and 
abc = 480. 


Answer: (A) 


42. An infinite GP has first term x and sum 5. Then 


(A) x <-10 (B) -10<x<0 
(C)0<x<10 (D) x > 10 
Solution: Let r be the common ratio. Then |r| <1. 
Therefore 
: =5 and pote 
1l-r 5 
Since 
erat lat=— 41 
Therefore 
Bea i 
-10<-x<0 
0<x<10 


Answer: (C) 


43. If x, y, z are in GP, x-2, y—6, z—58 are in AP and 
x-1,y-—3,z-—9 are in GP, then the numbers x, y, z are 


(A) 3,9, 27 (B) 12, 36, 108 
(C) 9, 36, 144 (D) 27 81, 243 
Solution: From the hypothesis, we have 
y=xz (5.24) 
2(y — 6) =(x —2)+(z-58) 
or 2y=x+z-48 (5.25) 
and (y-3) =(x-1)(z-9) (5.26) 
Using Eq. (5.24) and (5.26), we get 
6y =9x +z (5.27) 
From Eggs. (5.25) and (5.27), we get 
6x —2z+144=0 
3x-z=-72 aoa 
2y=x+z-48 
=x+(3x+72)-48 
=4x+24 629) 


y=2x4+12 


From Eggs. (5.24) and (5.29), we get 
(2x +12) = x(3x + 72) 
x°-24x+144=0 
(x-12) =0 
Therefore x = 12, y = 36, z = 108. 
Answer: (B) 


44. Let a, b,c be in GP. If p is the AM between a and b 
and q is the AM between b and c, then b is equal to 


(A) p+q/2 (B) p + q/pq 
(C) p + q/2pq (D) 2pq/p + q 
Solution: Given that 
4 a+b b+c 
b’ =ac, p= and g= 
ss oars - 


Therefore a = 2p — b and c= 2q — b. Hence 
b’ =ac=(2p—b)(2q—b)=4pq-2b(p+q)+b 
This gives 
me 
Pt+q 
Answer: (D) 


45. Ifa,,a,,a,,...1s a GP satisfying the relation a, + a,,= 
3a,,, for all k = 1, then common ratio is 


(A) (V3 +1)/2 (B) (V5 +2)/2 
(C) B+ J5)/2 (D) (4+ V5)/2 
Solution: Let a be the first term and r the common 
ratio. Then 
ar! + ar! = 3ar* 
Therefore 
r—3r+1=0 
pues V5 
2 


Answer: (C) 


46. The value of 
Qn+1 .(2n+1) .f2n+1) 
+3 +5 + 
2n-1 2n-1 2n-1 


upto terms is 


(A) n(2n + 1) (B) (n+ 1)(2n + 1) 
(C) n(2n +3) (D) (n+ 1)(2n +3) 
Solution: Let 
pe 2n+1 
2n—-1 


and S,=X4+3x°4 5x0 +--+ (2n-1)x" 


Then 
XS, =X + 3x> +--+ (2n - 3)x"+ (2n-1)x"™" 
Therefore 


n+1 


(1—x)s,=x+2x7+ 2x? +-+-+2x"—-(2n-1)x 


n+1 


=Axt+ txt 4+x")—x—-(2n-1)x 


("sy = 204 ata) 1 Qn Da" 
x 


= aces) 1-(2n-1)x" 
qi 
Now, 
1-x 1-[(n+1)/(Qn-]_ -2 
x (2n + 1)/(2n—-1) 2n+1 
Therefore 


_ [1 -{(2n+ I)/(2n-1)}"] 
~ 1-[(2n+1)/(2n-1)] 


(2n -1) n+ 7 


2n-1 
[ 2n+1) 
=-(2n a (4) 1 


2n+ 1) 


2n-1 
( ) 2n-1 


=—-(2n-1)-1=-2n 


Hence s,=n(2n + 1). 
Answer: (A) 


47. Sum to infinity of a GP is 15 and the sum to infinity 
of their squares is 45. If a is the first term and ris the 
common ratio, then the sum of the first 5 terms of 
the AP with first term a and common difference 3r is 


(A) 25 (B) 35 (C) 45 (D) 55 
Solution: By the hypothesis, we have 
7215 (5.30) 
1l-r 
2 
a 
=45 
1-r 
a _ 
(l-r)(+r) (5.31) 
a 
=3 ing Eq. (5.30 
—“=3 [using Eq. (5.30) 


Worked-Out Problems 


Dividing Eq. (5.30) by Eq. (5.31) we get 


ltr 15_ 
i=9. a 


Using this value of rin Eq. (5.30) we get a=5. Also 3r =2. 
Therefore 


S (e- ose 220+ (k-DGr)]= 


k=1 


Hence, the required sum is 45. 


Answer: (C) 
48. The value of 0.423232323 --- (= 0.423) is 
(A) 419/423 (B) 419/990 
(C) 423/990 (D) 419/999 
Solution: We have 
0.473 = aa = fre $o0 
10 10° 10 
4 23 ( 1 1 
+—,|1 staat 
10 10 10 10 
4,2 1 
10 10°\1-(1/107) 
_ 4 23/10?) 419 
10 99 990 
Answer: (B) 


49. If x, y and z are, respectively, the fourth, seventh and 
10th terms of a GP, then 


(A) xray tz (B) y?= 2x 
(C) x’ =yz (D) z’=xy 


Solution: Let the first term be a and common ratio r. 


Then 
3 6 9 
x=ar, y=ar’,zZ=ar 
Therefore, 
yaar’ =(ar \(ar )=xz 


Answer: (B) 


50. In acertain GP, if the first, second and eighth terms 


are x“, x“ and x”, respectively, then the value of 

Kis 

(A) 2 (B) 3 (C)4 (D) 0 
Solution: Leta,ar,ar’,... be the terms of the GP. Then 


K 


—4 vA 52 
a=x ,ar=x- and ar=x 
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Therefore 


71(K+4 56 
xO = 


Equating the powers we get 
7(K +4) =56 
K+4=8 
K=4 
Answer: (C) 
51. Three numbers a, b, c are in GP. If a, b, c — 64 are in 


AP and a, b — 8, c — 64 are in GP, then the sum of the 
numbers may be 


(A) 124 (B) 241 (C) 142 (D) 214 


Solution: Let b=ar and c=ar’. Given that a, ar, ar — 4 
are in AP. Therefore 


at (ar — 64) =2(ar) 


(5.32) 
a(r’ —2r+1)=64 
Again a, ar — 8, ar — 64 are in GP. Therefore 
a(ar’ — 64) =(ar —8) 
(5.33) 


a(16r — 64) = 64 
From Eggs. (5.32) and (5.33), we get 
r —2r+1=16r—64 


r’—18r+65=0 
(r—5)(r-13)=0 
r=5 or 13 


If r=5, then a(80 — 64) = 64 and hence a= 4. In this case 
the numbers are 4, 20, 100 and their sum is 124. 


Answer: (A) 


52. The product of nine GMs inserted between the 
numbers 2/9 and 9/2 is 


(A) 9 (B) 1 (C) 3 (D) 3V3 


Solution: The product of n GMs inserted between two 
positive real numbers a and b is (Jab)'. Here a= 2/9, 
b=9/2 and n=9. Substituting these values we get the 
required product as 


Answer: (B) 


53. Let A be the arithmetic mean of x and y. If p and q 
are two GM’s between x and y and p’+ q° = K(pq)A, 
then the value of K is 


(A)1 (B) 2 (ej3 


Solution: It is given that A is the arithmetic mean of 
x and y; that is 


(D) 4 


Auity 
2 
Now x, p,q, y are in GP. Therefore 
p=srg=2r and y=ar 


where r= p/x. Then 


Hence 


Now 
p+gexytxy 
= xy(x + y) 
= (xy)(2A) = (pq)(2A) 
Therefore K = 2. 
Answer: (B) 


54. Let f: RR be a function such that f(1) =2 and it 
satisfies the relation f(x + y) =f(x)f(y) for all natural 
numbers x and y. Then the value of the natural number 
asuch that 


¥ flat K)=16(2"=1) 


is 
(A) 3 (B) 4 
fl) =2 
f(2)=fA+D=fOFA=2’ 
fB=f2+)= ff =2 


This implies 


(C)5 (D) 6 


Solution: 


f(K)=2* for any natural number K 


Now 


16(2"=1)= Yat K)=¥ fa f(K) 


= 2°(2+2>+-+-+2") 
= eek (2” _ 1) 
Therefore 
= 162) 


Equating the powers we get a=3. 
Answer: (A) 


55. In an HP if the mth term is 7 and the nth term is m, 
then (m+ n)th term is 


(A) m-nim+n (B) mnim +n 


(C) m+n/mn (D) 2mn/im+n 
Solution: By hypothesis 
n= mth term = ee 
a+(m-1)d 
1 
m= nth term = ————___ 
a+(n-1)d 
Therefore 
1 1 om-n 
[a+(m-1)d]-[a+(n-1)d]= = 
nm mn 
(m—n)d= — 
m 
ja 
mn 
Now 
1 
a+(m-1)d=— 
n 
m-1 1 
a+ ee 
mn on 
1 m-1 1 
QqQ=-- => 
n mn mn 


Therefore the (m+ 7)th term is 


1 1\)' mn 
—+(m+n-1) = 
mn mn m+n 


Answer: (B) 


56. If a,b,c are in HP (in this order), then 


(A) 1 4. 1 _cta (B) 1 4 1 _cta 
b-a b-c ca a+b bt+e ca 
1 1 1 1 1 1 11 
C + =—+ D) —-+—=—+- 
ar b-a ac ue b b 
Solution: We have 
iit 
abc 


Worked-Out Problems 


are in AP. Therefore 


_ 2ac 
ate 
Now 
it 1 1 1 
+ = + 
b-a b-c_ [2acl(a+c)]-a_ [2ac/(a+c)]-c 
_ ate atc 
“@e= ae 
1 1 
=(a+ + 
(a ofats val 
_ate 
ac 


Answer: (A) 


57. If (m+ 1)th term, (n+ 1)th term and (r+ 1)th terms 
of an AP are in GP and m,n and r are in HP, then 
the ratio of the common difference to the first term 
of AP is 


(A) -l/n (B) 1/n (C) 2/n (D) -2/n 
Solution: By hypothesis, 
(a+md)(a+rd)=(a+ndy and n= cals 
m+r 
Therefore 
a +ad(m+r)+mrd*=a +2and + nd 
a(m+r)+mrd=2an+n'd 
d(n’ — mr) =a(m+r-—2n) 
d_(mt+r)—-2n_ (m+r)-2n 
a n—mr nv —[n(m+r)/2] 


_ Am+tr in| _—2 


n(2n-—m-r) n 
Answer: (D) 


58. Three numbers /, m and n are in GP. The /th, mth 
and nth terms of an AP are in HP. Then the ratio of 
the first term of the AP to its common difference is 


(A) m:1 (B) 1:m 
(C)1:m+1 (D)m+1:1 
Solution: Since J, m and n are in GP, we have m’ = In. 


Let the AP be a,a+d,a+2d,....Therefore 
a+(l-1)d,a+(m-1)d and a+(n-1)d 


are in HP. Hence 
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2[a + (1-1)d][a + (n -1)d] 
[a+ (/-1)d]+[a+(n-1)d] 
2[a+ (1-1)d][a+(n—-1)d] 
=[a+(m-1)d][2a+ d(1+m-—-2)] 
2ad(1+n—2)+2(1-1)(n-1)d 
=ad(l+n-2+2m-—2)+(m-1)(l+n-2)d’ 
2a(l+n-—2)+2(1-1)(n-1)d 
=a(l+n+2m—4)+(m-1)(l+n-2)d 
a[21+ 2n—-4-1-n-2m+ 4] 
=d[(m-1)(l+n-2)-2(-I(n- VD] 
a(l+n—2m) 


=d(m+1)(l+n-2m) (mm =In) 


a+(m-1)d= 


es m+ 
d 
Answer: (D) 
59. If a,, a5, a;,...,a, are in HP and 
f(K) = [Se] — ak 
r=1 
then 
a, a, a, 
FQ)’ FQ)” f(r) 
are in 
(A) AP (B) GP (C) HP (D) AGP 
Solution: It is given that 
f(K) + ax = ya 
r=1 
and Be ie are in AP 
a a a, 
Therefore 
a, a, a, 
rel rel =! _ are in AP 
a, a, a, 
a+ FO) GHT2) a, + f(n) are in AP 
a, a, n 
FQ) FQ) fr) are in AP 
a a, a, 
Finally, 


a , & Sones fn are in HP 
FY) fF) F(a) 


Answer: (C) 


60. Two AMs A, and A,, two GMs G, and G, and two 
HMs H, and H, are inserted between two given 
non-zero real numbers x and y. Then 

1 1 
—= + — 

H, aH, 
1 1 


ae: 


(C) m7 wn 


Solution: Given that 


_2x+y sa A= 
3 3 3 


1/3 
G.= (2) =x? y"3 and G = x88 


3xy _ 
3y + (x- y) 


3xy 
2x+y 


3xy a 
x+2y 


2= 


i= 


Therefore 
1 1 («+2y)+(2x+y) 
H A 3xy 
_ arty) 2ty_ A +A, 
3xy xy GG, 
Answer: (D) 


61. Let a,,a,,...,a,, bein AP and h,,h,,..., 
a,=h, =2 and a,,=h,, = 3, then a,h, = 
(A) 2 (B) 3 (C)5 (D) 6 


Solution: Given a,,d,,...,a, are 8 AMs between 2 and 3 
and h,,h,,...,h, be 8 HMs between 2 and 3. Therefore 


=249(252)_2 
9 3 


6(9) «54 


h,, be in HP. If 


and A= 
3(9) + 6(2 - 3) Pal 
Therefore 
7 54 
aaa 


Answer: (D) 


62. If a, b,c are distinct real numbers and are in AP and 
a,b’,c are in HP, then 


(A) a, b, c/2 are in GP 
(C) a/2, b,c are in GP 


(B) a, b, -c/2 are in GP 
(D) a, b/2, c/2 are in GP 


Solution: By hypothesis, 


1 1 1 1 


2b=a+c and po po 2B 


Therefore 
(a—b)(a+b) (b-c)(b+c) 
ab ‘ bc’ 


at+b_b+c 
2 C 


(since b—a=c-—b) 
a 


Cat+Ch=abt+ac 
ac(c—a)+ b(c’- a’) =0 
ac+b(c+a)=0 (sincec#a) 
ac+2b°=0 (since c+a=2b) 
Hence a, b, —c/2 are in GP. 
Answer: (B) 


63. If the roots of the equation 10x° — Kx* — 54x — 27 =0 
are in HP, then K is equal to 


(A)3 (B) 6 (C)9 


Let a, B, y be the roots of the given equation. 


(D) 12 


Solution: 
Then 


a+B+y=K,aB+ By +ya=—-54, oBy =27 


Now a, B, y are in HP, and hence 1/a, 1/B, 1/y are in 
AP. This gives 


—34_oB+Bytya_1 1 ,1_3 

27 apy a By B 
-3 

Pe 


Since B is a root of the given equation, substituting the 
value of f in it we get 


(3)-3) 4) 


at “ +81-27=0 
9K 162 
4. 8 
K=9 
Answer: (C) 


64. Let G and H be, respectively, the GM and HM 
between two numbers. If H:G = 4:5, then the ratio 
of the numbers can be 


(A)1:4 (B)5:9 (C922 


Let a and b be the numbers. Then 


(D) 3:4 
Solution: 


2ab 
a+b 


G=VJab and H= 


Worked-Out Problems Zi 


Given that 
H 4 
Gs 
Therefore 
2ab _4 
Vab(a+b) 5 


10Vab = 4(a + b) 


5/2 = oz + i 
b b 
Let x= Jalb. Substituting this we get 
5x =2(x #1) 
(x — 2)(2x-1)=0 


x=2 or u 
2 


(i) When x =2, a/b =4. 
(ii) When x = 1/2, a/b = 1/4. 
Answer: (A) 


65. If a, b, c are in GP and a-— b, c— a, b-c are in HP, 
then the value of a+ 4b + cis equal to 


(A) 1 (B) 0 (C) 2abc (D) b* +ac 
Solution: It is given that b = ar and c=ar’. Also 
2 1 1 
c-a a-b b-c 
md 1 
ar’—a a-ar ar-—ar’ 
2 21 . 1 r+l 
r-1 1-r ri-r) ra-n 
—2  rt+1 
r+1 r 
-2r=(r+1y 
r+4r+1=0 
ar’ + 4ar +a=0 
c+4b+a=0 
Answer: (B) 


66. If a,b,c are in AP, b, c, d are in GP and c, d, e are in 
HP, then a,c, e are in 


(A) AP (B) GP (C) HP (D) AGP 
Solution: It is given that 
pa 2 Pape an aa 
2 ct+e 
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Therefore 


Papgstts, 2ce 


2 cte 
c’(c+e)=ce(atc) 
c=ea 


This implies a, c, e are in GP. 
Answer: (B) 


67. If a’ =b’=c' anda, b,c are in GP, then x, y, z, are in 
(A) AP (B) GP (C) HP (D) AGP 


Solution: From the hypothesis we have 


a=b",c=b"* and b’=ac 
Therefore 


2_ pylx pyle __ p(vix)+(y/z) 
b’ = db", b Z Zols)+y 


ee 
x Z@ 
2xzZ= W(x+ Z) 


_ 2xz 


X+Z 


Therefore x, y, z are in HP. 
Answer: (C) 


68. Sum ton terms of the series 1+5+19+65+211+-:: 
is equal to 


(Aj 12" 3" 41) (B) 12(3"+2"-1) 


(Ca or a1 (D)3°+2"4+1 
Solution: We have 
1=3-2, 5=37-2? 19=3'-2°, 


Osa F=2 2Sasa2 
Therefore sum to n terms is 
Y B* - 2%) =(B43 +--+ 3")- (242? 4-42") 
K=1 
3(3"- 1) 2(2"=1) 
3-1 2-1 


= =(3" 1) 20"=41) 


= 50m" = gna ge 1) 


Answer: (A) 


69. For any positive integer n, let 


4n+.J4n°-1 


f= P14 final 


Then >. AK) = 
(A) 365 (B) 366 (C) 364 (D) 363 
Solution: Let x= J2nt1 and y= J2n-1. Then 
x+y=4n 
V-y=2 
xy=/4n°-1 
Therefore 


xv+ytxy xr-y 


fln)= >= 5 [n+ 1)? 2n- 1) 


x+y vn-y 


Substituting = 1 to 40 we get 
1 3/2 3/2 
f= 5G"- 2") 
1 3/2 3/2 
fQ)=5(6"-3") 


f() = =(7" = a) 


f(40) _ 5(s1" _ 7) 
Therefore 


> f(n)= 5(s1" — 1°?) = 364 


n=1 


Answer: (C) 


1 1 
tet {1+ PT 
2009" 2010 


Then 
(2010)x — 2009 _ 
2010 7 
(A) 2010 (B) 2009 (C) 1999 (D) 2000 


Solution: Let 


2 2. 2 2 
T= {1+ : r 1 = n eet Tue) +n 
n (n+) n (n+ 1) 


Then 


_wentl | 1 1 1 


= = Se 
"—— n(n+1) n(n +1) n n+l 


Therefore, 
2009 2009 
x=) T= [ x - L ) 
n=1 n=1 n n+ 1 
1 
= 2009 +] 1 - —___ 
2009 + 1 
= (2010)? -1 
~ 2010 
_ 2011-2009 
~ 2010 
Therefore 
2010x — 2009 — 2009 
2010 
Answer: (B) 
71. Sum to infinity of the series 
1 7 1 A 1 is 
?-1 4-1 6-1 
is 
(A) 1/3 (B) 1 (C) 2/3 (D) 1/2 
Solution: The nth term 


1 1 1 1 
Uu,, = 2 = 
4n°>-1 2\2n-1 2n+1 
Therefore 
ne aie ae 1 


Now sum to infinity is given by 


: 1 
s,=lims,=— 
2 


n> 


Answer: (D) 


72. Odd natural numbers are arranged in groups as (1), 
(3,5), (79, 11), (13, 15, 17 19), (21, 23, 25, 27, 29), .... 
Then the sum of the natural numbers in the nth 


group is 
(A)r+n (B)r (C)(n+1) (D)n’-n 
Solution: The nth group consists of n natural odd 


numbers. Let u,, be the first number in the nth group. We 
thus have 


“u,=1, 4 =3,4,=7, u,= 13, u, = 21, u,= 31,... 


Now 
Au, = 3-1,7 -—3,13-7, 21-13, 31-21 
= 2,4, 6, 8, 10 
Ate = 2, 2.2.23: 


Worked-Out Problems 


which is an AP. Then, using Sec. 5.5, IV(i), we get 


= 14 2@=) , An-DYM=2) 
1! 2! 


=14+2n-24+n’-3n+2 


U,, 


=n -n+1 
The sum of the numbers in the nth group is 
(n° —n+1)+(n-—n+3)4+(W—n4+5)te04 
(n° —n+2n-1) 
=n(n’—n)+[1+34+5+---+(2n-1)] 
=W-nw+nr=n 
Answer: (B) 
73. Sum ton terms of the series 1,2, 3,6, 17.54, 171,... is 
(A) 1/8(3” — 1) — n/12(2n? — 9n — 2) 
(B) 1/8(3” + 1) + n/12(2n? — 9n + 2) 
(C) 1/8(3" — 1) + n/12(2n? — 9n + 2) 
(D) 1/8(3” + 1) — n/12(2n’ + 9n — 2) 
Given series is 1, 2,3, 6, 17.54, 171.,... 
Au, = 1,1, 3, 11, 37, 117,... 
A’u, = 0, 2, 8, 26, 80,... 
Mu = 2,6, 18, 54 ics 


which is a GP with common ratio 3. By Sec. 5.5, IV(ii), 
we get 


Solution: 


u, =a3"'+a,+a,(n—-1)+a,(n-1)(n-2) 
Therefore 
l=u,=a+a, 
2=u,=3a+at+a, 
3=u,=9a+ a+ 2a, + 2a, 
6 =u,=27a + a, + 3a, + 6a, 


Solving the above set of equations for a, ap, a,,a,, we get that 


4 1 r 3 e 1 1 
ger gage 5 
Hence 
n-1 = _ = 
i 3 n 3 fs 1 (n-1)(n-2) 
4° 4G ) 


= G03 +3443") 


, on nn-t) 1 (n-2)(n—-1)n 
4 4 2 3 


” (2n’ -9n -2) 


1 
= 3” 1 
8 ( ) 12 


Answer: (A) 
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74. Sum to n terms of the series 


.. 2). | 
—~+—~+—~+ 
133-5 5-7 
is 
(A) n(n + 1)(2n? + 1)/8(2n + 1) 

(B) n(n + 1)(n’? +n + 1)/6(2n +1) 
(C) (n+1)[(2n + 1) + 1]/8(2n + 1) 
(D) n(n + 1)[(2n + 1) + 1]/16(2n + 1) 


Solution: The Kth term of the given series is 


K* kA. ty. 1 i 
Ug = =—+—+ 
(2K-1)(2K+1) 4 16 32\2K-1 2K+1 


Multiple Correct Choice Type Questions 
1. Consider the AP 


20, 194, 182, 18,... 
2; 3 


Then 

(A) sum of the first 25 terms is 300 

(B) sum of the first 36 terms is 300 

(C) sum of the terms from 26th term to 36th term is zero 
(D) the sum of all the non-negative terms is 310 


Solution: The given series is an AP with first term 
a=20 and the common difference d =—2/3. Let 


s,= 52a +(n—1)d] 


be the sum of the first n terms. The sum of the first 
25 terms is given by 


5= >| 40 4 24(-2]| 


=25| 20+ 12-2) = 25 x 12 = 300 
Again sum of first 36 terms is 


S35 = = 40 + 35(-3] = is( 5) = 300 


Now $3, = Sy; implies that the sum of the terms from 26th 
to 36th is zero. 
If T,, is the last non-negative term, then 


7, =20+(n-1)(-2}20 


=> 60-2n+220 


=> ns3l 


Therefore the sum of n terms is 


§, =U tly +e +U, 


yee 0 ia = 
4m "16° 32\ 2ntl 
_nnt+lQnt+) n n 
4-6 16 | 16(2n+1) 


_n(n+ I(r +n+1) 
6(2n + 1) 


Answer: (B) 


When n = 31, T, = 0. Therefore 
Si = (20 + 0)=310 
Answers: (A), (B), (C), (D) 


2. The sum of the first 8 and 19 terms of an AP is 64 and 
361, respectively. Then 


(A) common difference is 2 

(B) first term is 1 

(C) sum of the first n terms is n” 
(D) nth term is 2n 


Solution: The sum of first 8 terms is 64; therefore, 


2a+7d=16 
The sum of first 19 terms is 361; therefore, 
19a + 171d = 361 


Solving these two equations in two variables, we get 
d=2,a=1. 


Answers: (A), (B), (C) 


3. Let an’ + bn be the sum of the first 1 terms of an AP.Then 
(A) first term is a+ b 
(B) first term is a—b 
(C) common difference is 2a 
(D) common differences is b — a 


Solution: By hypothesis 
s,=an'+bn 
The nth term is given by 
s,—S,,=a[n —(n-1)]+B[n-(n-1)]=(2n-1)a+b 


Therefore, the series is a+ b,3a+b,5a+b,....In this case 
the first term is a+ b and the common difference is 2a. 


Answers: (A), (C) 


4. The numbers a, b, c and A, B, C are in AP. The 
common difference of the second set is one more than 
the common difference of the first. If 


a+b+c=A+B+C=15 


and ane me 
ABC 8 
then 
(A) a=7 A=6 (B) B=b=5 
(C)a=5, A=6 (D) a=6, A=5 


(It is given that the two sets of numbers are in the 
descending order.) 


Solution: Leta=a-d,b=a,c=a-+d. By hypothesis 
A=B-(d+1),B=B,C=B+(d+1) 
which gives 


3a =15=3B >a=5=8 


Now 


7 a(o’ —d’) 
8 ABC Bp’ -(d+1)] 


7 abc _ 


7[25 —(d + 1) ]=8(25-d’) 
8d —-(d +1 7=25 
d — 14d -32=0 
d=-2,16 
Therefore if d =—2, then 
a=a-—d=7, A=5-(-2+1)=6 and b=5=B 
Answers: (A), (B) 


5. The second, 31st and last terms of an AP are, 
respectively, 31/4, 1/2 and —13/2. Then 


(A) first term is 8 (B) number of terms is 58 
(C) number of termsis59 (D) first term is 6 


Solution: Let a be the first term and d the common 
difference. Also let the nth term be the last term. Then 


a+d= Zt (5.34) 

4 

1 
a+30d = 3 (5.35) 
a+(n-1d=-= (5.36) 


From Eqs. (5.34) and (5.35) we get 


dace, a=8 
4 


Worked-Out Problems 


Substituting these values in Eq. (5.36), we get n =59. 
Answers: (A), (C) 


6. If a, b’,c are in AP, then 
(A) 1/(b+c), 1/(c+a), 1/(a+b) are in AP 
(B) a/(b+c), b/(c+a), c/(a+ b) are in AP 
(C) (b+ c—a)/a, (c+ a—b)/b, (a+b—c)/c are notin AP 
(D) t/a, 1/b, 1/c are in AP 


Solution: By hypothesis b’ — a =c’ — b’. Therefore 


(b-—a)(b+a)=(c—b)(c +b) (5.37) 
(A) We have 

1 1: b-a 

cta b+c (ct+a)(c+b) 
: ied (5.38) 
(a+ b)(b+c)(c +a) 

1 _— c—b 

a+b cta (a+b)(c+a) 
. coy (5.39) 
(a+ b)(b+c)(c+a) 


Equations (5.38), (5.39) and b°>-a =c —b’ give 


1 Ld 1 
b+c a+b 


ct+a ct+a 


Therefore 


1 1 1 
b+c c+a atb 


are in AP. Therefore (A) is true. 


(B) We have 
i : P : are in AP 
b+c cta at 
aes ? +1, 


+1 arein AP 
b 


b+c >cta at 


at+bt+c at+tb+c a+bt+ec 
bt+ec 


1 1 
b+c’cta at 


are in AP 


cta ?> at 


are in AP and this is true 


Therefore 


a b c 


b+c’ct+ta a+b 


are in AP. Therefore (B) is true. 
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(C) We have 


b+c-a c+a-—b at+b-c 


a b c 
are in AP. This implies 


b+cctaatb 


> > 


a b Cc 


are in AP and this is not true according to B. 
Therefore (C) is not true. 


(D) We have 

ott ee 
abe boa b 
a-b_b-c 
ab be 

a-b a 

S =— 

b-c c¢ 


This is not true because from Eq. (5.37). Then 


a-b_bte 
b-c bta 


Therefore (D) is not true. 
Answers: (A), (B) 


7. Consider an infinite geometric series with first term 
a and common ratio r. If its sum is 4 and the second 
term is 3/4, then 


(A) a=4/7, r=3/7 (B) a=1,r=3/4 
(C) a=3/2,r=1/2 (D) a=3,r=1/4 
Solution: By hypothesis 
ar=— and ——=4 
4 1-r 


Dividing the first equation by the second we get 


16r —16r+3=0 
(4r — 1)(4r -— 3) =0 


(i) r=1/4>5a=3 
(ii) r=3/4 5 a=1 
Answers: (B), (D) 


8. The sum of the first two terms of an infinite GP is 
equal to 5 and every term is three times the sum of all 
the terms that follow. If a and r are the first term and 
common ratio, respectively, then 


(A) a=4 (B) a=3 
(C)r=1/a (D) r=2/3 
Solution: By hypothesis 
a+ar=5 and a=3{ sal 
1-r 


Therefore 1-r=3r=>r=1/4. This value of r gives a= 4. 
Answers: (A), (C) 


9. If x, y,z arein GP and x+y, y+z,z+x areinAPin 
that order, then 
(A) common ratio of the GP is 2 


(B) x=y=z 
(C) common ratio of the GP is —2 
(D) common ratio is 1/2 
Solution: Let y=xrand z= xr’. Then 
xty=x(lt+r), y+z=xr(1t+r), z+x=x(r +1) 
These are in AP. Therefore 
Qxr(l+r)=x(1+r)t+x(r+l=x(rt+rt2) 


aritr)=2+rt+r 


r+r—2=0 
(r+ 2)(r-—1)=0 
r=1 or -2 


Answers: (B), (C) 


10. The first two terms of an infinitely decreasing GP are 
V3 and 2/(V3 + 1). Then the 


(A) common ratio is (J3 — 1)//3 
(B) sum to infinity of the GP is 3V3 
(C) common ratio is 1/J3 

(D) sum to infinity is 3 


The common ratio is 


2 _v3-1 
(V3+1)V3 V3 


The sum to infinity is 


1-[(V3 -1)/V3] 1/3 
Answers: (A), (D) 


Solution: 


11. If d#0 and the sequence a(a+d), (a+ d)(a+2d), 
(a+ 2d) a forms a GP, then 


(A) common ratio of the GP is —2 
(B) 3a=-2d 

(C) a=-2d 

(D) common ratio is 2 


Solution: It is given that 


(a+d)(a+2d)_ —_ (a+2d)a 
aat+d) (a+ d)(a+2d) 
@t+2d a 
a atd 


a +3ad+2d=a 
d(3a + 2d) =0 


Therefore 3a = —2d (since d # 0). Hence, the common ratio 
is 

at2d a-30 _ 

iar ae 


2 


Answers: (A), (B) 


Note: If x, y, z are in AP with a non-zero common differ- 
ence and xy, yz, zx are in GP, then common ratio of the 
GP is —2 and also 3x =—2(z— y). 


12. The sum of the first three terms of a GP is 6 and the 
sum of its first three odd terms is 10.5. Then the first 
term and the common ratio are 


(A) 8, -1/2 (B) 8, 1/2 
(C) 24/19,3/2 (D) 24/29, 3/2 
Solution: Let a,ar,ar’,... be the GP. It is given that 


al+r+r)=6 (5.40) 


al+/r+ ‘=> (5.41) 
Dividing Eq. (5.41) by Eq. (5.40) we get 


l+r+r21_7 
l+r+r 12 4 


444° +4/=74+7r+7r 
4r°- 3r-7Tr-3=0 
Now r=~—1/2 is a solution. We have 
(2r +1)(2r'-r’-r—3)=0 
(2r + 1)(2r —3)(r'+r+1)=0 


Therefore 


Worked-Out Problems 


(i) When r=—1/2,a=8 
(ii) When r = 3/2, a = 24/19 
Answers: (A), (C) 


13. The ratio of the sum of the cubes of an infinitely 
decreasing GP to the sum of its squares is 12:13. The 
sum of the first and second terms is equal to 4/3. If 
a, rand s, denote the first term, common ratio and 
sum to infinity of the GP, then 


(A) r=1/3,a=6/5, s,=9/5 
(B) r=1/3,a=1 
(C) r=-4/3,a=-1/3,5,=-1/7 
(D) s,=3/2 
Solution: By hypothesis, |r|<1 and 
a a 
——— 2 2213 
1-r 1-r 
a(dl—r)_ 12 
1-r 13 
Therefore 
13a(1+r)=1211+r+r) (5.42) 
Also, given that 
a+ar= 2 (5.43) 


From Eqs. (5.42) and (5.43), we get 
4 2 
ae Es ) 


13=91+r+/r) 
9° +9r—4=0 
(3r - 1)(3r + 4) =0 


The values of r thus obtained are 


3 3 
(i) When r= 1/3, then a= 1 and 
1 3 
Ss CU 
1-(1/3) 2 


(ii) When r= —4/3, then a = 4. 
Therefore (C) is not possible. 
Answers: (B), (D) 


14. Let 
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Then 
(A) x =—21log,2 (B) F=2 
(C) (0.2)"=4 (D) (0.2)'=2 
Solution: We have 
1 1 1 1/4 1 
+ + + mwa= -— 
4 8 16 1-(1/2) 2 
Therefore 


x=log; (5) =-2log.2 


1 —2logs2 
(0.2)"= (=) S| 


1 
4 


Sloes (1/4) 


5° 5? logs2 


Answers: (A), (C) 


15. If s,,s, and s, are, respectively, equal to the sums of 
the first n,2n and 3n terms of a GP, then 
(A) 5,(s;— 5,)= (3-5) (B) Si +S =5,(5,+ 8) 
(C) 5,(,+5,)=(5,48, y (D) Ss; = S183 


Solution: Let the GP be a, ar, ar’,.... Given that 


aha). 
a oe 


Then 


_aQl-r") _a(a-r" 


j=7.* > 1-r 


(s,— 5, = 5,(s;— 5) 
Also, 
(s,— 5, ) + 25,5, = 5,(s,— s,+2s,) 
and hence 
5+ 5 =5,(s,+ 5,) 


Answers: (A), (B) 


16. If a, b,c and dare in GP, then 
(A) (@+b+C)(b+0+d)=(ab+be+cdy 
(B) (a—dy=(b-—cY +(c-ay+(d—by 
(C) @&-b,b-c,c-d are in GP 
(D) @+b,b+c,c+d are in GP 


Solution: Let b=ar,c=ar and d=ar. 
(A) (@+b+C)\(b+C+d) 
=a (1t+r+r)a(r+rt+r’) 
=ar(itr+ry 
=(ar+ar+ary 
= (ab + be + cdy 
Therefore (A) is true. 
(B) (b-c) +(c—ay+(d-by 
= (ar — ar’) + (ar’— a) + (ar’— ary 
=a[(r'-2r+r)+(h-2r +1) 
+(P°-2r+Pr)] 
=a (r°—2r+1) 
sa (roly 
=(d-a) 
Therefore (B) is true. 
(C) @-b=a@(01-r),b-C=a(r-r)=dr(1-r) 
and ¢-@=d(r-r)=dr'(1-r) 
So, 
(¢@-b’)(?-d)=a''A-ry=(P-cy 
Therefore (C) is true. 
(D) @+bP=a(1+r),b+C=ar(1+r) 
and C+@=ar(1t+r) 
So, 
(e+ BD )(C+ad)=ar1+rya(b+cey 
Therefore (D) is true. 
Answers: (A), (B), (C), (D) 


17. Let a, b,c be three distinct real numbers in GP. If x is 
real and a+ b+c=xb,then 
(A) x<-l (B)0<x<1 (C)2<x<3 (D) x>3 
Solution: Let b=ar and c=ar, andr#1.Then 
al+r+r)=xar 


Therefore 
r+(1-x)r+1=0 


(1-xy-420 
x -2x-320 
(x + 1)(x-3) 20 


x<-l or x23 


(i) When x =-1, then 7° + 2r+1=0 and hence r=-1, 
so that a=c,a contradiction to the hypothesis. 


(ii) When x = 3, then P—2r+1=0 and hence r=1, so 


that a=b=c. 
Therefore x<-1 or x>3. 


Answers: (A), (D) 


18. Let a and b be positive real numbers. If a, A,, A,, b 
are in AP, a,G,,G,, b are in GP and a, H,, H,, b are 
in HP, then 

GG, _ 
HH, 


(A) (2a + b)(a + 2b)/9ab 
(C) (A,+ A,)/(A,+ H,) 


(B) (HH, )/(A,A,) 
(D) (H+ H,)(A\+ A,) 


Solution: It is given that 


b-a_2a+b 
3 3 


2(b-a) a+2b 
a+ = 
3 3 


G- (2) = @!3. pl, G= (2) - ange 
a a 


, A,= 


3ab 3ab 3ab 3ab 
H,= = i= = 
3b+1(a—b) a+2b 3b+2(a—b) 2at+b 


Therefore 


G,G, _ab(a+2b)(2a+b)_ (a+2b)(2a+b) 


HH, {ch 9ab 
A+ A, (arb ate) 3ab_, _3ab . 
H+ H, 3 3 a+2b 2at+b 
_ (a+ 2b)(2a + b) 
7 9ab 


Answers: (A), (C) 


19. Let s, be the sum to n terms of the series 


3 5 7 9 


+ + + fee 
P P+? P4243 P4+27434+4 
Then 
(A) s,=n/n+1 (B) s,=6n/n+1 
(C) s,=1 (D) s.=6 


Solution: Let 


aK #4 6 (3 1 


“KPa Pat KR K(K+1) (K Ki 
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Therefore sum of n terms is 


S,=Uutuyt-:-+u,=6] 1- ee 
ere . n+1}) n+1 


and sum to infinity is 


s,=lims,=lim : =6 
ne ne\ 1+ (1/n) 
Answers: (B), (D) 


20. Let a, a, a,, a,,... be in GP. If the HM of a, and a, is 
12 and that of a, and a, is 36, then 


(A) 4=8 (B) a= 24 
(C) a,=72 (D) a,= 216 


Solution: Let a,=a,,a,=a,,4,=a,',.... Then 


De 2a,a, = 2arr _ 2ra, (5.44) 
ata a(1t+r) ltr , 
23 2 
ape a ee gs 


ata, a(rtr) 1+r 


From Eqs. (5.44) and (5.45), we get 


2 36 
2ra, 2ra, 
and hence r=3. 
From Eq. (5.44), 
6a, 
12=——== 
{#3 2° 


and hence a,= 8. Therefore 


e="r= 24 aaa = 72.6" 7r =216 
Answers: (A), (B), (C), (D) 


21. Let A,, A,;G,,G, and H,, H, be two AMs, GMs and 
HMs, respectively, between two positive real numbers 
aand b. Then 


(A) A,H,= ab 
(CF AA,=a bl’ 


(B) G,G,= ab 
(D) A,H,=ab 


Solution: By Problem 18 (solution) 
peel 420 
3 3 
Caa°s: Gaqh- 


= 3ab ;. He 3ab 
at+2b 2a+b 
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Therefore 


2a+b 3ab 
7 . =ab 
3 2a+b 


A.A, 


2/3 3 3 
GG=@?b? -a'? P= ab 


2b 
AH,= a+2b- 3ab 


=ab 
3 a+2b 


Answers: (A), (B), (D) 


22. Consider four non-zero real numbers a, b,c, d (in this 
order). If a,b,c are in AP and b,c, d are in HP, then 


(A) ac = bd (B) a/b=c/d 
(C) a/c = b/d (D) a+ bla—b=c+d/c-d 
Solution: Since a,b,c are in AP, 
2b=a+c 
Since b,c, d are in HP, 
2bd 
c=—— 
b+d 


c(b+ d)=2bd=(a+c)d 
therefore 


a_bat+b_ct+d 
da-b c-d 
Answers: (B), (C), (D) 


cb=ad and 


23. Leta, a, a,,...,a, bein AP andh, h, h,,..., h, be in HP. 
Ifa, =h, and a, =h,, then 
(A) 8 | ae = a4, (B) 4,41, _ a4, 
(C) ah,_,,,isindependent ofr (D) ah=aa, 
Solution: We have 
a,=at+(r- 0( 224) 
n-1 
_an—a,+(r-1)4,~ ar + 4 (5.46) 
n-1 
_alnar) Padr=1) 
7 n-1 
edt) 
mh a,(n—1) + (n-r)\(a,~4,) 
(5.47) 
aa,(n— 1) 


~ a,(r—-1)+a(n-r) 
From Eggs. (5.46) and (5.47), we get 
a = aa, = Galt, 


Answers: (A), (B), (C) 


24. If a,b,c are in HP, then 
(A) a/(b + c), b/(c + a), c/(a+ b) are in AP 
(B) a/(b +c), b/(c + a), c/(a+ b) are in HP 
(C) a/(b+c-—a), bl(c+a-—b), cl(a+b—c) are in HP 
(D) a/(at+b+c),b(a+b+c),cla+b+c) are in HP 


Solution: Given that 1/a, 1/b, 1/c are in AP. Therefore 
Be BEPC FETE cacti AP 
a b Cc 
Pe las ponds (aoe (-arein AP 
a b Cc 
gh PO ONE OPP ae Ap 
a b Cc 
zs ‘ u ; are in HP 
b+c ct+ta atb 
Therefore (B) is true. Also, 
BEE 4 OVE gO stat Ap 
a b Cc 
# u are in HP 


b+c-a c+ta-b at+b-c 
Therefore (C) is true. Also, 


a b 
at+b+cat+tbt+c atb+c 


are in HP 


Therefore (D) is true. 
Answers: (B), (C), (D) 


25. If a,b,c are in AP; b,c, d are in GP and c, d, e are in 
HP, then 


(A) a, c, e are in GP 
(C) a,c, e are in HP 


(B) e=(2b-a/yla 
(D) e=ab’(2a- by 


Solution: By hypothesis, 
2 
2b=at+ce,c=bd and d=—~ 
ct+e 
Therefore 
eupga8*<. 2ce 
2 cte 
and also 


c(e+c)=e(a+e) 
This gives c’=ae and hence (A) is true. Also, 
_ ce _ (2b- ay 
a a 


and hence (B) is true. 
Answers: (A), (B) 


Worked-Out Problems [251s 


26. In Problem 25, if a=2 and e= 18, then the possible (B) a=b*’’,c=b*'” and b’=ac imply that 


values of b, c, d are respectively, 


= pore 
(A) 4,6,9 (B) -2, -6, -18 Ba per 
(C) 6, 4,9 (D) 2,6, 18 and hence 
Solution: By Problem 25,c’= ae =2 x 18 and hence c=+6. 2y=X+Z 
Now, 2b=a+c=2+6=8 or -4 (b=4 or -2). Therefore Thus (B) is true. 
2 
Yul -* ef Sa9 6m ie (C) We have 
- b=a6 <= log,a a log,b a log,c 
Hence Ge, = 1084, = 108.9, = 108, 
bed pe a= log u log,u log.u 
or b=-2,c=-6,d=-18 Now 2log,b=log,a+log,c. Therefore 
Answers: (A), (B) ee | i! 
27. Which of the following statement(s) is (are) true? log,u log,u  log.u 
(A) if is b’=c and a, b,c are in GP, then x, y, z are Thus (C) is true. 
in HP. 
D) We have 2b=a+c. Theref 
(B) If a'*=b'’’=c'" and a, b,c are in GP, then x, y, z ena ee 
are in AP. a tha 
(C) If a, b, c are positive, each of them not equal ewe» 
to 1, and are in GP, then, for any positive 
u #1, log,u, log,u, log.u are in HP. we (a+c)a 
(D) If a, b, c are in AP and b, c, a are in HP, then c, a+b 
a, b are in GP. 


be+ca=a +ac 
Solution: (A) a=b’",c=b’” and b’=ac imply that 


2 


a=bec 
B= polt0!2) 
and hence Thus (D) is true. 
1 1 Answers: (A), (B), (C), (D) 
2= i+ + *) 
x 


Therefore x, y, z are in HP. Thus (A) is true. 


Matrix-Match Type Questions 


1. Match the items in Column I with those in Column II. Solution: 
(A) We have a = 11/2, d =5/4. Therefore 


Column I Column I 
(A) If the sum of 7 terms of the series (p) 5 “} (2) +(n-1) ;| = 238 
5(1/2), 6(3/4), 8, ... 
is 238, then n is (q) -2(1/2) “|# + S(n= | = 238 
(B) The first term of an AP is 5, the last : 


term is 45 and the sum of the terms 


2 — = 
is 400. The number of terms and the Seeder 


common difference are, respectively. oe 2 
? ? 5m — 80n + 119n — 8 x 238 =0 
(C) The sum of three numbers which are 
in AP is 27 and sum of their squares is 5n(n — 16) + 119(n — 16) =0 
293. Then the common difference is (s) 16 
(D) The fourth and 54th terms of an AP n=16 
are, respectively, 64 and —61. The Answer: (A) > (s) 
common difference is (t)-S 
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(B) We have a=5,d=common difference. Now 


a+(n—-1)d=45 => (n-1)d=40 (5.48) 


5 lio +(n—1)d]= 400 


5 (10 + 40) = 400 


Substituting this value of 1 in Eq. (5.48) we get 
d= 
15 
Finally, 


Pe a 
3 


Answer: (B) > (r), (s) 


(C) Let the three numbers be (a — d), a, (a + d). Then by 
hypothesis 


(a—d)+a+(a+d)=27 
3a = 27 
a=9 


Again by hypothesis, since sum of their squares is 
293 we have 


(9-dy+9+(9+dy=293 
243 + 2d’ = 293 

a=25 

d=+5 


Answer: (C) = (p), (t) 
(D) Since the fourth term is 64 we get 


a+ 3d=64 
Since the 54th term is —61 we get 
a+53d=-61 


Solving the two equations we get 


—50d =125 
d=-2= 
2 


Answer: (D) > (q) 


2. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) If the pth, gth and rth terms of an 
AP are a, b, c respectively, then the 
value of a(q—r)+b(r—p)+ 
c(p - q) is 

(B) The sum of m terms of an AP isn 
and the sum of n terms is m, 
then the [sum of (m +7) 
terms] + (m+n) is 


(p) 15 


(q) 27 


(r) (m+n) 

(C) If five arithmetic means are 
inserted between 2 and 4, then the 
sum of the five means are 

(D) In an AP, if the sum of 7 terms is 
3n’ and the sum of m terms is 3m” 
(m #€n) then, the sum of the first 
three terms is 


(s) 2(m +n) 


(t) 0 
Solution: 


(A) Since a, b, c are pth, gth and rth terms of an AP, let 


a=a+(p-l)d (5.49) 
b=a+(q-l1)d (5.50) 
c=at+(r—-l)d (5.51) 
Solving Eqs. (5.49) and (5.50) we get 
d(p—q)=a-b 
iat 
P-4 
Therefore 
= (a—b)c 
a) aaa 
Similarly, 
(c—a)b 
b 
(r- p= 
_ a(b-c) 
a(q- 7) = 
Therefore 


Ya(q-r)= =S.a(b iS =(0)=0 


Answer: (A) > (t) 


(B) By hypothesis we get 
5 [24 +(m-1)d]=n (5.52) 
5 [2a +(n-1)d]=m (5.53) 


Subtracting Eq. (5.53) from Eq. (5.52) and solving 
we get 


2a(m—n)+ d(m—- n°) - d(m-n)=2(n-m) 
2a+(m+n-1)d=-2 
Therefore sum of the first (7m + 1) terms is 


m+n 


[2a+(m+n-—1)d]=-(m+n) 


Answer: (B) > (r) 
(C) Sum of the n AM’s between x and y is 


2) 


Therefore sum of the five AM’s between 2 and 4 is 
(754) =15 
2 


(D) By hypothesis we have 


Answer: (C) > (p) 


me +(n-1)d]=3n (5.54) 


2a+(n-1)d=6n 
Similarly, 
2a+(m-—1)d=6m 
Solving Eqs. (5.54) and (5.55) we get 
d=6,a=3 


(5.55) 


Therefore, the sum of the first 3 terms is 
3 
—(6+2x6)=27 
2 
Answer: (D) > (q) 


3. Match the items in Column I with those in Column II. 


Column I 


Column IT 

(A) The sum of three numbers which (p) 25 

are in AP is 12 and the sum of their 

cubes is 288. The greater of the three 

numbers is (q) 26 
(B) Let s, denote the sum of the first 1 

terms of an AP. If s,, =3s,, then s,,/s,, 

equals (r) 6 
(C) 4n’ is the sum of the first n terms of 

an AP whose common difference is (s)7 


(D) The least value of n for which the 
sum 3+6+9+---+nis greater than 


1000 is (t) 8 


Worked-Out Problems 


Solution: 
(A) Let the three numbers be a — d,a,a + d. By hypothesis 


(a—d)+a+(a+d)=12 
3a =12 
a=4 


Also it is given that the sum of their cubes is 288; 
therefore 


(a—d)+a+(at+d)=288 
3a’ + 6ad’ = 288 

a+ 2ad’ = 96 

64 + 8d’ = 96 

d=t2 


Therefore the numbers are 2, 4, 6. 


Answer: (A) > (r) 
(B) We have 


(2a + (2n-1)d]= (4) [2a + (n-1)d] 


2a=(n+1)d 
Therefore 


Soy _ 3[2a + (3n —- 1)d] 


S 2a+(n-1)d 


n 


_ 3[(n + 1)d + (3n- 1)d] 
(n+ 1)d+(n—-1)d 


Answer: (B) > (r) 
(C) The nth term is 


A[n’ — (n-1)/]=4(2n-1) 


Substituting 1 = 1,2,3,..., we get the series 4, 12,20,.... 
Answer: (C) > (t) 
(D) By hypothesis 
n 
a + (n—1)3] > 1000 
n(3n + 3) > 2000 
2000 1 


TV 
n+—| >——+- 
( 4 3 4 
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foes 
2 


n=26 
Answer: (D) > (q) 


4. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If four GMs are inserted between (p)7 
160 and 5, then the second mean is 
(B) Sum to infinity of the series 
(q) 20 
1 1 
die ee 
2 2 


(C) If 5°-5'-5°.-. 5" = (0.04), then the (t) 40 
value of the n is 


(D) If y >0 and y’ = (0.2)" where (s) 10 


=] —+—+ —+4+---+00 
AMEE A 3” 16 


then the value of y is (t) 2 


Solution: 


(A) Let g;, 8, 8, 8, be the four GMs between 160 and 5. 


Then g,=160r,1<i<4,and 5=160r°. Therefore 


P=5-4-(3) 
160 32 \2 


and hence r= 1/2. Hence 
1 2 
2= 160{ 5] = 40 
Answer: (A) -> (r) 


1- (1/2) 
Answer: (B) > (t) 


1 1 1 
(B) a a ea 


(C) We have 
Stator ton 22 (0.04) 8 
S2nlr+ 1/2] = (=) = 56 
25 
n(n + 1)=56 
n=7 
Answer: (C) > (p) 
(D) We have 
y= (0.2) 
where 


Now 
1 
x=log; 7 
=—2log,2 
Therefore 
y =(0.2)" 
= GG yr 2 = 4 
Hence y =2. 


Answer: (D) = (t) 
5. Match the items in Column I with those in Column II. 


Column IT 
(p) 1 


Column I 


(A) A GP contains even number of 
terms. The sum of all terms is 
equal to five times the sum of all 
odd terms. Then the common 
ratio is 

(B) In a GP, the terms are alternately 
positive and negative, beginning 
with a positive term. Any term 
is the AM of the next immediate 
two terms. Then the common (r) 2 
ratio is 

(C) If y = clsin’xssin'xtsinx+---+o0)loge 2 
(0<x<~7/2) satisfies the equation 


x’ —17x + 16 =0, then the value of 
sin2x/(1+ cos’ x) is (s) 4 


(q) -2 


(D) If the same y in (C) satisfies the same 
equation x° — 17x + 16 =0, then the 
value of 6sin x/(sin x + cos x) is 
equal to (t) 2/3 


Solution: 


(A) Let a,ar,ar’,...,ar’""' be the 2n terms of the GP. It 
is given that 


atartar+--+ar"'=S(atar +ar+--+ar"”) 


Therefore 
alr” = 1). 5 a[(r’y" -1)_ a(r” -j) 
r-1 r-1 (r-D)(r+ 1) 


Solving this we get r+ 1=S5orr=4. 
Answer: (A) > (s) 
(B) Let the numbers be a, a(—r), a(—r)’, a(—r)’,... where 
a>Oandr> 0. Since any term is the AM of the imme- 
diate next two terms, therefore 


a(—r) + ar =2a 
r-r-2=0 
(r-2)(r+1)=0 
which gives r=2. 


Answer: (B) => (r) 
For parts (C) and (D) 


0<x<F0<sinx<l 


Therefore, 


i ee ee sin’ x 4 
sin’ x + sin” x + sin’ x + ---ce =-———_— = tan’ x 
1-sin’x 


esi’ x-+sint X+---co)log,2 __ ew x-log,2 __ pan? x 


The roots of x? — 17x + 16 =0 are 1 and 16. Then 


(i) ont =1= tan x =0, whichis false since 0 <x < 2/2 
(ii) 2°°*=16=> tan’ x=4 or tanx=2 


sin2x _2sinxcosx  2tanx 2tanx 4 2 

l+cos’x 1+sec’x 2+4 6 3 
Answer: (C) => (t) 

(D) 6sinx — 6tanx — 6(2) © 

sinx+cosx tanx+1l 241 


(C) 


1+cos’x 


Answer: (D) > (s) 


6. Let S,,S,,S;,... be squares such that the length of the 
side of S,, is equal to the length of the diagonal of S,,,.. 


Match the items in Column I with those in Column II, 
if the length of the side of S, is equal to 10 units. 


Column I Column IT 
(A) Length of the side of S, is (p)7 
(B) Length of the diagonal of S, (q)5 
(C) The area of S, islessthan1if (1) 6 
nis greater than (s) 200 


(D) Sum of the areas of the squares is (t) 10V2/(V2 -1) 


Solution: Let a, be the length of the side of S,. It is 
given that 
1 
a,=N2a,,, OF 4,,,=—~=4, 
n n+l 1 af 


(A) Let a, =10.Then 


i 1 1 
a&=—~=10 and =—=a=—10=5 
2 vg o 


Answer: (A) — (q) 


Worked-Out Problems 


(B) Length of the diagonal of 


1 
Sj=V2a=V2-——a,=5 


Answer: (B) > (q) 


(C) a,, a,,a;,... are in GP with a, =10 and common ratio 
r= 1/V2. Therefore 


1 n-1 
a,, = 10} —= 
=) 


The area of S, is 


n-1 
i= 100( 5) 
2 


and a@<le 100 1100<2" @T<n 


n-1 


Answer: (C) > (p) 


(D) Sum of the areas of the squares is 


= 100(2) 
= 200 sq. units 
Answer: (D) > (s) 


7. Match the items in Column I with those in Column II. 


Column I Column I 
(A) If =3, then the numbers 2n, (p) GP 
n(n —1) and n(n — 1)(n — 2) are in 
(B) If a, b,c are in AP, then 
a+ Wbe,b+Vacandc+Vab arein (gq) HP 
(C) Ifx>1,y>1 and z> lare three 
numbers in GP, then the numbers 
1 1 : 
, : are in AGP 
1+logx 1+logy 1+logz ©) 
(D) If a, b,c are in HP, then the 
numbers a — ul a c m are in (s) AP 
2 2 2 


Solution: 


(A) If n =3, the three numbers are 6, 6, 6, which are in 
AP, GP, HP and AGP. 


Answer: (A) > (p), (q), (r), (s) 
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(B) Let a,b,c be in AP. Then b —- a=c — b. Therefore 


[o+ | [as )=(b jee 8 
ca bc abc 


c-b 
=(c-—b)+ 
ie) abc 


sGrslars 


Answer: (B) —> (s) 
(C) Let x, y, z be in GP; x >1,y>1 and z>1.Then 


1+logx, 1+logy, 1+ logz are in AP 


and so 


1 1 


, , are in HP 
1+logx 1+logy 1+logz 


Answer: (C) > (q) 
(D) Let a, b,c be in HP. Then 


_ 2ac 
 @#¢ 
Now 
ae eae 
a c =ac——(a+c)+— 
2 2 2 
2 
=ac-—— Cen ae 
c 
b 
4 


Answer: (D) > (p) 


8. Match the items in Column I with those in Column II. 


Column I Column IT 


(p) AP 


(A) a, b,c and d are positive, each 
is not equal to 1 and K #1. If 
at+bK _b+cK _c+dkK 
a-bK b-cK c-dK 
c,and d are in 


then a, b, 
(B) If a,, a,, a,, and a,are four numbers (q) HP 
26 G46 (4-8) 


Ga ata aa 


such that 


then a,, d,, a;,and a, are in 
(C) If a,, a), a, are in AP; a,, a,, a,are in GP GAGE 
and a,, a,,a; are in HP, then a,, a,, a, 
are in 


(D) If the sum to 7 terms of a series is 


pn’, then the series is in (s) GP 


Solution: 
(A) We have 
a+bK _ b+cK _c+dkK 
a-bk b-cK c—dK 
a b Cc 


a@—-bK b—cK c—dK 
a-bK _b-cK __c—dK 


a b Cc 


— 
== 


This implies that a, b, c,d are in GP. 
Answer: (A) —> (s) 


(B) We have 
ata &t4, 
a a a, a 
2 ea 
4 & & 4, 
ee (5.56) 
Sa & &, 
Also, 
(2=2)-22 
4, — a a 
1 1 1 1 
{ ) (5.57) 
a& Yu 


are in AP. Therefore a,, a,, a,, a, are in HP. 
Answer: (B) > (q) 


(C) We have 
2a, =a, + a, 
a, = a 4, 

Therefore 


:- (444) 5) 
a, = es oe 
2 a, + as 


a,(a, + a;) = a;(a, + a) 


a, = 4, a, 
Therefore a,, a,, a, are in GP. 
Answer: (C) = (s) 


Comprehension-Type Questions 


1. Passage: Let a be the first term and d the common 
difference of an AP. Then sum of the first 7 terms is 


5 (2a +(n—1)d] 


If n AMs are inserted between a and D, then the kth 
AM is 


ge O35. 
n+l 


Now, answer the following questions. 


(i) Ifthe sum of the first m terms of an AP is same as 

the sum of the first n terms, then sum of the first 
(m +n) terms is equal to 
(A) mn (m +n) (B) (mn + 1)(m +n) 
(C) (mn -1)(m +n) (D) 0 

(ii) S,, S,, S; are sums of first n terms of three APs 
whose first terms are unity and the common 
difference are respectively 1,2, 3.Then S, + S, is 
equal to 
(A) S, (B)3S,  (C)28, (D) S 

(iii) Let N be the natural number set and f:N—>R 
be a function defined by f(n) =3n-1. If 


¥ f(k) = 155 


then 
(A)n=8 (B)n=10 (C)n=11 (D)n=9 
Solution: 
(i) We have 
5 at (m-Ndl=s,=5,= 52a +(n-1)d] 


Therefore 
2a(m — n) = d[n’ —m +m-—n] 
2a = d[-(m+n) + 1])=-d(m+n-1) 
2a+d(m+n-1)=0 


Worked-Out Problems 


(D) The nth term is given by 
U,, = Sn -_ Sn = p() ~ p(n ~ 1y = p(2n ~ 1) 


. which is an AP. 
Answer: (D) > (p) 


The series is p, 3p, 5p, 7p, .. 


So, the sum of the first (mm +7) terms is 


m+n 


[2a+(m+n-1)d]=0 


Answer: (D) 
(ii) We have 
Tees pene! 
n 2 
ee ee ld 
n(3n—1) 


S,= [2+ (n-1)3]= ; 


Now 
S,+S,= [nt 1+ 3n—1]=2n =25, 


Answer: (C) 


(iii) We have f(m) =3n— 1 which implies that f(1), f(2), 
f(3),... are in AP with first term 2 and common 
difference 3. Therefore 


155 =F [4+ (n 1)3) = 5130 +1] 


3n +n-310=0 
(n — 10)(3n + 31) =0 
n=10 
Answer: (B) 


2. Passage: Let p<q<r<sandp,q,r,s beinAP. Further, 
let p and q be the roots of the equation x* — 2x + A =0 
while r and s be the roots of x* — 18x + B = 0. Answer 


the following questions. 
(i) |A+ Bl is equal to 
(A) 80 (B) 74 


(C) 84 (D) 77 
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(ii) If an AP is formed with A as first term and 8 as 
common difference then B appears at 


(A) 11th place (B) 12th place 
(C) 10th place (D) no place 

(iii) In the above question, the sum of the nine AMs 
inserted between A and B is 


(A) 233 (B) 323 
(C) 333 (D) 222 
Solution: 


(i) Let p=a-3d, q=a-d,r=a+dands=a+3d.Now 
p<q<r<s=>d>O0Since p and gq are the roots of the 
equation x° — 2x + A =0 we have 

ptqz=2 
a-3d+a-—d=2 
2a-—4d =2 
a-2d=1 


(5.58) 


Since r and s are the roots of x°— 18x + B =0 we have 
r+s=18 
a+d+a+3d=18 
2a+4d=18 
a+2d=9 


(5.59) 


Solving Eqs. (5.58) and (5.59) we get a = 5. Substitu- 
ting the value of a in Eq. (5.58) we get 


a-2d=1 
5-2d=1 
4=2d 
2=d 
Now 
A=pq=(5-6)(5—2)=-3 
B=rs=(5+2)(5+6)=77 
Therefore 
|A+ B|=74 
Answer: (B) 
(ii) We have 
77 =-34+ 8(n-1) 
n=11 
Answer: (A) 


(iii) Sum of the nine means is 
9 
Paes 77) = 37 x 9 = 333 
Answer: (C) 


3. Passage: Let a, b, c be in GP. Answer the following 
three questions. 


. &+ab+r . 

(i) ————— is equal to 
ab+bc+ca 
(A) (a+ b)/(b +c) (B) (b+ c)/(c +a) 
(C) (c+ a)/(a+b) (D) (a+ b)/2(b +c) 

(ii) If ab + bc + ca = 156 and abc = 216 and the num- 
bers are in the descending order, then the 
common ratio is 


(A) 1/2 (B) 2 (C) 3 (D) 1/3 
(iii) Ifa+b+c=14anda+1,b+1andc-—1are in AP, 


then the sum to infinity of the GP whose first three 
terms are a, b and c (in the descending order) is 


(A)8 (B) 16 (C) 4 (D) 2 
Solution: 
(i) Let b=ar and c=ar. Then 

a+ab+b — a(l+r+r) 
ar+ar+ar 


ab+bc+ca 


_a(lt+rt+r) 1 
~a@rl+r+r) r 


a(r+1) arta _atb 
r(r+l)a art+ar b+c 
Answer: (A) 


(ii) Let the numbers a, b and c be x/r, x and xr, respec- 
tively. Then 


* x. xr =216 
- 


x =216 
x=6 


Also, 
(=): + x(xr)+ (n=) = 156 
r r 
o(1 
x |-+r+1]=156 
r 


l+rtr 156 156 13 
ia — x 3603 


3r°-10r+3=0 


(3r -1)(r-3)=0 


r= . or 3 
3 
The numbers are in descending order. Therefore 
r=1/3. 
Answer: (D) 
(iti) Let a= x/r, b=x and c=xr.Then 

ik 
{S414 r)=14 (5.60) 

r 


Also, given that (x/r) + 1,x +1 and xr-1 are in AP. 
Therefore 


(= +1)+Gr-y=2641) 


{72*-2}-2 
r 


From Eggs. (5.60) and (5.61), 


(5.61) 


r+r+1 14 _ 


rP—2r+1 2 
6r? —15r+6=0 
2r?-—5r+2=0 


(2r -—1)(r-2) =0 


Then 


The sum to infinity is 


8 
Be ie 
aac ear te) 
Answer: (B) 


4. Passage: Let x and y be real numbers such that x, 
x+2y and 2x+y are in AP and (y+1)’, xy+5 and 
(x +1) are in GP. With this information, answer the 
following three questions. 

(i) The common difference of the AP is 


(A) 2 (B) 3 (C)4 (D) 3/2 
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(ii) The common ratio of the GP is 
(A) 2 (B) 1/2 (C) 3 (D) 1/3 
(iii) The sum of four AM’s between x and y and 
product of four GMs between x and y is 


(A) 4+ 43 
(B) 4(2 + V3) 
(C) 8(1 + V3) 
(D) 17 
Solution: 
(i) Since x, x + 2y and 2x + y are in AP, we have 


x+ (2x + y)=2(x + 2y) 
x=3y 


Again, since (y +1)’, xv +5 and (x +1) are in GP, 
we have 


(x +19 (y +1) =(xy + 5/ 
By substituting x = 3y in this, we get that 
Gy’ + SY = (y+ I) (yt IY = (y+ 4y + IP 
(3y +54+3y+4y+DBy +5-By +4y+)]=0 
(6y + 4y+6)(-4y + 4)=0 
(3y' + 2y+3)(y-1)=0 


Now 3y’+2y+3=0 has no real roots and hence 
y=1 and x=3y=3. Therefore, the AP is 3, 5 
and 7 The common difference is 2. 


Answer: (A) 
(ii) We have 
(y+1y=2’ 
xy+5=34+5=8 
(x+1~=4 =16 
Therefore the common ratio is 2. 
Answer: (A) 


(iii) We have x=3 and y=1. The sum of four AM’s 
between 3 and 1 is 
(3+1)_ 
2 


4 8 


The product of four GMs between 3 and 1 is 
(/3)' =9. Therefore the required sum is 8 + 9 = 17 
Answer: (D) 
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Assertion-Reasoning Type Questions 


In each of the following, two statements, I and II, are 
given and one of the following four alternatives has to 
be chosen. 


(A) Both Land II are correct and II is a correct reasoning 
for I. 


(B) Both I and IJ are correct but II is not a correct 
reasoning for I. 


(C) Lis true, but IJ is not true. 
(D) Lis not true, but II is true. 


1. Statement I If loga, logb, loge are in AP and loga— 
log2b, log2b — log3c, log3c — loga are also in AP, then 
a, b,c form the sides of a triangle. 


Statement II: Three positive real numbers form the 
sides of a triangle, if the sum of any two of them is 
greater than the third. 


Solution: Clearly a, b,c are positive and 
loga + loge = 2logb = b’ = ac (5.62) 
Also 
(loga — log2b) + (log3c — loga) = 2(log2b — log3c) 
log3c — log2b = 2(log2b — log3c) 
3(log3c — log2b) =0 
2b =3c 
From Eqs. (5.62) and (5.63) we get 


(5.63) 


eee 
4 2 
Now 
Pe eee 
3c Sc (=) 
b+c=—+C=—= >a 
2 2 2\9 
9c 13c. 3c 
cta=c+—= >—=b 
4 2 


Therefore a, b,c form the sides of a triangle. In other words, 
Statements I and I are true and IL is a correct reason for I. 


Answer: (A) 


2. Statement I: Let a,,a,,a,,...,a, be in AP. If a, + a,+ 
yy + Ays + Ay + Gy, = 225, then a, + a, + a, +-+++ a), is 
equal to 800. 


Statement II: a,+ a) = a) + 45 =4,+ dy. 


Solution: Let d be the common difference. Then 


a; + Gy = (a+ 4d) + (a+ 19d) =2a+ 23d=a,+ a, 
dy + a;= (a+ 9d) + (a+ 14d) =2a4+ 23d =a,+ a, 
Therefore Statement II is true. Also 
225 =a,+a,+A,+ 45+ G+ 4, =3(a,+ a,) 
a,+ @,=75 
Hence 


4. A 
Da =F (4+ &y) = 12 x75 = 900 


k=1 


Therefore Statement I is false. 
Answer: (D) 


3. Statement I: If a, b, c, are real numbers satisfying the 
relation 25(9a° + b’) + 9c’ — 15(5ab + be + 3ca) = 0, then 
a,b,c are in AP. 


Statement II: If x, y, z are any real numbers such that 
x+y+2¢—xy-yz—-zx=0,thenx=y=z. 


Solution: We have 


¥+y4+2-xy-yz—-z7z=0 
1 
@ lx — yl + (y- 2 + (Z-2Y]=0 


Therefore, Statement II is true. For Statement I, take 
x = 15a, y =5b and z= 3c so that 


x+yVt+2—xy-yz—-z=0 
>xX=y=Z 
=> 15a=5b=3c 
=>b=3a and c=Sa 


Therefore, a, b,c are in AP. 
Answer: (A) 


4. Statement I A ball is dropped from a height of 8 feet. 
Each time the ball hits the ground, it rebounds half 
the height. The total distance travelled by the ball 
when it comes to rest is 16 feet. 


Statement II: Sum to infinity of GP with common 
ratio r(|r|<1) and first term ais a/(1—r). 


Solution: Statement II is clearly true. But the distance 
travelled by the ball follows an infinite GP after hitting the 
ground. Therefore, distance travelled by the ball equals 


842442414 se t4-|-842 — 
2 4 1- (1/2) 


=8+16=24 feet 


Lis false and II is correct. 
Answer: (D) 


5. Statement I: The sum to infinity of the series 1(0.1) + 
3(0.01) + 5(0.001) + --- 29/81. 


Statement Il: Sum to infinity of AGP a+(a+d)r+ 
(a+2d)r +--+. is 


a dr 
hae 
1-r (1-r) 


when |r|< 1 


Solution: The series given in Statement I is an AGP 
with a=1/10,d=2andr=1/10. Therefore the sum to 
infinity is given by 


a dr 
+ 
1-r (1-ry 
Substituting the values we get 
1/10 21/10) 1 é 20 29 
1-(1/10) [1-(1/10)F 9 81 81 


Statements I and II are both correct and II is the correct 
explanation for I. 


Answer: (A) 


6. Statement I: In a GP, if the common ratio is positive 
and less than 1/2 and the first term is positive, then 
each term of the GP is greater than sum to infinity of 
all the terms of the GP that follow it. 


Statement II: If the common ratio r of a GP is such 
that -1<r<1 and the first term is a, then the sum to 
infinity of the GP is 
a 
1l-r 


Solution: Statement II is clearly correct. Let the GP be 
a,ar,ar,ar’,...and0<r<1/2. The nth term is ar” (= ,, 
say). Now, 


ar" 
ar’ + ar" + ar +--sar' (ltrtr te )= 
1-r 
Therefore 
ar”! 
n—1 
b> bray t by $+ 99 ar > 


-r 
© ar"! (1-r)> ar! 


l-r>r 
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which is true because 0<r<1/2. Therefore both 
Statements I and II are true and II is a correct explana- 
tion of I. 


Answer: (A) 


7. Statement I: In a GP, the sum of the first n terms is 
255, the nth term is 128 and the common ratio is 2. 
Then the value of 7 is 8. 


Statement Il: The sum of the first n terms of a GP 
whose first term is a and common ratio r is 


a(1—r’) 
1l-r 
Solution: The nth term is ar”! = 128 and r = 2. Therefore 
a-2"'=128 
Now 
955 = a(l-r" = a-—ar" _a-—256 
1l-r 1l-r 1-2 
a=1 
Also, 
ar = 128 
e198 
n-1=7 or n=8 
Answer: (A) 


8. Statement I: ABCisan equilateral triangle with side 24. 
AA,B,C, is formed from AABC joining the midpoints 
of its sides. Again AA,B,C, is formed by joining the 
midpoints of the sides of AA,B,C,. The process is con- 
tinued infinitely. Then the sum of the perimeters of all 
the triangles including AABC is 144. 


Statement I: The area of an equilateral triangle of 
side ‘a’ units is (V3/4)a’ square units. 


Solution: Sum to infinity of the perimeters is given by 


3a + (4) + (4) tees 
2 2 
Substituting a = 24 we get 


Sa( 14 5+ et) =3x 24x 144 


rate ia 


Therefore Statements I and II are correct. However, 
Statement II is not the correct explanation for I. 


Answer: (B) 
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9. Statement I: If a,b, c and x are real and (a° +b’) x’ - 
2b(a+ c)x + (b+ c’)=0, then a, b,c are in GP with x 
as common ratio. 


Statement II: For any real numbers p and q, p’ + q°’ =0 
© p=0=4¢. 


Solution: The given equation can be written as 


(a x’ —2abx + b*) + (b’x’ — 2bex +c) =0 
(ax —b) + (bx —cy =0 
ax-—b=0 and bx-c=0 

Solving for x we get 


x= 


P 
a 


Therefore a, b,c are in GP with common ratio x. 
Answer: (A) 


10. Statement I: If a, b, c are, respectively, the pth, qth, 7th 
terms of an HP, then (g —r)bc + (r— p)ca+(p—q) ab= 
(p+q+tnr)abc. 


Statement LI: The nth term of an HP is of the form 


ee 
a+(n-1)d 
Solution: Since ais the pth term of an HP, let 
1 
a= —————_ 
a, +(p-l)d 
Therefore 
1 
—=a,+(p-1)d 
a 
Similarly, 
oe +(q-l)d 
- ard 
1 
-=a+(r-ld 
c 
Now 
1 1 
= =(r-a)d 
30 
Therefore 
b-c=-(q-r)bcd 
Similarly, 


c-a=~-(r-—p)cad 
a-b=-(p-—q)abd 


Hence 
—dY bce(q-r)=X(b-c)=0 
Lbc(q -r)=0 
Statement IT is correct and I is false. 


Answer: (D) 


11. Statement I: If 


H,=1+ Be inte : 
2 3 n 
then 


H,=n ne Oe cei 

2 3 4 n 

Statement I: If K > 1 is an integer, then 
TK | 


+ 
K K 


1 
Solution: H,, can be written as 
H,=1+(1 s|e(1 =)+(1 s) e414) 
2 3 4 n 


1 2 3 n-1 
=n tof tet 
2 3 4 n 


Both Statements I and II are correct and IJ is a correct 
explanation of I. 


Answer: (A) 


12. Statement I: If a, b,c are in AP and b,c, d are in HP, 
thena:b=c:d. 


Statement II: AM of x and yis (x + y)/2 and HM of 
x and y is 2xy/(x + y). 


Solution: We have 
2b=a+c and gee. 
b+d 
Therefore 
ou at ojd 
b+d 
bc+cd=ad+cd 
bc=ad or a:b=c:d 


Both Statements I and II are correct and IJ is a correct 
explanation of I. 


Answer: (A) 


13. Statement I: Ifa,b and c are positive real numbers, then 


(a+b+0(2+242)29 
a be 


Statement I: AM of three positive real numbers = 
their GM. 


Solution: We have 


a+b+c >(abe)'” 


1 


+— 3 
- (ttt) 
“labe 
1/3 
+2)2(abol"( 2) 9=9 
Cc abc 


Statements I and II are both correct and II is a correct 
explanation for I. 


(a+o+0(2+4 


Answer: (A) 
14. Statement I: If 
11 ot 
ae a a 
are in HP, then 
GG + G,— Ot + be 4H Ox= Ter be) 


Statement I: If x,, x,,...,%,,... 
X,=X,—%,=X,—X, 


are in AP, then x, — 


Solution: Let 


be in HP. Then a,, a... 
ence, say d. Now, 


are in AP, with common differ- 


d=4,-4=4,-4=4,-4, 
Therefore 

& — & = (a,- 4,)(4,+ a) =-d(a,+ a) 

a, — a, = —d(a, + a) 


x1 Gx =— (dx 1 +4) 
Adding we get 
Gy ~ G+ y+ + hy By =— dG, + 4 ++ +x) 
=-d fay + ae] 
= -dK(4,+ ax) 
Now, 4, =4,+ (2K — 1)d. Therefore 


—~%xK7& 
2K —-1 


Worked-Out Problems 


and hence the sum equals 


(Gk -= 4) 


2. 2 
ead (a, — x) 


K 
KG, + be) = 7 


Statements I and II are both correct and II is a correct 
explanation of I. 


Answer: (A) 


15. Statement I: Sum to infinity of the series 


3. 2 19% AD: 23 
+—+—+4+—+4+ 
1! 2! 3! 4! = S! 


is 4e. 


Statement II: The nth term of the series in Statement I is 


n—n+3 1 1 1 
— and e=1+—+—+—+---© 
n!} 1! 2! 3! 
Solution: The nth term is 
2 — 
net n+3_ n(n Its 1 42 ee en 
n! n!} (n-—2)! nv! 
Therefore 


( 1 1 
+e-)4+3) —+—4+—4-:: 
2! 3! 4! 
=e+3(e-—2)=4e-6 


The required sum is 3 + (4e — 6) = 4e — 3. Statement II is 
correct and I is not correct. 
Answer: (D) 
K 1 
16. Statement I: > ‘KK +1 > 


K 
Statement I: x44 K241 


“1 1 1 
2\K°-K+1 K°+K+1 


Solution: Statement II is correct and 


y --Y5lz + ___|=lims 
rer = -K+1 K°+K+4+1| »-" 


where 


( 
= 1 
2 n+n+1 


lims, = x 
2 


neo 


Therefore 


Answer: (A) 
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SUMMARY 


5.1 


5.2 


5.3 


5.4 


5.5 


5.6 


5.7 


5.8 


5.9 


5.10 


Sequence: Let Z* be the set of all positive integers 
and X any set. Then a mapping a: Z* > X is called 
a sequence in x. For any n eZ’, we prefer to write 
a, for the imag a(n) and the sequence is denoted by 


{a,}- 


Finite and infinite sequences: A sequence is said 
to be finite if its range is finite. A sequence which is 
not finite is said to be infinite sequence. 


Constant and ultimately constant sequences: A sequ- 
ence {a,} is called a constant sequence if a, =a,, 
for all positive integers n and m. Sequence {a,} 
in called ultimately constant, if there is a positive 
integer m such that a, is constant for n > m, that is 
Gist = Ama = ins = 


m+1 m+2 


Series: If {a,} is asequence of real orcomplexnumbers, 
then an expression of the form a,+a,+a,+--- is 
called series. If s,, is the sum of the first n terms of the 
sequence {a,}, then again {s,} is a sequence called nth 
partial sum of the series or simply the sequence of 
partial sums of the series. 


Limit of a sequence: Let {a,} be a sequence of real 
numbers and / a real number. Then / is said to be 
limit of the sequence {a,} if, for each positive real 
number € (epsilon) there exists a positive integer 11, 
(depending on € ) such that |a, —/|<e for alln =n). 


Uniqueness of a limit: If a sequence has a limit, 
then the limit is unique. 


Notation: If | is the limit of a sequence {a,}, then 
we write lima, =/(or It a,=/) and some times we 


noe 


write a, a iL 


Sum of an infinite series: Let {a,} be a sequence of real 
numbers ands, =a,+a,+---+a,. If the sequence {s,} 
of partial sums has limit s, then we write eh =5. 
If {s,} has no finite limit, then the series is said to be 
divergent. 


Arithmetic progression (AP): A sequence {a,} 
of real numbers is called an arithmetic progres- 
sion (AP) if a,,,, — a, is constant for all positive inte- 
gers n=1, and this constant number is called the 
common difference of the AP. 


General form of AP: The terms of an AP with first 
term ‘a’ andcommon difference d are a,a + d,a + 2d, 
a+3d,...,and the nth term being a+ (n—1)d. 


SS. auicK LOOK 


1. If {a,} is an AP and K is any real number, then 
{a, + K} is also an AP with same common difference. 


2. {Ka,} is also an AP. 


3. If {a,} and {b,} are arithmetic progressions, then 
{a, + 5,} 1s also an AP. 


5.11 Product of two AP’s: Product of two arithmetic 
progressions is also an AP if and only if one of 
them must be a constant sequence. 


5.12 Arithmetic mean (AM): If three real numbers 
a, b, c are in AP, then b is called AM between a 
and c and in this case 2b=a+c. 


5.13 Arithmetic means (AM’s): If a, A,,A,,... A, and b 
are in AP, the A,, A,,...A, are called n AM’s 
between a and b. 


5.14 Formula for n AM’s between a and b: If A,, 
A,,... A, are n AM’s between a and b, then the Kth 


mean A, is given by 


=0); pages 1.9. 
n+1 


Ag gag 


5.15 Sum to first n terms of an AP: Let s, be the sum 
to first n terms of an AP with first term ‘a’ and 


common difference ‘d’? Then 


= 5 (2a +(n-1)d] or 5,= 5 [first term + nth term] 


quick ook 


If A,,A,, ...,A, aren AM’s between a and b then 


A,+ A, +>: + A= etd) 


5.16 Ratio of nth terms of two AP’s: Let t, be the nth term 
of an AP whose first term is a and common differ- 
ence d and s, is its sum to first n terms. Let ¢ be the 
nth term of another AP with first term 5 and common 
difference e whose sum to first 1 terms is s, . Then 


5.17 Characterization of an AP: A sequence of real 
numbers is an arithmetic progression if and only if 


its sum of the first 1 terms is a quadratic expression 
in n with constant term zero. 


5.18 Helping points: 


(1) Three numbers in AP can be taken as a-— d, a, 
a+d. 


(2) Four numbers in AP can be taken as a—3d, 
a-—d,a+d,a+3d. 


(3) Five numbers in AP can be taken as a—2d, 
a-—d,a,a+d,a+2d. 
5.19 Geometric progression (GP): A sequence {a,} of 
non-zero real numbers is called GP if a,/a,_, = a,,,,/ 
a, for n = 2. That is the ratio a,,,/a, is constant for 
n= 1 and this constant ratio is called the common 
ratio of the GP and is generally denoted by r. 
5.20 General form: GP with first term a and common 
ratio r can be expressed as a, ar, ar’, ... whose nth 
term is ar”. 


.uicK LOOK 


1. If three numbers are in GP, then they can be taken 
as alr, a, ar. 


2. If four numbers are in GP, then they can be taken 
as alr’, alr, ar, ar’. 


5.21 Sum to first n-terms of a GP: The sum of the first 
n-terms of a GP with first term ‘a’ and common 


ratio r#1is 


a(1-r’) 
1-r 

5.22 Sum to infinity of a GP: If -1 <r<lJis the common 
ratio of a GP whose first term is a, then a/1 —r is 
called sum to infinity of the GP. 
5.23 Geometric mean and geometric means: If three 
numbers a, b and c are in GP, then D 1s called 
the Geometric mean (GM) between a and c and 
b’ =ac. If x and y are positive real numbers, then x, 
Jxy , y are in GP. 

If a, g,, 2, ... g,,b are in GP, then g,, g,,..., g,, are 
called n geometric means between a and b. 


5.24 Formula for GM’s: If g,, 8), 83 -.-. 8, are n GM’s 
between a and J, then kth GM g, is given by 
g,=a(blay” for k= 1,2, n5.n. 


5.25 Product of n GM’s: The product of n GM’s between 
aand bis (Jab)’. 


5.26 


5.27 


5.28 


5.30 


5.31 


Arithmetic geometric progression (AGP): Sequence 
of numbers of the form a, (a+ d)r, (a+ 2d)r,+ ++ is 
called AGP and sum to v terms of an AGP is 


a. dr(1—r’") _ (a+(n-Il)a)r" 
1-r (1-ry 1-r 


a dr 


d — + —_—_ 
a l-r (1-ry 


is the sum to infinity. 


AM-GM inequality: Let a,, a,,..., a, be positive 


reals. Then 
a+at--+4, 
n 
is called AM of aj, a), ..., a, and (a, a, +++ a,)'" is 


called their GM. Further 


a+at--+a, 


> (a, a, ---a,)" 
Al 


and equality holds if and only if a, = a, = a,= --- =4,. 


n 


Harmonic progression (HP): A sequence of non-zero 
reals is said to be in HP, if their reciprocals are in AP. 


General form of an HP: Sequence of real numbers 


1 1 1 oe 1 eae 
a’at+d'at+2d’ a+(n-1)d’ 


can be taken as general form of an HP. 


Harmonic mean and Harmonic means: 


(1) If a,b,c are in HP, then b is called the Harmonic 
mean (HM) between a and c and in this case 
b=2acla+c. 

(2) If a, h,, h,,..., h,, b are in HP then h,, h,,...,h 
are called nm HM’s between a and b and further 


= ab(n + 1) 
“b(n +1)+ K(a—b) 


for K =1,2,...,n 
Theorem: Let a,, a,, ...,a, be positive reals and A, G 
be AM and GM of the given numbers. Let 


H= " 
/a, + 1/a,+---+1/a, 


which is called harmonic mean of a,, 4,,..., d,,. 
Then A = G 2 H and equality holds if and only if 


a, =4,=a,= “= 4,. 
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| EXERCISES 


Single Correct Choice Type Questions 


1. If a,b and c are in AP, then (a—c/) is equal to 8. Let a and b be positive real numbers such that a> b 
(A) 2(b* = ac) (B) 4° - ac and a + b=4VJab. Then a:b is equal to 
(C) B= 4ac (D) 4(b? - ac) (A) 2+ V3 :2-3 (B) 3+ V2 :3- 2 
(C) 44+ V3 :4-V3 (D) 3:2 
. Let a,4,4,... be an AP. If a4,=7 anda,=3a,+2, 


then the common difference is 


(A) 1 (B) 4 (C) -1 (D) -4 


. Let aand b be positive real numbers. Then the sum of 
the first 10 terms of the series 


loga+ le <s oe a loe( 5] 
b b By 


(A) 5(11 loga— 9 logb) (B) 5(10 loga — 9 logb) 


10. 


. The sum of the first n terms of two sequences in AP 


are in the ratio (3m — 13):(5n + 21). Then the ratio of 
their 24th terms is 

(A) 2:3 (B) 3:2 (C) 1:2 (D) 3:4 
In an AP, the first term, the (7 — 1)th term and the 
nth term are a, b and c, respectively. Then the sum of 


the first n terms is 


(A) (a+b+2c)(a+b) (B) (a+ b-2c)(a+b) 


. 2(b-c) 2(b—c) 
(C) 10(11loga—9logb) — (D) 50 log( 2] (C) (a+b+2c)(a+c) (D) (2c-—a-—b)(a+c) 
. The fourth power of the common difference of an 2(c — b) 2(c — b) 


arithmetic progression with integer entries is added to 


n 


OF ae 


; . 11. In an AP, if the mth term is 1/n and the nth term is 
- ees any four consecutive terms of it. Then 1/m, then the (mn)th term is 
e resultant is 
(A) (perfect square of an integer) + 1 (A) mn(mn +1) mn(mn —1) 
(B) cube of an integer et ers 
(C) perfect square of an integer (C) mn(m + n) (D) independent of m 
(D) (cube of an integer) + 1 — and n 
_If 12. The sums of the first n, 2” and 3n terms of an AP are 
; a, S,, 5, and s,, respectively. Then s,is equal to 
log,2, log,(2" — 5), tos, (2 = 7) (A) 2(s, — 5,) (B) 3(s,- s,) 
(C) 4(s, —5,) (D) 25,5 
are AP, then the value of x is _— = 
(A)2 (B)3 (C)4 (D) 2 or 3 13. The ages of boys in a certain class of a school follow 
an AP with the common difference 4 months. If the 
. Let aand b be two positive integers and oungest boy is of 8 years and the sum of the ages of 
P g young y y g 
b all the boys in the class is 168 years, then the number 
ax , Vab=y and 2x+y=27 of boys in the class is 
(A) 16 (B) 17 (C) 18 (D) 19 
Then the numbers a and b are 7 Seanee a ee 
14. Let s, be the first n terms of an with first term a 
(Ay 6,3 (Byo0 100 1) Gee and common difference d. If s,,/s,, is independent of n, 
. Let a, a, a;,.... be an arithmetic progression of then 
positive real numbers. Then (A) Kn=6 (B) d=2a 
1 Fi 1 z 1 7 (C) a=2d (D) Kn=8 
va, . Va va Va, Gn + Va, 15. If the sum of the first m terms of an AP is equal to 
n+l n-1 the sum of either the next n terms or to the next p 
(A) ——= a+ Ja, (B) Jat Ja, terms, then 
1 n 


ca) (me m( 2-2) <n +p(=-2) 


n 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


mente heme 
crnlir a) Mn 
(D) (m n[2+2}-om p{ +2) 


Suppose a, b, c are in AP and a’, b’, c’ are in GP. If 
a<b<c anda+b+c=3/2, then the value of ais 


(A) 1/2V2 (B) 1/23 
(C) (1/2) -(1/v3) (D2) =C142) 


The sum of an infinite geometric series is 162 and 
the sum of its first n terms is 160. The inverse of the 
common ratio is a positive integer. Then a possible 
value of the common ratio is 


(A)-13 (B)1B (C) 1/2 (D) -1/2 


Suppose that a, b,c are in GP and a* = b” = c*. Then 
(A) x, y, z are in GP (B) x, y, z are in AP 
(C) x, y, z are in HP (D) xy, yz, zx are in HP 


The distances passed over by a pendulum bob in 
successive swings are 16, 12, 9, 6.75, .... Then the 
total distance traversed by the bob before it comes 
to rest is 
(A) 60 (B) 64 (C) 65 (D) 67 
X,,X>, X3,... 18 an infinite sequence of positive inte- 
gers in the ascending order are in GP such that 
X4-X4'X3-X,=64. Then x, is equal to 
(A) 4 (B) 64 (C) 128 (D) 16 
Ifs,=1+24+3+---+nand $,=14+2+34+--4+7°, 
then 


(A) Ss; = 25, 
(C) 25, =397 


n 


(B) S,=s, 
(D) 2S, = 5, 


If x =1+3a+ 6a + 10a° + +» © and y=1+4b+ 


10b* + 20b° + --- co where-1 <a,b<1,then1+3ab + 
5(ab)’ + +++ + ois (1+ ab)/(1— ab)’, where 
2-1 ytd 
(A) a= ye? b= ya 
as 1 y+ it 
(B) 1/3 > b 1/3 
4 1 y+ 1 
(C) = 73? b= 1/4 


(xy)? -~1 
D) a=——__| 
( ) (ayy 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Let a and 5 be distinct positive real numbers. If a, 
A,,A,,... A,,_;,5 are in AP; a,G,,G,,...,G,,_,,b are 
in GP and a, H,, H,,..., H,,_,,b are in HP, then the 
roots of the equation A,x°- G,x + H, =0 are 


(A) real and unequal (B) real and equal 


(C) imaginary (D) rational 
If S, denotes the sum of the first r terms of a GP, then 
Si» Son ~ Si and Ss, ~ Son are in 

(B) GP (C) HP 


(A) AP (D) AGP 


Let a be the first term and r the common ratio of a 
GP. If A and H are the AM and HM of the first n 
terms of the GP, then the product A- H is equal to 


(Aya (B) ar” (C) ar" (D) ar 


In a GP of alternately positive and negative terms, 
any term is the AM of the next two terms. Then the 
common ratio (#—1) is 


(A)-1/3 (B)-3 (C) -2 (y= 


If x, y and z are positive real numbers, then 


belongs to the interval 
(A) [2, +e) 
(C) (3, +22) 


(B) [3, +e) 
(D) (—e, 3) 


a, b, c be positive numbers in AP. Let A, and G, be 
AM and GM, respectively, between a and 5, while 
A, and G, are AM and GM, respectively, between b 
and c. Then 

(A) A+ Ay =Gi + G 
(C) 4-4, =G;-G 


(B) A, A, =G,G, 
(D) A, G, = A, G, 


Let a, b,c be positive and 


P=ab+ab’-ac-ac 

O=b'c+be-a b-ab’ 
R=cCat+ca-b’c-—be 

If the quadratic equation Px’ + Qx + R=0 has equal 
roots, then a, b and c are in 


and 


(A) AP (B) GP (C) HP (D) AGP 
If a,,@,...,4, are in HP and 
a,a,+ a,4,+ 4,4,+-:++4a,,4, = Kaa, 
then K is equal to 
(A) n (B)n-1 (C)n+1 (D)n+2 
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31 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


If H,, H,,...,H, are n HMs between a and 5, then 
H,+a H,+b. 
+ is equal to 
H,-a H,-b 
(A) n/2 (B) n (C) 3n (D) 2n 


If S|, S,,.$, are sums of the first n terms of three APs 
whose first terms are unity and their common differ- 
ences are in HP, then 
25; S,— S, S,— S, S; _ 
(S, i 2S, + 5;) 


(B) 2n (C) 2(n- 1) 


(A) n (D) 3n 


If H,, H,, .... H,,are n HMs between a and b and nisa 
root of the equation (1 — ab)x° — (a + b’)x - (1 + ab) = 
0, then H, — H,,is equal to 
(A) ab(a—b) 

(C) ab(a+ b) 


(B) ab(a + b) 
(D) a°b*(a+ b) 


Sum to first 1 terms of the series 


2 3 
1+2(1+2}43(1+2] va(1+ +) tees 
n n n 


(A)n’+1  (B)(2-1P (C)n (D)(n+1) 


If a,b,c and d are positive such thata+b+c+d=2, 
then M =(a+b)(c + d)satisfies 


(A)0<M<1 (B)1<M<2 
(C)2<M<3 (D)3<M<4 


Sum to first 1 terms of the series 1(1!) + 2(2!) +3(3!) + 
4(4!) +---is 


(A) n!+1 (B) (n+1)!4+1 
(C) (n+1)! (D) (n+ 1)!-1 
Sum to infinity of the series 
1 . 1 
(1+x)(1+2x) (14+2x)(1+3x) 
1 


f+ —__—__ . ..... 00 
(1+ 3x)(1+ 4x) 

where x #0 is 

(A) 1/x 

(C) 1/x(1 + x) 


(B) Ux+1 
(D) 1/(x +1) 


Sum to n terms of the series 8+4+2+8+4+284+68 + 
154+ ---is 


(A) br ~ 14n? — 3n + 100] 


(B) br -14n? — 3n+ 110] 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


2 


(C) abe ~14n+ 110] 


(D) bn" + 14n? —3n + 100] 


Sum ton terms of the series 6+34+24+3+6+11+4::: 
is 


n 


(A) [(2n'—15n +49) (B) au +15n+ 49) 


n 


(C) p(n -10n+49)  (D) on +10n+ 49) 


Sum to n terms of the series 7+ 10+ 14+ 20+30+ 
48 + 82 + ---is 


(A) 214+? +5n 
(C) 2"'+n°+5n-1 


(B) 2"+n°+5n-1 
(D) 2°+1°+5n+1 


Given that a, B,a,b are in AP; a, B,c,d are in GP 
and a, B,e, f arein HP If b, d, f are in GP, then 


Be -o : 
oB(B° — oc’) 
(A) 2/3 (B) 3/2 (C) 4/3 (D) 3/4 


The sum of first 10 terms of an AP is 155, and the 
sum of the first 2 terms of a GP is 9. If the first term 
of the AP is equal to the common ratio of GP and 
the first term of the GP is equal to the common dif- 
ference of AP, then the sum of the common differ- 
ence of AP and the common ratio of GP maybe 


(A) 8 (B) 5 (C) 4 (D) 16 


The sum of an infinite GP is 2 and the sum of their 
cubes is 24. Then, values of the first term and the 
common ratio are, respectively, 


(A) 3,-1/2 (B) -3,-1/2 
(C214 (D) -2, 1/3 


Let s, represent the sum of the first n terms of a 
GP with first term a and common ratio r. Then 
S,+5,+5,+---+5, is equal to 


na ar(1-r") na ar(i-r' 


“ 1-r (1-ryY _ 1-r l= 
na ar(1-r") na ar(i-r" 
©) 1-r (i1-r) ” 1-r 1-r 


In a GP, the (m+ n)th term is p and (m—n)th term 
(m >n) is q. Then the mth term is 


(A) pq (B) (pq) 
(C) \pq (D) (pay 


The sides of a right-angled triangle are in GP. If A 
and C are acute angles of the given triangle, then the 
values of tan A and tan C are 


nim 


m+n)/(m—n) 


cay St1 VS=1 (B) ytd. x= 
2 9 2 2 
1 Joel. -a—1 
52. po Reine) 
(Q) V5, Fe OS 3 S 


47. The length of the side of a square is ‘a’ units. A second 


A third square is formed by joining the midpoints of 
the sides of the second square and this process is con- 
tinued so on. Then the sum of the areas of all these 
squares is 
(A) @V2 — (B) 2a 


(C) 3/2a* (D) 4a’ 


square is formed by joining the midpoints of the sides. 


Multiple Correct Choice Type Questions 


1. Lets, and s’ be sums of first n terms of two AP’s with 6. 


first terms a and b and common differences d and e 
respectively. If 


S19 and at(n~1)d_b+(n—le_, 
s’ b a 
then 7. 
(ey 56 @yeee 
e b+(n-lje 2 
d 2 a+(n-1)d 
Cc ———_ D es 
©) e 7 ©) b+(n-l)e 


2. The ratio of sums to first terms of two AP’sis (7n + 1): 
(4n + 27). Then 


(A) the ratio of their nth terms is (14 — 6) : (8n + 23) 
(B) the ratio of their mth terms is (14m + 6) : (8m + 23) 
(C) the ratio of their first terms is 8:31 
(D) the ratio of the first terms is 20 : 31 


3. If the mth term of an AP is 1/n and the nth term is 1/m, 9 
then 


(A) the first term is 1/mn 

(B) common differences 1/mn 

(C) (mn)th term is 1 

(D) sum to mn terms is (mn + 1)/2 


4. Three numbers form an AP. The sum of the three 
terms is 3 and the sum of their cubes is 4. Then 


(A) common difference is +1//6 
(B) common difference is 1/6 

(C) product of the numbers is 5/6 
(D) product of the numbers is 6 


5. Let 1, a,, a,, a3, a4, a; and 0.3 be in AP. Then 
(A) the common difference is 7/60 
(B) a, = 13/20 
(C) a,+4,+a,+a,+a,=0.65 
(D) a, = 53/60 


10. 


71: 


If a, B are the roots of the equation x*- 4x + y=0 
and y, dare the roots of the equation x* — 64x + u=0 
and a< B< y< dare n GPs, then 


(A) A= 64/25 (B) w= 47/25 
(C) A=8/5 (D) w= 64/25 


The sum of three numbers in GP is 70; if the two 
extreme terms be multiplied each with 4 and the 
middle by 5, the products are in AP. Then possible 
values of the common ratio are 


(Aj2 (B) 3 (C) 1/2 (D) 1/3 


. The first term of an infinite GP is unity and any term 


is equal to the sum of all the succeeding terms. If the 
common ratio is r, then 


(A) r=1/2 

(B) r=1/3 
(C)1l+r+r+--+ccis2 
(D)1+3r+5r°+7r +++ +c0is 6 


. If 14+(x-1)+ (x- 1) + (x-1)' +--+ +0 exists, thus 


x may lie in the interval 
(A)0<x<2 
(C)-1<x<0 


(B)O0<x<1 
(D)-1<x<-1/2 


Let n be a positive integer. If Ds V10/3°" 
and » k* are in GP, then 
k=1 
(A)n=4 
(B)n=5 
(C) The sum of the given terms is 10 
(D) The common ratio of the GP is 10 


If a), a5, a;,... are in GP such that 
ay:d,=1:4 and a,+a;=216 
then 
(A) common ratio is +2 
(B) a, = 12 or 108/7 
(C) sum of the first five terms is 200 
(D) common ratio is +1/2 and a, =6 or 7/108 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


For 0< x < 7/2, if sin x, V2 (sinx + 1) and 6(sin x + 1) 
are in GP, then 


(A) common ratio is 1/2 (B) first term is 1/2 
(C) common ratio is 3/2 (D) fifth term is 162 


For 0 < @< 77/2, let 

x=)'cos’"6, y= }'sin’"@ and z= }\cos’"@ sin’"@ 
n=0 n=0 n=0 

then 


(B) xyz=xyt+y 
(D) xyz =yz+x 


(A) xyz=xz+y 
(C) xyz=xt+ytz 


Xx, y, Z are greater than 1 and are in GP. Let 
-_ 1 _ 1 _ 1 
1+logx’ 1+logy 1+logz 


Then 

(A) (1 — a)/a, (1 — b)/b, A — c)/c are in AP 
(B) a, b,c are in GP 

(C) 1/a, 1/b, 1/c are in AP 

(D) b = (2ac)/(a+ c) 


Let a, x, b be in AP; a, y, b in GP and a, z, b in HP 
where a and b are distinct positive real numbers. If 
x=y+2anda=5z, then 
(A) y’= 2x 
(C)a=9,b=1 


(B)x>y>z 
(D) a= 1/4,b - 9/4 


Let a, b, c, be three real numbers. Then 

(A) a, b,c are in AP if (a— b)/(b-—c)=1 

(B) a, b, c are in GP if (a— b)/(b—c) =alb 

(C) a, b, c are in HP if (a— b)/(b —c) =alc 

(D) a, b, c are in HP if (a— b)/(b—c) =cla 

Let a,, a,, a, and a, be four positive real numbers. 

Then 

(A) a,a, — a,a,> 0 if a,, a, a,, a, are in AP 

(B) a,a, — a,a,= 0 if a,, a,, a, a, are in GP 

(C) a,a, — a,a,< Oif a,, a,, a3, a, are in HP 

(D) a,,a,, a,and a, are positive numbers not all equal, 
then 


F(a, +a,44,+4,) > (a,a,a,a,)"" 


4 
” (ja, + (1/a,) + (/a,) + (1/a,) 


If a, x, y, z, b are in AP, then the value of x+ y+ z is 
15, when a, x, y, z, b are in HP, then 


19. 


20. 


21. 


22. 


23. 


24. 


1,431.3 

x y z 3 
In such case 
(A) a=1,b=9 (B) a=2,b=3 
(C)a=9,b=1 (D) a=3,b=2 


If a, b, c are in AP and a’, b’, c’ are in HP, then which 
of the following is true? 


(A)a=b=c 
(C) a, b,-c/2 are in GP 


(B) —a/2, b,c are in GP 
(D) a/2, b,c are in HP 


Assume d is the GM between ca and ab, e is the GM 
between ab and bc and fis the GM between bc and 
ca. If a, b, c are in AP, then 


(A) d’,e’, f? are in AP 
(B) d’,e’, f° are in GP 
(C)e+f,f+d,d+eare in GP 
(D) e+f,f+d,d+eare in HP 


If a, b, c are in HP; b, c, d are in GP and c, d, e are in 
AP, then 


(A) a, c, e are in GP 
(C) b, c, e are in GP 


(B) a, d, e are in GP 
(D) e=(ab’)/(2a — b)’ 


If a, b,c and d are distinct positive real numbers and 
are in HP, then 


(A) ad < bc 
(C) (a+d)>(b+c) 


(B) ad > bd 
(D) (a+ d)<(b+c) 
Let s, and s., be, respectively, sum to 1 terms and sum 
to infinity of the series 
12 22 32) Ag 
+ + + 
3} 4! 5] 6! 


Then 

(A) the nth term is n - 2"/(n + 2)! 
(B) s,=1-2"/(n+2)! 
(C)s,=1/2-2"(n+1)! 

(D) s,=1 


Let s, be the sum to n terms of the series 
ala}*za(a) sal) 
+ + + 
1:2\ 2)  2:3\2 3-4\2 
then 


(A) s,=1-1/(n+1)2" 


(B) s, = 1/2 — 1/n-2" 


1 
C) lims, == 
(C) lims, = 5 


nooo 


(D) lims, =1 


Matrix-Match Type Questions 


In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
Column IJ are labeled as (A), (B), (C) and (D), while those 
in Column II are labeled as (p), (q), (), (s) and (t). Any 
given statement in Column I can have correct matching 
with one or more statements in Column II. The appropriate 
bubbles corresponding to the answers to these questions 
have to be darkened as illustrated in the following example. 


Example: If the correct matches are (A) — (p), (s); 
(B) > (q), (8), (0s (C) > (@); (D) > (), (1); that is if the 
matches are (A) —> (p) and (s); (B) — (q), (s) and (t); 
(C) > (r); and (D) — (r), (t); then the correct darkening 
of bubbles will look as follows: 


G 


CEG 
AP 
Gao 


1. Match the items in Column I with those in Column II. 


oS 8 BD & 


Column I Column IT 


(A) The sum of all integers between 250 (p) 3050 
and 1000 which are divisible by 3 is 


(B) The sum of all odd numbers (q) 156375 

between 1 and 1000 that are 

divisible by 3 is 

‘ (r) 3550 

(C) The sum of all integers 

from 1 to 100 which are divisible by 

exactly one of 2 and 5 is (s) 83667 
(D) If 7100 AMs are inserted between 

sin’ @ and cos’ @, then their sumis —_(t) 83666 


2. Match the items of Column I with those of Column II. 


Column I Column IT 
1-2 2-3 3-4 99-100 
(B) If x is the AM between two real (q) 9 
numbers a and b, y=a’?-b'? and 
z=a’-b”, then 
y+oixyz = (r) 99 
(C) If 198 AMs are inserted between 1/4 
and 3/4, then the sum of these AM’s is (s) 100 
(D) If nis a positive integer such that 
n, [n(n — 1)]/2 and [n(n — 1)(n — 2)]/6 (t)2 


are in AP, then the value of 7 is 


3. Match the items of Column I with those of Column II. 


Column I Column IT 

(A) If 1/a(b +c), 1/b(c +a), 1/c(a + b) are 
in HP, then a, b and c are in (p) AP 

(B) Ifb+c,c+a,a+b are in HP, then (q) GP 
a/(b+c), b(c +a), AKa+ b) are in 

(C) Ifa, b,c are in HP, then (1/a) + (1/be), (r) HP 
(1/b) + (1/ca), (A/c) + (1/ab) are in 

(D) If a,b,c are in AP, then (bc)/a(b +c), (s) Notin 
(ca)/b(c +a), (ab)/c(a + b) AP/GP/ 

HP 


4. In Column I some series are given and in Column II 
their nth terms are given. Match them. 


Column I Column IT 
(A) 3/4 + 5/36 + 7/1444+9/400 (p) 3" '+n 
+ eee 
(B)2+5+12+314+86+ (q) 1/6(n? + 6n? + 
249 + --- 11n + 6) 


(C)4+10+20+35+56+84+ (1) 1/2(n’-n+2) 
120+ -- 


(D)1+2+4+7+11+--: (s) (2n+ 1)/n’(n +1) 


5. Match the items of Column I to those of Column II. 


Column I Column IT 


(A) If a, b, c are positive real numbers (p) 8 
such that sum of any two is greater 
than the third, then 


5 va 
bade-a 
is greater than or equal to 


(B) Ifa, b, care positive and a+b+c=1, 
then the minimum value of (1 + a) 
(1+b) (1+c)/Q-a) (1-6) (-c)= 

(C) If a, b, c are positive reals then 
the minimum value of (a+b+c) 
(1/a) + (1/b) + (1/c) is K’ where K is 

(D) P is a point interior to the AABC. 
The lines AP, BP and CP meet 
the opposite sides in D, E and F, 
respectively. Then, the minimum 
value of 

AP/PD + BP/PE + CP/PF= 


(q)2 


(x) 3 


(s) 6 
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Comprehension-Type Questions 


1. Passage: The terms 1, log), log? and —15 log’ are in AP. 
Based on this information, answer the following three 


questions. 
(i) The common difference of the AP is 
(A) 2 (B) -2 (C) 1/2 (D) -1/2 
(ii) The value of xy is 
(A) 1 (B) -1 (C) 2’ (D) z° 
(iii) yz is equal to 
(Ax Br © Ox 


2. Passage: ,, 4), 4;,...,4,,... are in AP with common dif- 
ference d. Further sin(A —B)=sin A cos B— cos A sin B. 
Based on its information, answer the following questions. 


(i) seca, seca, + seca, seca, + ---+seca,,_, seca, is equal 
to 


(A) tan(qa,,,) — tana,/sind 
(B) cot (a,,,;) — cota,/sind 
(C) tan(a,,,) + tana,/sind 
(D) cot(a,,,) + cota,/sind 


(ii) Coseca, coseca, + coseca, coseca, +--+ COseca,,, 
coseca, iS 


(A) cot (a,,,) + cota,/sind 

(B) cot (a,,,) — cota,/sind 

(C) cota, — cot (a,,,,)/sind 

(D) tan (a,,,) — cota,/sind 
(iii) If a, =0, then 


(B) a,/a, ay aa, 
(D) a,/a,, a a, a, 


(A) a,_,/a, + a,/a 


(C) afa,,— a, 4/a, 


n-1 


3. Passage: Let v, denote the sum of the first r terms of 
an AP whose first term is r and the common differ- 
ence (2r—1). Let T.=v,,,-—v,-2and QO = T,,, — T, for 
r=1,2,3,....Then answer the following questions: 

(i) The sum v, + v, +--+, is equal to 
(A) 1/12n(n + 1)(3n? —n +1) 
(B) 1/12n(n + 1)(3n? +n + 2) 
(C) n/2(2n* —n + 1) 
(D) 1/3(2n? — 2n + 3) 
(ii) Tis always 
(A) an odd number 
(B) an even number 
(C) a prime number 
(D) a composite number 


(iii) Which of the following is a correct statement? 
(A) Q,, Q,, Q,,... are in AP with common 
difference 5 


(B) Q,, Q,, See 


difference 6 


(C) Q,, Q,, OD gosies 


difference 11 


(D) Q,= Q,=Q,=-- 


4. Passage: Let A,,G,, H, denote the AM, GM, and HM, 
respectively, of two distinct positive reals. For n = 2, let 
A,_, and H,_, have AM,GM and HMas A, G,, and H,, 
respectively. Answer the following questions: 


(i) Which one of the following statement is correct? 
(A) G,>G,>G,>-- 
(B) G,<G,<G,<-- 
(C) G,=G,=G,=-- 
(D) G,< G,<G,<--- and G,>G,>G,>--- 
(ii) Which of the following statements is correct? 
(A) A, <A,<A;<- 
(B) A,>A,>A;>-°° 
(C) A, >A,>A,>-:° 
(D) A,<A,;<A,<-:- and A,>A,>A,>-° 
(iii) Which of the following statements is correct? 
(A) H,>H,>H,>-- 
(B) H,>H,>H,>--- and H,< H,<H,<--: 
(C) H,<H,<H,<--: 
(D) H,<H,<H,<--- and H,>H,>H,>--: 


are in AP with common 


are in AP with common 


5. Passage: Letaand b distinct positive realnumbers and 


2ab 
a+b 


a+b 


A= , G=Vab and H= 


Answer the following questions: 
(i) If a, b are roots of the equation x — Ax + =0, 
then 
(A) A=2A,p=C (B)A=A,u=G 
(C)A=-2A,u=G (D)A=-A,u=G 
(ii) If a(b —c)x* + b(c—a)x + c(a—b) =0 has equal 
roots, then a, b, c are in 


(A) AP (B) GP 

(C) HP (D) Not in AP/GP/HP 
(iii) A relation between A, G, His 

(A)2H=A+G (B)2G=A+H 

(C)@=A+H (D) G=AH 


Assertion—Reasoning Type Questions 


In each of the following, two statements, I and II, are 
given and one of the following four alternatives has to 
be chosen. 


(A) Both Land II are correct and Il is a correct reasoning 
for I. 


(B) Both I and II are correct but II is not a correct 
reasoning for I. 
(C) Lis true, but II is not true. 


(D) Lis not true, but II is true. 


1. Statement I: x, y, z are positive and each is different 
from 1. If 2x* = y’* + 2’, xyz = 8 and log,x, log.y and 
log,z and log, x, log.y and log,z are in GP, then x = 
y — 4 = Oe: 


Statement Ik If a, b are positive and each is different 
from 1, then 


loga 
log) = 
me logb 


2. Statement I: 
1 1 1 1 
+ + feet 
1-2-3 2-3-4 3-4-5 (n-2)(n-1)n 


ee o- u forn>3. 
2|2 (n-1)n 


is equal 


Statement Ik If K is a positive integer, then 


1 if 1 1 
K(K +1)(K+2) 2|K(K+1) (K+1)(K+2) 


3. Statement I: 


[1+ st s(t a(1+ a}~(14 =| is equal 
3 1 
a 

to Al +| 


Statement II: (a—b)(a+b)=a -b 


4. Statement I: If the third term of a GP is 4, then the 
product of its first 5 terms is 4°. 


Statement Ik In a GP with first term a and common 
ratio r, the product of the first five terms is the fifth 
power of the third term. 


5. Statement I: If non-zero numbers a, b, c, d are in AP, 
then the numbers abc, abd, acd, bcd are in HP. 


Statement II: If a, a,,4,,...,4,...arein AP andk 40, 
then 


a, 


n 


i a 
ran aaa Ge 


ea 
K’ 


are also in AP. 


6. Statement I: In AABC, if 


tan A tan B + tan B tan C+ tan C tan A =9 
then the triangle is equilateral. 


Statement I: The arithmetic mean of finite set of 
positive real numbers is greater than or equal to 
their geometric (equality occurs if and only if all the 
numbers are equal). 


7. Statement I: One can eliminate some terms of an 


AP of positive integers in such a way that the remain- 
ing terms form a GP. 


Statement I: If “a” is the first term and d be the 
common difference where both a and d are posi- 
tive integer of an AP, then a+ ad,a+(2a+ad)d,..., 
a(1+d)",n= 1 belong to the AP. 


8. Statement I: The sum to n terms of the series 


ee 7, 9 peccig " 
12 P42? PH V4 P4+V4374H n+1 


Statement II: The nth term of the series 


9. Statement I: If d, e, f are in GP and the quadratic 


equations ax’ + 2bx + c=Oand dx’ + 2ex + f =0 and 
dx? +ex+ f =0 have a common root, then d/a, e/b, fic 
are in HP. 


Statement Ik If wis a common root of the quadratic 
equations ax +bx+c=Oandax+bx+c=0, 
then 
ga ee 
a,b, — a,b, 


10. Statement I: If log, (5.2* + 1), log,(2'* + 1) and 1 are 


in AP, then the value of x is log, (0.4). 
Statement Ik If a, b are positive and equal to 1, then 


log, 


log; = 
log, 
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Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 


2. 


3. 


eae ae Se ey SS 


xX Y Z W 


©/@|Q/©|@|@©/@©|@|/O/© 
©/©|Q/@|@|@|©|@/O/© 
©/@|Q/©|@|@/©|@|/O|© 
O/@/Q|@/©/@|E|©|C|© 


. Sum of one hundred AM’s inserted between the 


numbers log,,2 and log,,5 is ___ 


f :R- Risa function satisfying the relation f(x + y) = 
f(x) + f(y) for all rational numbers x and y and f(1) = 1. 


If) f(K) =45, then n value is 


In 


For positiveinteger n, if f(x) =(2-—x") "and g(x) = 
f(f(x)), then g(1), g(2), g(3), ... form and AP with 
common differences 


. Consider the equation 


21ly 
20 


Shh 
2 3 4 5 6 

where 0 <x, y < 30 and [-] denotes the integer part of 
areal number. (x,, y,), (X, >), (%3, 3) «+: are solutions 


10. 


11. 


12. 


of the above equation and x, <x, <x,< --- are in AP 
whose common difference is 


. xX, y, Z are real such that xt y+z=3,x+y+7=5 


and x +y+7=7.lIfxy+yztmu,xtyre- 
3xyz and x*+ y+ z'+K are in AP (K > 0), then the 
values of K is ___ 


. Ifa, b, care positive reals, then the maximum value of 


K such that (1+ a)(1+ b)(1+c)> K(abc)” - 


. If x, y are positive real numbers and 3x+4y=5, 


then the greatest value of 16x°y’ is __. 


. Ifa, b, care positive and a +b+c=1. Then the mini- 


mum value of 


( 


e-Yle-) 


iS 


. Ifx, y, zare positive real numbers such that x° y z*=7, 


then 


1/9 
24+ Sy + 32295 


where K is equal to 


Three HMs are inserted between 1 and 3. Then 
5[(first mean)/(third mean)] is equal to 


a> b are positive real numbers and A, G are, respec- 
tively, their AM and GM. If A =2G, then the ratio 
alb = K + 43 where K is : 


The second term of an infinite GP is 2 and its sum to 
infinity is 8. The first term is 


ANSWERS 


Single Correct Choice Type Questions 


- (D) 


(B) 
(A) 
(C) 
(B) 
(A) 
(B) 
(A) 


Multiple Correct Choice Type Questions 


- (A), (B) 

- (A), (C) 

- (A), (B), (C), (D) 
- (A), (©) 
(B), (D) 

- (A), (B) 

- (A), (C) 

- (A), (C), (D) 
9. (A), (B) 

10. (A), (D) 

11. (A), (B) 

12. (B),(C), (D) 
13. (B),(C) 


ON OO RWDR a 


Matrix-Match Type Questions 


1. (A)>(q), (B)> (8), (C)> (Pp), (DI) > @) 
2.(A)>(@), BY, ()>@, ()>(),() 
3. (A)> 0), CB)? P), CO-@, W)-©) 


Comprehension-Type Questions 


1. (i) (B) Git) (A) it) (C) 
2. (i) (A) (ai) (C) (iti) (A) 
3. (i) (B) (ai) (D) (aii) (B) 


Assertion-Reasoning Type Questions 


1 
2s 
3. (A) 
4 
5 


- (A) > (s), 


gi 


- (A) > (q), 1) 


eee SS 


—_ 


- (A), (C), (D) 
- (A), (B) 

- (A), (B), (C) 
- (A), (B), (C), (D) 
- (A), (C) 

- (A), (B), (C) 
- (A), (D) 

- (A), (D) 

- (B),(C) 

- (A), (B), (D) 
- (A), (D) 


(C) > (q), (D) > (r) 


(C) > (1), (D) = (5) 


- (i) (C) Gt) (B) it) (C) 
- (I) (A) Gi) (C) ati) (D) 


(B) — (p), 


(B) > (p), 
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Integer Answer Type Questions 
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Permutations and 
Combinations 


Johann Peter Gustav Lejeune Dirichlet was a German 
mathematician credited with the modern formal definition 
of a function. Dirichlet’s brain is preserved in the anatomical 
collection of the University of Gottingen 


Contents 
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6.2 Permutations 
6.3 Combinations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Permutation: A permutation 
of aset of values is an arrange- 
ment of those values into a 
particular order. The arrange- 
ment can be linear or circular. 
Combination: A combination 
is selection of objects from 
a set. 


Chapter 6 | Permutations and Combinations 


The concepts of permutations and combinations are important in view of several applications in day-to-day life and 
in the theory of probability (Probability is covered in Vol. II). A combination is only a selection while permutation is 


selection as well as arrangement. 


Example 


Forming a four-letter word using the letters of the word 
CHAPTER is a permutation, since it involves two steps, 
namely selection of four letters from among C, H, A, P, T, 
E and R and arrangement of these four letters. Suppose 
we select C, H, A and T. We can arrange them to form a 
four-letter word such as CHAT, CAHT, TCHA, so on. 
Forming a set with four letters is a combination which 
involves only one step, namely selection of four letters, say 
A, C,H,T. Then the four-element set formed is {A, C,H,T} 
which is same as {C, H, A, T}, {C, A, H, T}, {T, C, H, A}, ete. 


6.1 | Factorial Notation 


In simpler terms, whenever there is importance to 
the arrangement or order in which the objects are placed, 
it is a permutation and, if there is no importance to the 
arrangement or order and only selection is required, it 
is a combination. One should be in a position to clearly 
see whether the concept of permutation or the concept 
of combination is applicable in a given situation. These 
concepts and methods we are going to develop in this 
chapter help us to determine the number of permutations 
or combinations without actually counting them. 


First, we introduce the factorial notation which is crucial in determining the number of permutations or combinations. 
For any positive integer n, we define n! or |n (read as n factorial or factorial n) recursively as follows: 


re 
_— (n-1)!-n 


Examples 


(1) 1!=1, 2!=11-2=2 
(2) 3!=2!-3=2-3=6 
(3) 4)=3!-4=6-4=24 


6.2 Permutations 


if n=1 
if n>1 


(4) 5!=4!-5=24-5=120 


(5) Also, for convenience, we define 0!=1. 


Before going to formal definitions and derivations we introduce the “Fundamental Principle” which plays a major role 


in the theory of permutations and combinations. 


FUNDAMENTAL PRINCIPLE 


If a work W, can be performed in m different ways and another work W, in 


n different ways, then the two works can be performed simultaneously in mn 


different ways. 


Example | 6.1 | 


A person has to travel from Chennai to Mumbai via 
Hyderabad. There are four different modes of travel from 
Chennai to Hyderabad,namely, car, bus, train and aeroplane 
(we denote these by A,, A,, A, and A,, respectively) 
and that there are three different modes of travel from 
Hyderabad to Mumbai, namely bus, train and aeroplane 
(we denote these by B,, B, and B,, respectively). Then how 
many different modes of travel are available to that person 
to travel from Chennai to Mumbai via Hyderabad? 


Solution: By the fundamental principle, there are 
4x3=12 different ways of travel from Chennai to 
Mumbai via Hyderabad. These are 


A, B, A, B, A, B, 
A, B, A, B, A, B, 
A,B, A,B, A, B, 
A,B, A,B, A,B, 


6.2 | Permutations 


Here, A, B, means travelling from Chennai to A, B, means travelling from Chennai to Hyderabad by 
Hyderabad by car and from Hyderabad to Mumbai by bus; aeroplane and from Hyderabad to Mumbai by train, etc. 


The following is an abstraction of the fundamental principle. 


THEOREM 6.1) If Aisaset with m elements and B is a set with n elements, then A x B is a set with mn elements. 
ProoF| Let A={a,,a,,...,a,,} and B={b,, b,,...,b,}. Then 
AxB={(a,,b,)|1Sism and 1<j<n} 
For each a, € A, there are n number of pairs whose first coordinate is a,. These are 


(4;, By), (Gj, By )s «++» (Gis by) 
The number of a,s is m. Therefore, the total number of elements in A x B is 


nt+n+---+n (m times) = mn o 
DEFINITION 6.1 _ For any finite set X,a bijection of X onto itself is called a permutation of X. 


In other words, suppose X has n elements, say 
XH {X 1, Xo50245 XI 


and suppose we have to keep elements of X in n different boxes, one in each box, as shown. 


Xn Xn-1 Xn-2 ++» XX, (nboxes) 
L v + L 


An arrangement of this type is called a permutation. In the following, all permutations of a three-element set {a,, a,, a;} 
are given. 


ay a a3 


ay a3 a 


a a3 ay 


ao ay ag 


a3 ay a2 


a3 a2 ay 


There are six permutations of a three-element set. If the number of elements of a given set_X is large, it is not easy, 
as above, to enumerate the permutations of X. In the following, we develop a formula to find the number of such 
permutations. 


Linear Permutations 


In this section we would discuss linear permutations (i.e., arrangements of given objects in a line) with or without 
repetitions. 


THEOREM 6.2) The number of permutations of an n-element set, taken all at a time, is 1! 


ProoF| We will use induction on n. 
If n =1, then clearly there is only one permutation of a one-element set and 1!= 1. 
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Let n>1 and suppose that the number of permutations of any (n—1)-element set is (n—1)!. 
Let X be ann-element set,say X ={x,, x,,...,x,}. Note that a permutation is a way of filling n 
blanks using the n elements of X with one element in each blank. Consider n blanks as given below: 


1 2 3 n-1 on 


To fill the first blank, we can use any of the n elements x,, x,,..., x, in X. After filling the first 
blank, we are left with n — 1 elements of X and these are to be used to fill up the remaining n — 1 
blanks. By induction hypothesis, the number of such permutations (filling the m — 1 blanks with 


n-—1elements) is (n—1)!. 
Ce 


Now, we have two works W, and W,. Work W, is filling up the first blank and work W, is fill- 
ing up the remaining (n—1) blanks. There are n ways of doing work W, and (n—1)! ways of doing 
work W,. Therefore, by the fundamental principle, the number of ways of doing works W, and W, 
simultaneously is n-(m—1)!=n!. Thus there are n! number of permutations of X. | 


Try it out Consider a five-element set. Choose any three elements and arrange them in three blanks. How 
many such arrangements can be made? 


In the following we desire a formula for such a situation which generalizes the above theory. 


THEOREM 6.3) Let n and r be positive integers and r <n. Then the number of permutations of n (dissimilar) 


PROOF 


objects taken r at a time is equal to 
r-1 
n(n—-1)(n-2)-+-(n-r+1)= [[@-») 
s=0 


Note that the number of required permutations is equal to the number of ways of filling r blanks 
using the given n objects with one object in each blank. Again, we will use induction on n. 
If n=1, then r=1 and the theorem is trivial. 
Let n>1 and assume the theorem is true for  — 1; that is, for any k,1<k <n-1, the number 
of permutations of n — 1 dissimilar objects taken k at a time is 
k 


tn I)-s]=(n-1)(n=2)-[(n-1)-(K-D)] 
=(n-1)(n-2)---(n-k) 


Diagrammatically it can be represented as follows: 


1 2 3 r-1 r 


To fill the first blank, we can use any one of the given n objects. Therefore, the first blank can 
be filled in n different ways. After filling up the first blank, we are left with (n—1) objects and the 
left over (r—1) blanks can be filled up with these (7—1) objects. The number of different ways of 
filling the (r—1) blanks using (n—1) objects is 

(r-1)-1 


Il [((n-1)-s]=(n-1)(n-2)---(n-r+1) 


s=0 


Thus, by the fundamental principle, the number of ways of filling up the r places using n dissimilar 
objects is 


n-(n—-1)(n-2)---(n—r+1) a 


6.2 | Permutations 2a 


DEFINITION 6.2 The number of permutations of n dissimilar things taken r at a time is denoted by "P. or 
P(n, r). However, "P. is more familiar and so we use this notation only. Therefore 


"P =n(n—1)(n—-2)---(n—r+]) 


Note: As a convention, we define "P, = 1. 


THEOREM 6.4] The following hold good for any positive integers n and r such that r<n. 
! 
Pe 
(n-r)! 
2. "Paine OOP, 
n _(n- (n- 
3. "Poa" Y PR +r: ee 
ProoF| 1. We have 
"P. =n(n-1)(n-2)---(n—-r+1) 
_nn=1) (nest Dn a—r—1) 2 
7 (n—r)(n—r-1)---3-2-1 


nt 
~ (n-r)! 
2. We have 
"p = n! _ n-(n—1)! _ eee 
(n—r)! [(n-1I)-(7-D! 
3. We have 
Dp 4p. Dp = (n-1)! n (n-1)!r 
: " (n-1-r)! [(n-1)-(r-D]! 
(n-1)! =)! 


~ (n-r-1)! (n—r)!" 


7 (eS) 


_ (m-1)! n-re+r 
(n—r-1)! (n-r) 


n! . 


“Gn” u 


Example | 6.2 | 


Find the number of permutations of four dissimilar things taken three at a time. 


Solution: The number of permutations is 


! ! 
ee) 
(4-3)! 1 
Example Rea 
Find the number of four-letter words that can be (i) each word begins with letter T 


formed using the letters of the word CHEMISTRY (ii) each word ends with letter Y 
such that (iii) each word begins with letter T and ends with letter Y 
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Solution: There are nine letters in the word 
CHEMISTRY. The total number of four-letter words 
using these nine letters is 


=——_ = 9.8.7.6 = 3024 
+ (9-4)! 


(i) If a four-letter word is to begin with T, the next three 
letters in the word can be chosen from the remaining 
9-1=8 letters. Therefore, the number of four-letter 
words each beginning with T is 


=8-7-6=336 


! 
‘p -_5 
3 (8-3)! 


(ii) A four-letter word is to end with Y means, we 
can choose the first three letters from among 
the remaining 9—1=8 letters. Therefore, the 
number of four-letter words each ending with Y is 
*P, = 336. 

(iii) If a four-letter word is to begin with T and end with 
Y then the middle two letters can be chosen from 
among the remaining 9—2=7s. Therefore, the 
number of such words of is 


! 
7: = 7! =42 
(7-2)! 


Example | 6.4 | 


Find the number of ways of arranging 5 boys and 4 girls 
in a line so that there will be a boy in the beginning and 
at the ending. 


Solution: There are 9 (5 boys + 4 girls) persons alto- 
gether. The first place and the last place are to be filled 
up by two boys from among 5 boys. The number of ways 
of doing is °P, = 20. 


B B 


All the 7 places in the middle are to be filled up by 
7(9—2) persons (3 boys and 4 girls). The number of ways 
of doing this is 7!. Therefore, the total number of the 
required arrangements is 20 x 7! = 100800. 


Example | 6.5 | 


Find the number of four-letter words that can be formed 
using the letters of the word FRIENDS which contain 
the letter S and those which do not contain S. 


Solution: There are 7 letters in the word FRIENDS. 
The total number of 4-letter words using these 7 letters 
is 7P, = 840. 


Consider the four blanks given above. If the first 
blank is filled with S, then the remaining 3 blanks are 


to be filled using the remaining 6 letters. This can be 
done in °P, ways. Similarly, the number of 4-letter 
words with S in the second place is °P, and so are the 
numbers of words with S in each of third and fourth 
places. Therefore, the total number of 4-letter words 
containing S that can be formed with the letters in the 
word FRIENDS is 


4x °P,=4 x 120 = 480 


The number of words not containing S is 840 — 480 = 
360. [Note that this is same as the number of 4-letter 
words using the 6 letters (other than S); that is °P,.] 


Example ES 


Find the number of ways of arranging the letters of the 
word KRISHNA such that all the vowels come together. 


Solution: The number of letters in KRISHNA is 7 and 
among them there are two vowels, I and A. The vowels 
coming together means we have to treat the two vowels 
as one single unit. 


DEFINITION 6.3 


Then we have 5 consonants +1 unit of vowels = 6 
objects. These can be arranged in 6! ways. 

The vowels can be permuted among themselves in 
2! ways. 

Therefore, the total number of arrangements in 
which the two vowels come together is 6! x 2! = 1440. 


If the words in a given set of words are arranged in the alphabetical order (as in a dictionary) and 


if a particular word is in the nth place in the list, then 7 is called the rank of that word. 


6.2 | Permutations 


If the letters of the word PRISON are permuted in all O is 5!=120 
possible ways and the words thus formed are arranged in P is 5!=120 
dictionary order, then find the rank of the word SIPRON. R iS 5!=120 
SIN is 3!=6 
Solution: The sequence of the letters of the word nae - . Z 
PRISON in alphabetical order is INOPRS. In dictionary SIPO a rT 2 7 
the biter a with I come first and the number of SIPRN te l= 1 
these is 5!= 120. Next come the words starting with N SIPRON " Ol=1 


and so on. The number of words starting with 


5!=120 
5!=120 


Therefore, the rank of SIPRON is 
(5x 120)+6+6+2+2+14+1=618 


I is 
N is 


Now, we derive a formula for the number of permutations of 1 dissimilar things taken r at a time when each thing 
can be repeated any number of times. First, we have below a natural generalization of the fundamental principle. 


THEOREM 6.5] Let A,, A,,...,A, be finite sets with n,,7,,...,n, elements, respectively. Then the number of 


elements in A, x A, x---x A, is the product n,n, --- n,. 


r 


Proor| We will use the fundamental principle and apply induction on r. If r = 1, the theorem is clean. 
Suppose thatr > 1andassumethetheoremforr — 1. Thatis,thenumberofelementsin A, x A, X --- X 
A,., is the product n,n,---n,_,. Since A, x A,x-+- x A,_, x A,and (A, x A, xX +++ xX A,,) x A, are 
bijective and are finite sets, they have the same number of elements. By the fundamental principle 
and the induction hypothesis, the number of elementsin(A, x A, X--- x A,_,) X A, 1s (M,N, °++1,_,)”, 


and hence the number of elements in A, x A, x---x A,_, x A, 18 m,n, -+-1,_,N,. 


Coro.iary 6.1) Let W, W,,..., W, be certain works. Suppose that W, can be performed in n, number of ways. Then 


the number of ways in which W,, W,,..., W, can simultaneously be performed is n,n, --- n,. 


r 


Coro.tary 6.2} Letn andr be positive integers such that r <n. Then the number of permutations of dissimilar 


things taken r at a time, when repetition of things is allowed any number of times, is 7’. 


Proor| The number of required permutations is equal to the number of ways of filling up 7 blanks using 
the given n dissimilar things. If W, is the work of filling the ith blank using the n things, then W, 
can be performed in n number of ways. Therefore, W,, W,,..., W, can be performed simultane- 


ously inn-n---n(r times) =n’. 


1 2 3 r-1 r a 


Coro tary 6.3} The number of permutations of n dissimilar things taken r at a time, with atleast one repetition, is n’—"P.. 


ProoF| The total number of permutations of n dissimilar things taken r at a time, without repetitions, is "P.. 


Therefore, the number of required permutations, with atleast one repetition, is n’ —"P.. Oo 


Example | 6.8 | 


Solution: 


A number lock has four rings and each ring has 10 digits, 
0,1, 2,...,9. Find the maximum number of unsuccessful 
attempts that can be made by a thief who tries to open 
the lock without knowing the key code. 


Each ring can be rotated in 10 different ways 
to get a digit on the top. Therefore, the total number of 
ways in which the four rings can be rotated is 10*. Out of 
these, only one is a successful attempt and all the others 
are unsuccessful. Therefore, the maximum number of 
unsuccessful attempts is 10* — 1 = 9999. 
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Circular Permutations 


We now turn our attention on the arrangements of the given objects around a circle, that is, circular permutations. 
In this context, we come across two types of circular permutations. One is clockwise arrangement and the other is 
anticlockwise arrangement as shown in Figure 6.1. These two are same, but for the direction. In general, the direction 
is also important in circular permutations and hence we regard the two permutations shown in the figures below as 
two different circular permutations. 


(b) 


FIGURE 6.1 (a) Clockwise arrangement and (b) anticlockwise arrangement. 


THEOREM 6.6) The number of circular permutations of n dissimilar things taken all at a time is (n—1)!. 


ProoF| Let N be the number of circular permutation of n things taken all at a time. If we take one such 
permutation it looks like as in Figure 6.2. 

Starting at some point and reading in either clockwise or anticlockwise direction, but not both, 

we get n linear permutations from each circular permutation as shown for the one given in Figure 6.2. 


A, Az Ay A, a, Ay 
dz Ay As** A, A a, 


ly As Ag** A, A, A, a, 


a, a, a, ee 4,2 a4 
a, a, a,°** a 


Thus, each circular permutation gives rise to 1 linear permutations. Therefore, N circular 
permutations give rise to N xn linear permutations. But, we know that the number of linear 
permutations of n things, taken all at a time, is m!. Therefore 


Nxn=n!=nx(n-1)! 


N=(n-1)! 


An-2 a3 


a4 


FIGURE 6.2 Theorem 6.6. |_| 


6.2 | Permutations 


Suppose we are to prepare a garland using 1 given 
flowers or a chain using n beeds. Any hanging type 
circular permutation looks like clockwise arrangement 
from one side and anticlockwise arrangement from the 
opposite side (in the same order of things). Hence, we 


should treat them as identical. Therefore, in such cases, 
the number of circular permutations of n things is half 
of the actual number of circular permutations; that is, 


5(n-1) 


Example | 6.9 | 


Find the number of ways of arranging 5 boys and 8 girls 
around a circular table. 


Solution: Total number of persons =5 +8 = 13. The 
total number of circular permutations is 


(13-1)! =(12)! 


Example 66.) 


Suppose we are given 7 red roses and 4 yellow roses (no 
two of these are identical). Find the number of different 
ways of preparing a garland using all the given roses such 
that no two yellow roses come together. 


Solution: First arrange the 7 red roses in a circular 
form in (7—1)!=6! ways. 

Now, imagine a gap between two successive red 
roses. There are 7 such gaps and 4 yellow roses can be 


arranged in these 7 gaps in ’P, ways. Therefore, the total 
number of circular permutations is 


6! 'P, 


But, in the case of garlands, clockwise and anti- 
clockwise arrangements look alike. Thus, the number of 
possible distinct garlands is 


5(6!x7P,) 


Next we consider permutations of things in which some are alike and the rest are different. For example, we may 
want to find the number of ways of permuting the letters of the word MATHEMATICS, in which there are 2 Ms, 2 As, 
2 Ts and the rest are different. We derive formulae that can be used in such cases. 


THEOREM 6.7 
is n!/p!. 


PROOF 


The number of linear permutations of n things, in which p things are alike and the rest are different, 


Suppose that we are given n things in which p are alike and the remaining are different. Let N be 


the number of permutations of these n things. 

When we take one such permutation, it contains p like things. If we replace these p like things 
by p dissimilar things, then we can arrange these p things among themselves (without disturbing the 
relative positions of other things) in p! ways. Therefore, each permutation when p things are alike 
gives rise to p! permutations when all are different. Therefore, from the N such permutations we get 
N x p! permutations. But we know that the number of permutations of n different things is n!. Thus 


Nx p!=n! 


p! | 


We can extend, using induction, the above theorem for the case of having more than one set of like things in the 


given n things, by using Theorem 6.7 repeatedly. 


Coro.tary 6.4) The number of linear permutations of n things, in which there are p alike things of one kind, g 
alike things of second kind and r alike things of third kind and the rest are different, is 


n! 


p!q!r! 
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Example esta] 


Find the number of ways of arranging the letters of the  (C,T, N) are different. Therefore, the required number of 


word ASSOCIATIONS. permutations is 
Solution: There are 12 letters in the given word, among (12)! = = 
which there are 2 As, 3 Ss, 2 Os, 2 Is and the others 2!x3!x2!x2! (2!) x!) 


6.3 | Combinations 
A combination is only a selection. There is no importance, as in the case of a permutation, to the order or arrangement 


of things in a combination. Thus, a combination of 1 things taken r at a time can be regarded as a subset with r elements 
of a set containing n elements. 


The number of combination of n dissimilar things taken r at a time is denoted by 


4. iF 2 or C7) 


Note: "C, is precisely the number of r-element subsets of an n-element set. 
In the following theorem, we derive the formula for "C.. 
THEOREM 6.8) The combination of 7 dissimilar things taken r at a time is given by 


"p n! _ n(n—-1)(n-2)---(n—r+]) 
r! (n—r)!r! eZ oie (r= Dy 


That is, the number of combinations of n dissimilar things taken r at a time is 


n!} 
(n-r)!r! 


Proor| Any combination of r elements from among n dissimilar things can be treated as an r-element 
subset of an n-element set. Let us select one such combination of r elements and these r elements 
can be arranged in a line in r! ways. Therefore, each combination of r elements gives rise to 7! 
number of permutations of r elements. So, the total number of permutations of n dissimilar things, 
taken r at a time, is equal to "C, xr!. Therefore 


n _n 
P.="C,xr! 
Thus 
n 
ue) A P = n! 
———— 
r! (n-r)!r! 


n(n—-1)---(n-rt1)(n-r)---3-2-1 
(n—r)(n—r—-1)---3-2-1-r(r-1)---2 
_ n(n-1)---(n-r+1) 
1:2:3---(r-r | 


6.3 | Combinations 


Coro.tary 6.5} The number of r-element subsets of an n-element set is 


n! 


n 


Proor| The r-element subsets of an n-element set are precisely combinations of n dissimilar things taken 
rata time. a 


Examples 


(1) The number of subsets with exactly 4 elements in a (2) The number of ways of constituting a committee of 


set of 6 elements is 5 members from a group of 20 persons is 
! : ! -19-18-17: 
6! 6 345 20! 20-19-18-17 16 _ 15504 
(6-4)!4! 1-2 (20—5)!5! 1-2:3-4-5 


When we select r elements from 1 elements, we will be left with n — r elements. Therefore, the number of ways of 
selecting r elements from the given n elements is equal to the number of ways of leaving n — r elements. This is formally 
proved in the following theorem. 


THEOREM 6.9] For any positive integers n and r with r<n, 


Ota. 


nF 
PrRooF|) We have 


n! 


n 


n!} 
7! (n-r)! 
n! ” 
“honntGen = 


Coro_iary 6.6 | For any positive integer n,"C,="C,=1. 


THEOREM 6.10) Let mand n be distinct positive integers. Then the number of ways of dividing m + n things into 
two groups containing m things and n things is 


(m+n)! 


m!n! 


ProoF| When we select m things out of the given (m + n) things, then n things will be left out. Therefore, 
the required number is precisely the number of ways of selecting m things from the m + n things, 
(mC, equals 


m? 


(m+n)! _ (m+n)! 
[(m+n)-m]!m! nt m! H 


Coro.iary 6.7) Letm,nand k be distinct positive integers. Then the number of ways of dividing m + n + k things 
into three groups containing m things, n things and k things is 


(m+n+k)! 
mintk! 
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PROOF 


Coro.tary 6.8 


PROOF 


First we select m things from m +n + k things and then select n things from the remaining n + k 
things and finally k things will be left out and they form the third group. The number of ways of 
selecting m things from the givenm+n+kis 


(m+n+k)! _(m+n+k)! 
[((m+n+k)—m]!m! (nt+k)!n 


The number of ways of selecting n things from n + k things is 


(n+k)! 
n!k! 


By the fundamental principle, the number of ways of dividing m + n + k things into three 
groups of m things, 1 things and k things is 


(m+nt+k)!_ (n+k)!_ (m+n+k)! 
(n+k)!m! nik! mintk! a 


The number of ways of dividing 2n things into two equal groups of n things each is 


(2n)! 
2! nin! 


By Theorem 6.10, we can divide 2n things into two groups in (2!)/n! n! ways. Since the groups 
have equal number of elements, we can interchange them in 2! ways. They give rise to the same 
division. Therefore, 2 things can be divided into two equal groups of n things each in 


(2n)! aus 
Stain P 


The above can be generalized for the division of mn things into equal m groups, as given in the following. 


CorROLLARY 6.9 


Coro.tary 6.10 


PROOF 


Let m and n be positive integers. Then the number of ways of dividing mn things into m groups, 
each containing n things, is 


(mn)! 


m! (n!)” 


Let m and n be positive integers. The number of ways of distributing mn things equally among 
m persons is 


(mn)! 
(n ! y" 


By Corollary 6.9, we can divide mn things into m groups, each containing n things, in 


(mn)! 


m!(n!)” — 


In each such division, there are m groups, which are not identical but only contain equal 
number of things. We have to distribute m groups to m persons in m! ways. Therefore, the total 
number of required distributions is 


6.3 | Combinations 1289, 
Example ert 


Find the number of ways of selecting 11 member cricket Table 6.1 Example 6.12 

team from a group of players consisting 7 batsmen, : 

5 bowlers and 3 wicket keepers such that there must be onl He ches Bar ianias y ae ay 
atleast 3 bowlers and 2 wicket keepers in the team. as Ml SO cals lace 


: : 5 iS) 3 Cn CC. = 35 

Solution: The teams can be selected with the composi- - : ; 
tions given in Table 6.1. The last column of the table gives 5 7 - Og% Cy "Cy =105 
the number of ways of selecting the team. 4 3 4 CC & Cars 

Therefore, the total number of ways of selecting the 5 3 W. 

11-member cricket team is 35 + 105 + 175 + 315 + 210 + z ‘ ais gee Cone 
210 which is equal to 1050. 3 3 5 CeCe C= 10 
3 2 6 "Cs XC, = 210 


Example ered 


Suppose that a set of m parallel lines intersect another Solution: To form a parallelogram, we have to select 
set of n parallel lines. Then, find the number of parallelo- —_ two lines from the first set and two lines from the second 
grams formed by these lines. set. The number of such selections is "C, x "C,. 


We have proved earlier in Theorem 6.9 that, for any positive integers n and r such that r<n,"C,="C,_,. Converse of 
this is proved in the following. 


THEOREM 6.11} Letr,s andn be positive integers such that r<n ands <n. Then "C,="C, if and only if r= s or 
r=n-s. 


Proor| Suppose that"C, ="C, and r#s.We can assume that r< s. Then n-s <n-r. Consider 


*C, ="C, 


n! n! 


(n-r)!r! ~ (n-s)!s! 


(n—-r)!r!=(n-s)!s! 


(n—r)(n-r-1)---(n—s+1)(n-s)!r! =(n—-s)!s(s—1)(s—2)---(r+ Dr! (since n—s<n—randr<s) 
(n—r)(n—-r-1)---(n—s+1)=s(s-1)--- (r+ 1) 
(a+ 1)(a+2)---(a+ K)=(r+1)(r+2)--- (7+ K) 


where a =n-s and K =s~-r. This gives a=r and hencen—s=r. [Otherwise, if a < r, then 
a+i<r+iforall 1<i<K and hence (a+1)(a+2)---(a+K)<(rt+)(r+2)---(7+ 4), since all 
these are positive integers.] Thus, if "C,="C,, thenr=sorr=n-s (ie,r+s=n). 


THEOREM 6.12} Letrandn be positive integers such that r <n. Then, 
eee +4 an = ai) a 
Proor| We have 


n!} n! 


"C,_,+"C,= + 
[n—-(r-D]!(r7-D! (n—-v)!r! 


~ wombs 
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= n! n+1 | 
~ (n—r)! (r—1)!| (n—r4-1)r 
(n+1)! _ nti 
[(n+1)—-r]! r! " oH 


Coro.ttary 6.11] For2<r<n, 
"C,_,+2-"C,_,+7C,=""C, 
PROoF| We have 


"Cy g $2", 1 °C, = C2 $C, 1) + CC, +°C, 1) 


=""C_i+"'C,=""C, (from Theorem 6.12) o 
Example | 6.14 | 
Find the value of *C, + ~ ai OF = °C, + °C, +7C,+7%C,+7C, 


: = iC ub af an op a OF he Oe 
Solution: We have 

4 os OF na OF a OF 
a rt +> (29-r) c _ a + as Go +4 al + a a af 7c. +4 a a 


=a 280.296. 246, 
Example RAR 
If '’C,,, ="C,,_,, then find the value of s. +s=6 or 33=16 
Solution: We take s = 6 (since s is an integer). 


°C, =7C,,.5 > st1=2s-5 or s+1=12-(2s-5S) 


THEOREM 6.13} Ifp alike things are of one kind, q alike things are of second kind and r alike things are of third 
kind, then the number of ways of selecting any number of things (one or more) out of them is 


(p+1)(q+1)(r+1)-1 


Proor| From the first p things, we can select 0 or 1 or 2 or ... or p things. Since all the p things are alike, 
we have to decide only the number of things to be selected. This can be done in p + 1 ways. 
Similarly, we can select any number of things from the second kind in g + 1 ways and from the 
third kind in r + 1 ways. Hence by the fundamental principle, we can select any number of things 
from the three groups in (p+1)(q+1)(r+1) ways. But this includes the selection of 0 from each 
group. Since, we have to select one or more things, the number of required ways is 


(p+li (q+ IG+1)=1 H 


Coro.tary 6.12} If p,, p,,..., p, are distinct primes and 4a,, a,,...,a, are positive integers, then the number of posi- 
tive integers that divide pj! p3?--- pis (a, + 1)(a, +1)--- (a, +1). 


ProoF| Let n= p%' p®--: p*. Then any positive integer that divides n must be of the form pj’ p?--- p”, 


where 0 < b, <a, for all 1<i<r and bs are integers. Now, each 5, can take a; + 1 values that is 
0,1, 2,...,a,;. Therefore, as in Theorem 6.13, the number of positive integral divisors of n is 


(a, + 1)(a,+1)--- (a, +1) a 
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Examples 


(1) If there are 6 red beads of same type, 8 blue beads (2) Any divisor of n other than 1 and 7 is called a proper 
of same type and 10 yellow beads of same type, then divisor of n. The number of proper positive integral 
the number of ways of selecting any number of beads divisors of 10800 (=2* x3° x 5°) is 


(one or more) is (4+1)(3+1)(2+1)-2=58 
(6+ 1)(8+1)(10+1)-1=693 


THEOREM 6.14] Let 7 be a positive integer. Then the number of ways in which n can be written as a sum of 
(atleast two) positive integers, considering the same set of integers in a different order as being 
different, is 2” '—1. 


ProoF| Write number of 1s ona line and put the symbol “(” on the left of the first 1 and the symbol “)” 
on the right of the last 1, as shown below: 
(1-1-1-----1-1) 


Consider the n — 1 spaces between the two consecutive 1s. By filling each of these n — 1 spaces 
with one of the two symbols “+” and “) + (”, we get an expression of 1 as a sum of positive inte- 
gers and vice versa. For example, 


(14+1)+(1+14+1)+(14+1)4+(1+14+1) 
corresponds 2+3+2+3=10 and 
(14+1)+(0)+04+1)+04+1)+04+14+ 


corresponds to 2+1+2+2+3. 
The number of ways of filling m — 1 spaces each with one of the two symbols is 2”"'. Among 
these we have to exclude one expression, namely, 


(1+14+1+---+l=n 


Since, we are interested only in sums with atleast two summands, thus, the number of required 
ways in which n can be written as a sum of (atleast two) positive integers is 


277-1 a 


The proofs of the following two results are similar to that of Theorem 6.14. 


THEOREM 6.15] Let m and nv be positive integers such that m<n. Then the number of m-tuples (x,, x5,..., X,,) 
of positive integers satisfying the equation x,+x,+-+-+x,=nis”'C,, ,. 


ProoF| As in the proof of Theorem 6.14, write n number of 1s on a line and put the symbol “(” on the 
left of the first 1 and the symbol “)” on the right of the last 1 as shown below: 
(1-1-1-1-----1-1) 


Consider the n —- 1 gaps between the two consecutive 1s. Choose any m — 1 of these gaps and fill 
them with the symbol “) + (” and the remaining gaps be filled with the symbol +. Then, we get 
an m-tuple (x,, x5,..., X,,) Such that 


X, +X, te-+xX,=N 
and vice-versa. For example, for n = 10 and m= 4 
(14+14+1)+()+(04+1)+(14+14+141) 


gives a 4-tuple (3, 1, 2,4) with 3+1+2+4=10 and conversely the tuple (2, 2, 3,3) is obtained 
by the expression 


(14+1)+(1+1)+(4+14+1)+(1+14+1) 
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Therefore, each choice of m— 1 gaps from n — 1 gaps gives rise to an m-tuple (x,, x5,..., x,,) of 
positive integers satisfying the equation 


XX te +X, =N 


and vice-versa. Thus the number of required m-tuples is""'C,,,_. a 


THEOREM 6.16] Let mand n be positive integers. Then the number of m-tuples (x,, x,,..., x,,) of non-negative 
integers satisfying the equation x, + x,+---+x,, =n is lage, Cre 


Proor| We will slightly modify the proof of Theorem 6.15. Here x,s can be 0 also. Consider n + m—- 1 
boxes in a row as shown: 


Oo oF oOo O 


Let us choose any m — 1 of these and label these chosen boxes as b,, b,,..., b,,_; from left to right. 
For 1<i<m-1, let x,,, be the number of boxes that are not chosen between b, and b,,,. Let x, 
be the number of boxes to the left of b, and let x,, be the number of boxes to the right of b,,_,. It 
can be easily seen that this is a one-to-one correspondence between the (m-— 1)-element subsets 
of the (n + m—1)-element set of boxes onto the m-tuples (x,, x,,..., x,,) of non-negative inte- 
gers satisfying the equation x,+x,+---+x, =n. For example, for n = 4 and m = 6, the 6-tuple 


(1, 0,0, 1,0, 2) corresponds to the choice of b,, b,, b;, b,, b, given below. 


| | 
by by bz by Ds 


Thus, the number of required m-tuples is ”*""C,,,,_ a 
Examples 
(1) The number of 6-tuples (x,, x,, x3, X4, 5, %) (2) The number of 6-tuples (x,, x5, X3, X4, X;, %,) of non- 
of positive integers satisfying the equation negative integers satisfying the equation x,+x,+ 
X, +X) +X, +X, +X, +x, =12 is X,+X,+Xs;+X,=12 is 
z (12+6-1) lin _ 
ee 2 ari Oe) ne ear CemOles 


THEOREM 6.17} The maximum number of parts into which a plane is cut by n lines is 


n+n+2 
2 
ProoF| Let w(n) denote the maximum number of parts into which a plane is cut by v lines. We shall 

prove that 

w+n+2 

y(n)= =r" 
by using induction on n. Clearly 
1 +1+2 
VO 5 


Note that the number of parts cut by 7 lines is maximum only when any two of these lines 
intersect. We can see from the adjoining figure that 


27 +242 


(2-3, 


6.3 | Combinations 


When we draw another line, intersecting these two, we get three more parts, as shown in Figure 6.3. 
In general, we can get n more parts by considering the nth line in addition to y(n— 1). That is, 


y(n) =y(n-l)+n 
Figure 6.3 shows the same for n = 4. By induction, we have 
y(n)=y(n-l)+n 


_ (n=l) +(n-1)+2 
2 


_ n+n+2 
~~ 


FIGURE 6.3 Theorem 6.17 a 


Example 


87+842 _ 


The maximum number of parts into which a plane is cut by 8 lines is 37. 


Note: The minimum number of parts into which a plane is cut by n lines is n + 1, since n parallel lines give us n + 1 parts. 
Figure 6.4 shows the same for 4 parallel lines. Any pair of intersecting lines gives us more number of parts. 


ILO] NMI— 


5 
FIGURE 6.4 A plane cut by 4 lines into 5 parts. 


Now, we will turn our attention to the number of various types of functions from a finite set into another finite set. 
We first prove following simple theorem. 


THEOREM 6.18] Let X and Y be non-empty finite sets,| X |= and |Y|=n.Then 
1. The number of functions from Y into X is m”. 
2. The number of injections (one-one functions) from Y into X is zero if m <n, and "C,,-n! 
(="P_) if men. 
3. The number of bijections of Y onto X is zero if m#n, and m! if m=n. 
Proor| 1. With each function f:Y— X, each element of Y is to be mapped onto one element in 


the m-element set X. Since Y has n elements, by the fundamental principle, the number of 
functions of Y into X is m". 


2. If there is an injection of Y into X, then | Y | < | X |. Therefore, if 1 > m, then there are no injec- 
tions of Yinto X.Suppose that n < m. If f : Y > X isaninjection,then| Y | =| f(Y)|, thatis, f(Y) 
is an n-element subset of X. On the other hand, with each n-element subset Z of X, we can get 
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n! number of bijections from Y onto Z, each of which can be treated as an injection of Y 
into X. Since | X | =m, the number of n-element subsets of X is "C,. Thus, the number of 
injections of Y into_X is 


!="p 


n 


"C,-n!=———n 
" (m—n)! n! 


3. We already have this (from part 2). | 


THEOREM 6.19) For any positive integers m and r such that m2 r, let @,,(r) be the number of surjections of an 
m-element set onto an r-element set. Then 


r 


dC,0,,(8) =" 
s=1 
Proor| Let m2r>0, A be an m-element set and B be an r-element set. The total number of mappings 

of A into B is 7". Each mapping f : A > B can be regarded as a surjection of A onto f(A); also 
1<| f(A)| <r. On the other hand, with each s-element subset (1<s <r) C of B, any surjection 
of A onto C can be regarded as a mapping of A into B. Therefore, the total number of mappings 
of A into B is equal to the total number of surjections of A onto non-empty subsets of B. For 
each 1< s <r, there are’C, number of subsets of B and hence the number of mappings f: A > B 
such that | f(A) |= is"C,q@,,(s). Therefore, 


r 


be "CQ (s) =r" 
s=1 a] 


m 


Coro.Ltary 6.13} For any integers m2r>0, the number o,,(r) of surjections of an m-element set onto an 
r-element set is given by a recursive formula 


r-1 
a, (7) =" — > "C,a,,,(5) 
s=1 


and a,, (1) =1 


Try it out Prove that ©,,,(r) is also equal to 


r=1 


Ta ee Ge 


s=0 


Example eetee 


Let A be a 4-element set and B a 3-element set. Then o,(3)=3' —"C,a,(1) ="*C,0;,(2) 
evaluate the number @,(3) of surjection of A onto B. 


=81-3-1-3-14 
Solution: We have 36 
a,(I)=1 Thus, there are 36 surjections of a 4-element set onto a 
a,(2) =2* -’C,- a,(1) =14 3-element set. 


DEFINITION 6.4 Let Xbeanon-empty set.A bijection of X onto itself is called a permutation on X.A permutation 
fon X is called a derangement of X if f(x) # x for all x eX. 


We will derive a recursive formula for the number of derangements of a finite set. 


6.3. | Combinations 


THEOREM 6.20] For any positive integer r, let d, be the number of derangements of an r-element set. Then 


14+ 3"Cd, =n! 


r=1 


for any integer n > 0 or 


» "C,d.=n! (where d, = 1) 


r=0 


n— 


and d,=n\—) "C,d, 


1 
r=0 


ProoF]| Let X be ann-element set, n > 0, and P(X) be the set of all permutations on X. It is well-known 
that P(X) has n! elements. For any subset A of X, let 


D(A) ={f € P(X) | f(a)#aforallae A; f(x) =x for allxe X- A} 
That is, 
D(A) ={f € P(X)| f(x) #xe xe A} 
Then, clearly D(0) has only one element, namely the identity map and D(X) is precisely the set 


of all derangements of X. For any f e P(X), we set that f e D(A), where A ={x € X | f(x) # x}. 
Therefore, we get that 


P(X)= UJ D(A) 
AcX 
It can be easily verified that 


D(A) D(B)=0 whenever A # B 


and hence P(X) is the disjoint union of D(A)s, A Cc X. Since there are "C, number of subsets 
of X, each with r elements, it follows that 


n=|P(X)|= ¥|D(A)|=1+ "Cd, (since| D(0)|=1) 


AcX r=1 


where d, is the number of derangements of an r-element set [since the members of D(A) are in 
one-to-one correspondence with the derangements of A; f + f/A is that one-to-one correspon- 
dence]. Thus 


n 
n 
mals > "Cd. 
r=1 
This also can be expressed as 


n 


may Cd, 


r=0 
where d, = 1. Note that d, = 0 and hence 


n— 


d,=n!-1-))"C,d, 


1 
r=2 


Try it out Prove that the number of derangements of an n-element set is 
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Examples 
We have (4) d, =3!-1-°C,d, =6-1-3-1=2 
(1) d,=1, by definition. (6) d, 241 = 14 "Cod "Cid 24-1461 4.29 


(2) d,=0, since asingleton set cannothave derangement. (6) d, =5!— 1-°C,d, —°C,d,-°C,d, 


(3) d,=2!-1=1 


=120-1-10-1-10-2-5-9= 44 


Example ei 


List all the derangements of the 4-element set {1, 2,3, 4}. 1>3 1>3 143 
2>1 274 234 
Solution: The derangements are as follows: ” ~ zs 
34 31 3-2 

21 233 274 
334 34 31 I>4 14 La 
4-3 41 4-3 2>1 23 23 
32 31 3-2 
43 452 41 


+ Try it out Show that there are 44 derangements of a 5-element set and there are 265 of a 6-element set. ) 


THEOREM 6.21 


PROOF 


Let n be a positive integer and n= py" ps’ --- pe* be a prime decomposition of n. Then the 
number of distinct ordered pairs of positive integers (p,q), such that the least common multiple 
of p and q is n, is 


(2a, + 1)(2a, + 1)--- (2a, + 1) 
Since both p and q are factors n, we can suppose 


XK 


P= Di py ps and = q= py" py pi 


where x, and y, (i = 1, 2, ..., k) are non-negative integers. As n is the least common multiple of 
p and q, we have 


max{x,, yi = 


Hence, (x,, y,) can be equal to (0, a), (1, a), (2, 04), ..., (0, &%) and (q@,0), (@, 1), (@, 2), ..., (0, %_1) 
whose number is 2a, + 1. By multiplication principle, there are (2a, + 1)(2a, + 1)--: (2a, + 1) 
ordered pairs of positive integers (p,q) whose least common multiple is 


N= py" py? -- Dy a 
Example 
Consider n = 2° x 5° x 7. Then the number of distinct (6+ 1)(4+1)00+1)=7x5x11 
ordered pairs of positive integers (p, q), whose least _ 385 


common multiple is n = 2° x 3” x7’, is 


Worked-Out Problems 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. If m and n are positive integers such that '"*"P, = 90 
and ”"P,=30, then the number of ordered pairs 
(m, n) of such integers is 


(A) 4 (B) 3 (C) 2 (D) 1 
Solution: Given that 
90="""P, =(m+n)(m+n-1) 
and 30=""P, =(m—n)(m—n-1) 
Therefore 


(m+n) —(m+n)-90 =0 
(m+n-—10)(m+n+9)=0 


We take m+n= 10 (since m and n are positive). Similarly, 
m—n=6 (we have to consider m > n only). Therefore 
m=8andn-2 or 


(m, n) = (8, 2) 
Answer: (D) 


2. If 7"*'P_,:°" 'P, =3:5, then the value of n is 


(A)5 (B) 4 (C) 6 (D)7 
Solution: Given that 
5p ae 
5:(2n+1)! _ 3-(2n-1)! 


[(2n+1)-(n-1)]! (2n-1-n)! 


§(2n+1)!_3-(2n-1)! 
(n+2)!— (n—1)! 


S(2n+1)-2n | 
(n+2)(n+1)n — 


10(2n +1) =3(n+2)(n+1) 


3n’? -11n-4=0 
(n—4)(3n+1) =0 
n=4 

Answer: (B) 


3. If four times the number of permutations of n distinct 
objects taken three at a time is equal to five times the 
number of permutations of n — 1 distinct objects taken 
three at a time, then 7 is equal to 


(A) 20 (B) 15 (C) 10 (D) 25 
Solution: By hypothesis, 
4 “P, & 5 n-1 PB; 


4-n! _ 5-(n-1)! 
(n—3)! “(n-—1-3)! 
4n _s 
n-3 
4n = S(n-3) 


n=15 


Answer: (B) 


4. If °P,,: “P.,, = 30800: 1, then ris equal to 
(A) 41 (B) 31 (C) 21 (D) 39 


Solution: By hypothesis 


(56)! (54)! 
(56—(r+6))! [54-(r+3)]! 
(56)! 30800-(54)! 

(50-r)! (51-r)! 
30800 
(51-r) 
_ 30800 _ 
56-55 — 
r=41 


= 30800- 


56-55 = 


Sl-r 10 


Answer: (A) 
5. If P,+5-°P,="°P,, then r is equal to 
(A) 6 (B) 5 (C)4 
By hypothesis, 


ot, 5:91 _ (10)! 
(9-5)! (9-4)! (10-7)! 
1 5) (10)! 
(+3) (10-7)! 

(10)! _ 59! _ 10! 

(10-r)!  4!S! 


10-r=5 
r=5 


(D) 3 


Solution: 


Answer: (B) 


6. There are finite number of distinct objects. If the 
arrangements of 4 objects (in a row) is 12 times the 
number of arrangements of 2 objects, then the number 
of objects is 
(A) 10 (B)8 


(C)4 (D) 6 


298 | Chapter 6 | Permutations and Combinations 


Solution: Let the number of objects be n. Then, by 
hypothesis, 
"P, =12X"P, 
! ! 
ce |p (Omni 
(n-4)! (n-2)! 
ioe 
(n—2)(n—3) 
n’ —5n-6=0 


(n—6)(n+1)=0 


Now n#-1, therefore n=6. 


Answer: (D) 
7. The value of K "Py ds 
(A) 20! +1 (B) 21!-1 
(C) 20!-1 (D) 21! — 20 
Solution: We have 


5 KP = SKA 
K=1 K= 


20 


=) [(K+1)-1]K! 


K= 


=S[(K+0!-K}] 


= (2! — 11) +(3! — 2!) +--+ [(21)! - (20)!] 


=(21)!-1! 
Answer: (B) 


8. The number of 6-digit numbers that can be formed 
by using the numerals 0, 1, 2, 3, 4 and 5 (without 
repetition of the digits) such that even numbers 
occupy odd places is 
(A) 48 (B) 24 


(C) 36 (D) 72 


Solution: We can arrange 0, 2, 4 in the odd places 
in 3! ways. After filling the odd places, the remaining 
3 places can be filled by the remaining numbers (1,3 and 5) 
in 3! ways. But among these numbers, there are 2! x3! 
numbers in which 0 occupies the first place from the left. 
Therefore, the required number is 


3!-3!-2! 3!=36-12=24 
Answer: (B) 


9. The first 7 letters of the English alphabet are arranged 
in a row. The number of arrangements in which A, B 
and C are never separated is 
(A) 5! (B) 3x5! 


(C) 4!x5! (D) 3! x5! 


Solution: Consider A, B, C as one single object so that 
including this, there are 5 objects which can be arranged in 
5! ways. In each of these A, B, C can be arranged among 
themselves in 3! ways. Therefore, the total number of 
required arrangements is 3! x 5! 


Answer: (D) 


10. A total of 6 boys and 5 girls are to be arranged in a 
row. The number of arrangements such that no two 
girls stand together is 


(A) "P, (B)"P, + "P; 
11! 7! 
cues — x6! 
(C) él (D) Ti 
Solution: Given that each girl should stand in between 


two boys (there are 5 such places since the number of 
boys is 6) or before the boys or after the boys. Therefore, 
there are 7 eligible places for the 5 girls and hence 
they can be arranged in 'P, ways. But the 6 boys can be 
arranged among themselves in 6! ways. Therefore the 
required number of arrangements 


™P, x6! 
Answer: (D) 


11. A total of 5 mathematics, 3 physics and 4 chemistry 
books are to be arranged in a shelf such that the 
books on the same subject are never separated. If one 
particular mathematics book is to be in the middle 
of all the mathematics books, then the number of 
arrangements is 
(A) 31(5!+4!4+3!) 
(C) 3!(4! x 4! x3!) 


(B) 31(5!x4!x 3!) 
(D) 3!(4!x 3! x3!) 


Solution: Consider the books on the same subject as 
a single bundle, so that 3 bundles can be arranged in 
3! ways. But mathematics books can be arranged among 
themselves in 4! ways (since one book is fixed in the 
middle) the physics books in 3! ways and chemistry 
books in 4! ways. Therefore, the required number is 


31(4!x 4! x3!) 
Answer: (C) 


12. The number of arrangement of the letters of the 
word BANANA in which two Ns do not appear 
adjacently is 


(A) 40 (B) 60 (C) 80 (D) 100 


Solution: Letters other than Ns are BAAA. There are 
4 ways of arranging these (B is the first place, B in the 


second place, etc.). Two Ns are to be arranged in between 
B,A, A, A. There are five places: 


. Bt af at af 


{st and grd 4th 5th 


The insertion of Ns can be made in °P, x(1/2!) ways. 
Therefore the total required number is 


! 
al a, 
312! 


Answer: (A) 


13. A five-letter word is to be formed by using the letters 
of the word MATHEMATICS such that 


(i) odd places of the word are to be filled with 
unrepeated letters and 

(ii) even places are to be filled with repeated letters. 

Then the number of words thus formed is 

(A) 300 (B) 360 (C) 180 (D) 540 


Solution: We have five places: 


There are three odd places and two even places in a five- 


letter word. 


Unrepeated letters: H, E,I,C,S 
Repeated letters: AA, MM, TT 


The 3 odd places can be filled with the 5 unrepeated 
letters in 
°P; =60 ways 
The 2 even places can be filled with 2 different or 2 alike 
letters from the repeated letters in 
°P,+3=9 ways 
Therefore, the number of words thus formed is 


60 x 9 = 540 
Answer: (D) 


14. A five-digit number divisible by 3 is to be formed 
using the numerals 0, 1, 2, 3, 4 and 5 without repeti- 
tion. The total number of ways this can be done is 


(A) 216 (B) 240 (C) 600 (D) 3125 


Solution: A number is divisible by 3 if and only if the 
sum of its digits is divisible by 3. Therefore the numerals 
to be used are 0, 1,2, 4,5 or 1,2,3,4,5. 

In the first case, the number is 5!—4!= 96. 

In the second case this is 5! = 120. 


Therefore, the required number is 96+ 120 = 216. 
Answer: (A) 


15. An n-digit number means a positive integer having 
n digits. A total of 900 distinct n-digit numbers are 
to be formed using only the numerals 2,5 and 7 
The smallest value of n for which this is possible is 


(A) 6 (B)7 (C)8 (D) 9 
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Solution: Each of the places can be filled in 3 ways 
(with 3,5 or 7). The total number of ways 


3x3x---x3(n times) = 3” 
Now, 
3" >900 = 3"7 2100 Sn-225en27 


Therefore the smallest value of such n= 7. 
Answer: (B) 


16. The letters of the word MOTHER are arranged 
in all possible ways and the resulting words are 
written as in a dictionary. Then the rank of the word 
“Mother” is 
(A) 301 (B) 304 


(C) 307 (D) 309 


Solution: 


No. of words beginning with E = 5!= 120 
No. of words beginning with H = 5!=120 
No. of words beginning with ME = 4! = 24 
No. of words beginning with MH = 4! = 24 
No. of words beginning with MOE = 3!=6 
No. of words beginning with MOH = 3!=6 
No. of words beginning with MOR = 3!=6 
No. of words beginning with MOTE = 2!=2 
No. of words beginning with MOTHER = 1 


Therefore, the rank of the word “Mother” is 


120+ 120+ 24+ 244+6+6+6+2+41=309 
Answer: (D) 


17. There are 2 professors each of mathematics, physics 
and chemistry. The number of ways these 6 profes- 
sors can be seated in a row so that professors of the 
same subject be seated together is 


(A) 48 (B) 36 (C) 24 (D) 120 


Solution: Treat professors of the same subject as a 
single object. Now 3 objects can be arranged in 3! ways. 
But, professors of the same subject can be interchanged 
among themselves in 2!x2!x2! ways. Therefore, the 
required number is 


3!x 2!xK2!x 2!= 48 
Answer: (A) 


18. Suppose one has to form 7digit numbers using the 
numerals 1, 2,3, 4,5, 6 and 7 If the extreme places are 
occupied by even numerals, then the number of such 


numbers is 
(A) 720 (B) 360 (C) 5040 (D) 120 
Solution: There are 3 even numbers (2, 4 and 6) and 


2 places (first and last) are to be filled by these. This can 
be done in *P, ways. The remaining five places are to be 
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filled by the remaining five numerals. This can be done in 
5! ways. Therefore the required number is 


*P &5!=720 
Answer: (A) 


19. The number of ways of arranging the digits 1,1, 1,1, 
1,2,2,2,3,3,3,4,5,5, and 6 taken all at a time so that 
the 3s are separated is 


(A) 95315040 (B) 95135040 
(C) 95135400 (D) 95153040 
Solution: Each 3 can be placed in between the other 


digits or before them or at the end in 


13 
3 ways 


3) 
Remaining 12 can be arranged in 


12! 
5! 3! 2! 


ways 


Therefore the required number is 


Sp... igi 


x ——— = 95135040 
3! 5S! 3! 2! 


Answer: (B) 


20. Five letters are to be inserted into five addressed 
envelopes. The number of ways of inserting the 
letters so that no letter goes to its corresponding 
envelope is 
(A) 120 (B) 44 


(C) 31 (D) 41 


Solution: 

si(1 nis = \=120(5-2+5-— | 
1! 2! 3! 4! 5! 2 6 24 120 
=60-20+5-1=44 


The number of required ways is 


(Note: We have made use of the result in “Try it out” 
after Theorem 6.20.) 


Answer: (B) 


21. The number of 5-digit numbers by using 1, 1,1,2, 2 is 


(A)7 (B) 8 (C)9 (D) 10 
Solution: The required number is 
! 
— =10 
3! 2! 
Answer: (D) 
22. The number of cyclic permutations of 5 distinct 
objects is 
(A) 24 (B) 120 (C) 60 (D) 42 


Solution: The required number is 4! = 24. 


Answer: (A) 


23. The total number of numbers that can be formed by 
using all the digits 1, 2,3, 4,3, 2,1 so that odd digits 
always occupy odd places is 
(A) 24 (B) 20 


(ey ie (D) 28 


Solution: Among the given digits, there are four odd 
digits (1, 3,3, 1) and there are four odd places (the first, 
third, fifth, seventh). These four odd places can be filled 
by 1,3,3,1in 


4! 


roe 6 ways 


The remaining 3 places (second, fourth, sixth) can be 
filled with 3 digits (2,4, 2) in 
3! 


= 3 ways 


The total number of required arrangements is 6x3 = 18. 
Answer: (C) 


24. Let there be four lines and four circles in a plane. Let 
A be the set of all points of intersections of the lines, 
B the set of all points of intersections of the circles 
and C the set of all points of intersections of the lines 
and circles. If n(.S) denotes the number of elements 
in S, then the maximum value of n(AU BUC) is 


(A) 40 (B) 50 (C) 66 (D) 70 


Solution: The maximum value of n(A)is *C,=6. 
The maximum value of n(B) is 2 x “C,=12. Since any 
line cuts a circle at the most in 2 points, the maximum 
number of points in which the lines intersect the circles 
is 8 x 4=32. Therefore the maximum value of 


n(AVU BUC) =64+12+32 =50 
Answer: (B) 


25. The total number of mappings from a four element 
set to a three element set is 


(A) 54 (B) 12 (C) 27 


Solution: If A = {x,,x,, x;,x,} and B = {a,, a,, a,}, then any 
mapping of A into B should take x, to any of a,, a,, a, and 
likewise x,, x, and x, Therefore the number of mapping 
from A into Bis3x3x3x3=81. 


(D) 81 


Answer: (D) 


26. Let f(x)=x°-3x+3 and x,,x,,x; and x, be solu- 
tions of the equation f(f(x)) =x. Then the number 
of arrangements of x,, x,, x, and x,, taken all at a 
time, is 
(A) 24 (B) 4 


(C) 6 (D) 1 


Solution: Note that every solution of f(x) = x is also a 
solution of f(f(x)) =x. 


f(x)=x > x’?-4x4+3=0 > x=3 or 1 
Therefore, 3 and 1 are roots of f(x) =x. Also, 
f(f(x)) =x => (x° -3x 43) -3(x? -3x4+3)43 =x 
=> x*-6x° +12x?-10x+3=0 


Since 3 and 1 are roots of f(x)= x, they are roots of 
f(f(x)) =~ also and therefore 


fOf(2))—x = (x-3)(x-1)(a? -2x+ 1) = (x-3)(x- 1) 
Therefore, 3, 1, 1, 1 are solutions of f(f(x)) =x. Hence 
the number of arrangements of the solutions is 

! 
aia) 
3! 


Answer: (B) 


27. Professors a,b,c and d are conducting an oral exami- 
nation for a Ph.D. student x on combinatorics. The 
professors are to sit in chairs in a row. Professors 
aand b are to sit together. Professor c is the guide 
of x and he has to sit by the side of Professors a and 
b. The number of arrangements is 
(A)8 (B)7 (C) 6 (D) 5 


Solution: The arrangements of a, b,c must be abc, bac, 
cab, cba. In each of these arrangements, d can take his seat 
at either end. Therefore the number of arrangements is 
4x2=8 
Answer: (A) 


28. There are 2 copies of each of 3 different books. The 
number of ways they can be arranged in a shelf is 


(A) 12 (B) 60 (C) 120 (D) 90 
Solution: Totally there are 3 sets of 2 alike books. The 
total number of books is 6. Therefore the number of 
arrangements is 

6! 720 
2!2!2! 8 


Answer: (D) 


29. The letters of the word COCHIN are permuted and 
all permutations are arranged in alphabetical order 
as in a dictionary. The number of words that appear 
before the word COCHIN is 


(A) 360 (B) 192 (C) 96 
The given word is COCHIN. 


The no. of words beginning with CC is 4! 
The no. of words beginning with CH is 4! 


(D) 48 


Solution: 


Worked-Out Problems 


The no. of words beginning with CI is 4! 

The no. of words beginning with CN is 4! 

The next word is COCHIN 

Therefore, the number of words before COCHIN is 
4x 4!= 96. 


Answer: (C) 


30. The number of 7-digit numbers whose sum of the 
digits equals 10 and which is formed by using the 
digits 1,2 and 3 only is 
(A) 55 (B) 66 (C) 77 


Solution: In a 7digit number formed by using 1, 2 
and 3, suppose that 1 appears x times, 2 appears y times 
and 3 appears z times. Then by hypothesis 


(D) 88 


x+2y+3z=10 and x+y+z=7 
Solving these equations we get 
yt+2z=3 
from which we get either 
y=l,z=1 and x=5 
or y=3,z=0 and x=4 
Therefore, the total number is 


! ! 
BN 249495299 
5! 4131 


Answer: (C) 


31. Eight chairs are numbered 1 to 8. Two women and 
three men wish to occupy one chair each. First the 
women choose the chairs from among the chairs 
numbered 1 to 4 and then men select chairs from 
among the remaining. The number of possible 
arrangements is 
(A) 120 (B) 1440 


(C) 16 (D) 240 


Solution: Two women can sit in 4 chairs in *P,=12 
ways. After the women, the 3 men can sit in the remaining 
6 chairs in °P, = 120 ways. Therefore the total number of 
arrangements 


12 x 120 = 1440 
Answer: (B) 


32. Total number of ways in which six “+” signs and 


four “—” signs can be arranged in a row so that no 

two “—” signs occur together is 

(A) 55 (B) 25 (C) 45 (D) 35 
Solution: First arrange the six “+” signs. This can be 


done in only one way. In between the “+” signs, there 
are 7 gaps (including the left most and right most places) 
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The four signs can be arranged in these 7 gaps in 37. If °C, -— ’C, =’C,, then ris equal to 
'P, - P6GA - (A)30r5  (B)Sor4 (C)4o0r6 (D)6or5 
440 240 Solution: We have 
Answer: (D) eC _ oF _ 1G, 
33. Six different coloured hats of the same size are °C ="C.4 "C=C. 
to be arranged circularly. The number of arrange- a : : 
: This gives 
ments is 
(A) 60 (B) 50 (C) 40 (D) 45 r=3 or r+3=8 > r=3 or 5 
A (A 
Solution: The required number of arrangements is iil 
~ 1 
1 38. If 4,= 25 
50 1)!=60 rae 
A (A . 
nswer: (A) en 7 
34. If °C,,='C,,,, then the value of r is ~*~ 
(AS B46 (D3 epsias 
; (A) (n- Ia, (B) na, 
Solution: If "C,="C,, then either r=sorr+s=n. sa 
Therefore (C) ) (D) (n+ 1a, 
8C,,=°C,,, > 3r+r+3=15 (sincere Z*, 3r#r+3) Sslutene Let 
— s=¥ 7 =0+ : + zs fs 
Answer: (D) raion "C, "C, aes 
35. If "C,="C,, then "C, is equal to Also 
A) 156 B) 1 26 D) 256 - 
(A)156  (B)165.— (C)265_—(D) 25 ee ee ee, 
Solution: We have Cc, °C, 
"C,="C,=> 7+4=n (since 7 #4) Therefore 
Therefore 2s= 50 Ta 5 esa “c 
Te) _ a = On = 11 10 9 = 165 n n-1 n-2 0 
1-2-3 ny 
Answer: (B) ae ms 
r=0 r 
36. The value of “’C, +>. ENC, 16 PS 
(yc, @*c, OC, @)*C, ° 
Answer: (C) 
Solution: It is known that "C,+”C,,,=*C,, ,. There- 
fore 39. If *C,, :“C,,_, =225:11, then ris equal to 
2 A) 24 B) 14 C)7 D) 12 
"Cty OCC Cat Ce Cat C4") 4G, ( ) ( ) ( ) ( ) 
rl Solution: We have 
="C,+ °C, 4+ °C, + °C, +(7C,+C,) aC. _ 225 
="C,+ °C, + °C, + *C,+%C, “Cys 11 
—5 io fa a an is 2c. x aC, Therefore 
! —4)1(28—2r)! 
ESI. alien sag 28! CF 4)'(28-2r)! 225 
3 3 ‘ (2r)!(28—2r)! (24)! 11 
5 51 _ 52 
SE 28-27-26-25 225 


aa (2r)(2r—1)(2r—2)(2r—3) 1 


108 270625 
225 

= 11-(14-2)-(13-2)-3 

=11-12-13-14 


(2r)(2r—1)(2r —2)(2r —-3) 


From this we have 
2r—3=11 
r=7 
Answer: (C) 


40. The inequality “*C,+"C, >°"?C, —"C, holds for 
all n greater than 


(A)8 (B) 9 


Consider 


(C)7 (D) 1 
Solution: 
ele of aC, +4 a = ans Go ae als OF — a 


The given inequality holds @ "C, >"*’C, 


(n+2)! . (n+2)! 
6!(n+2-6)! 5!(n+2-5)! 
co : > 
6!(n—4)! 5!(n-3)! 
1 1 
eo ->—— 
6 n-3 
© n-3>6 
eS n>9y 
Answer: (B) 
41. If C, denotes *C,, then the value of 
4 : 2 
25 ( K-Cy 
K=1 Cy t+Cyx 
is 
(A) 12 (B) 13 (C) 14 (D) 15 
Solution: We have 
K-C, KC, _K 
CutC,. 2-C, 2 
Therefore 
4 ; 2 4 2 
2p ( AS | =o >< =1 4277437 442) =15 
K=1 Cx t+ Cy ¢ Kel 2 2 
Answer: (D) 


42. If "'C,=(K*-3)-"C,,, and K is positive, then K 
belongs to the interval 
(A) (-V3, V3) 
(C) [0, V3] 


(B) (V3, 2] 
(D) (V3, 2) 


Worked-Out Problems 


Solution: By hypothesis, 
n-1 
. & = K*-3 
r+1 
Therefore 
es 
n 
Since n>r+1, we have 
ger a4 
n 
Hence 
Vek =—381 
=>3<K’<4 
>= V3<K<2 


Answer: (B) 


43. Let T, denote the number of triangles which can be 
formed using the vertices of a regular polygon of n 


sides. If T,,, -T,, =21, then n is equal to 
(A) 6 (B)7 (C)5 (D) 4 
Solution: Toformatriangle, we need three non-collinear 


points. Therefore, T, = "C,. Now 
je er 


se Oona OF 9 
("C,+"C,)-"C, =21 
n’—n-42=0 
(n—7)(n+6)=0 
n=7 (sincen>0O) 
Answer: (B) 


44. The number of selections of 5 distinct letters from 
the letters of the word INTERNATIONAL is 


(A) 140 (B) 56 (Cc) 21 (D) 66 


Solution: The distinct letters are I, N, A, T, E, O, L, R. 
Therefore the number of selections of 5 letters is 


‘C. = 56 
Answer: (A) 


45. The sides AB, BC and CA of AABC have 3, 4 and 5 
interior points respectively on them (Figure 6.5). The 
number of triangles that can be formed using these 
interior points is 
(A) 180 (B) 185 


(C) 210 (D) 205 
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Cc 


A B 

FIGURE 6.5 Single correct choice type question 45. 
Solution: The number of ways of selecting 3 points 
from among 3+4+5(=12) points is "C;. But from 
among these, we have to discount collinear sets of points. 
Therefore the number of triangles is 
_ 12-11-10 

3! 


1-—4-10=205 


a = on _ "Ce = "Cc. 
Answer: (D) 


46. A box contains two white, three black and four red 
balls. The number of ways of selecting 3 balls from 
the box with atleast one black is 


(A) 64 (B) 74 (C) 54 (D) 84 
Solution: The number of ways is 
°C, - °C, = 84 - 20 = 64 
Answer: (A) 


47. Five balls of different colours are to be placed in 
three boxes of different sizes. Each box can hold 
all the five balls. The number of ways of placing the 
balls so that no box is empty is 


(A) 140 (B) 150 (C) 240 (D) 250 


Solution: The number of placings of five different balls 
in three boxes of different sizes is equal to the number of 
surjections of a five-element set onto a three-element set 


which is equal to 
2 
Y (-1* °C, (8-KY =°C,-3° - °C, -2°+7°C,-1° 
K=0 


= 243 —96+3=150 
(See Corollary 6.13 or “Try it out” following it.) 
Answer: (B) 
48. There are 10 points in a plane of which no three are 


collinear and some four points are concyclic. The 
maximum number of circles that can be drawn using 


these is 
(A) 116 (B) 120 (C) 117 (D) 110 
Solution: We can draw a circle passing through any 


three given non-collinear points. Therefore, maximum 
number of circles is 


(°C, -*C,)+1=117 
Answer: (C) 


49. In a polygon (Figure 6.6), no three diagonals are 
concurrent. If the total number of points of intersec- 
tions of the diagonals interior to the polygon is 70, 
then the number of diagonals of the polygon is 


(A) 30 (B) 20 (C) 28 (D) 8 


FIGURE 6.6 Single correct choice type question 49. 


Solution: To get a point of intersection of two 
diagonals interior to the polygon, we need 4 vertices of 
the polygon. It is given that "C, = 70, Therefore 
n(n—1)(n—2)(n-3) = 70 x4! 
=8x7x6x5 
n=8 

The polygon has 8 vertices and hence 8 sides. Therefore 
the number of diagonals is 


°C, -8=20 
Answer: (B) 
50. A total of 930 greeting cards are exchanged among the 


residents of flats. If every resident sends a card to every 
other resident of the same flats, then the number of resi- 


dents is 
(A) 30 (B) 29 (C) 32 (D) 31 
Solution: Let 7 be the number of residents in the flats. 


Then 2 x"C, = 930. Therefore 
n(n—1) =930 
(n—31)(n+ 30) =0 
This gives n = 31 or -30. The second value is not possible 
and hence, n = 31. 
Answer: (D) 


51. From 5 vowels and 5 consonants, the number of 
four-letter words (without repetition) having 2 
vowels and 2 consonants that can be formed is 


(A) 100 (B)2400 (C)1600 (D)24 


Solution: Now 2 vowels and 2 consonants can be 


selected in 
°C, x °C, =10x10=100 ways 


After selection, the four letters can be permuted in 
4! ways. Therefore, the number of words is 


100 x 4! = 2400 
Answer: (B) 


52. A total of 6 boys and 6 girls are to sit in a row 
alternatively and in a circle alternatively. Let m be 
the number of arrangements in a row and n the 
number of arrangements in a circle. If m= Kn, then 
the value of K is 
(A) 10 (B) 11 


(C) 12 (D) 13 


Solution: Linear permutations with boy in the first 
place are of the form BG BGBGBGB GB Gand the 
number of such is 6! x 6!. The number of linear permu- 
tations with girl in the first place is 6! x 6!. Therefore the 
number of row arrangements is 


2x6!x6! 


Regarding circular permutation, start with a place which 
can filled by a boy or a girl and after that the arrange- 
ment becomes linear. Placing the boys first and then 
arranging the girls in 6 gaps, the number of such circu- 
lar arrangements is 5! x 6!. Now, m=2x6!x 6! and 
n=5! x 6!. Therefore 


m= Kn 
2x6!x6!=Kx5!x6! 
K=12 


Answer: (C) 


53. From the vertices of a regular polygon of 10 sides, 
the number of ways of selecting three vertices such 
that no two vertices are consecutive is 


(A) 10 (B) 30 (C) 50 (D) 40 
Solution: Let A,, A,, ..., Aj) be vertices of a regular 
polygon of 10 sides. 


The number of ways of selecting 3 vertices is "°C,. 
The number of ways of selecting 3 consecutive vertices is 
(i.e., A, A, Aj, A, A, Aj, ..-; Aj A, A,) = 10. 
The number of ways of selecting three vertices such that 
two vertices are consecutive = (First select 2 consecutive 
vertices, leave their neighboring two vertices and select 
one more from the remaining 6 vertices) is 
10 x °C, =60 

The total number of required selections is 

"C,-10-60 = 120-70 = 50 

Answer: (C) 


Multiple Correct Choice Type Questions 

1. Let n and r be positive integers such that 1<r<n. 
Which of the following is/are true? 
(A) Bo = "P-1 (B) Ey = 2 x " FP 
(C) i oa =nx ied oe (D) es =IxX ae 


Worked-Out Problems 


54. The number of proper divisors of 240 is 
(A) 18 (B) 20 (C) 19 


Solution: Proper divisors of a number are divisors 
other than unity and itself. We have 


240 = 2* x3! 5! 


(D) 24 


Any divisor of 240 is of the form 2° x 3° x 5°, 1 where 
O0<a<4,0<b<1 and 0<c<1. Therefore the number 
of proper divisors is 


5x2x2-2=20-2=18 
Answer: (A) 


55. There are 7 distinguishable rings. The number of 
possible five-ring arrangements on the four fingers 
(except the thumb) of one hand (the order of the 
rings on each finger is to be counted and it is not 
required that each finger has a ring) is 


(A) 214110 (B) 211410 
(C) 124110 (D) 141120 


Solution: There are ’C, ways of selecting the rings to be 
worn. If a, b, c, d are the numbers of rings on the fingers, 
we need to find the number of quadruples (a, b, c, d) of 
non-negative integers such that a+b+c+d=5. The 
number of such quadruples is 


aa Sr (= AC) 


For each set of 5 rings, there are 5! assignments. Therefore, 
the total number of required arrangements is 


7C, x ®C, x 5!= 141120 
Answer: (D) 


56. The number of ordered pairs of positive integers (a, b), 
such that their least common multiple is the given 
positive integer 7° x 11° x 19°, is 


(A) 215 (B) 315 (C) 415 (D) 195 


Solution: By Theorem 6.21, the required number 
of ordered pairs of positive integers (a, b), such that 
the least common multiple of a and b is the number 
T x11 x 19%, is equal to 


(2x24+1)2x34+1(2x44+1=5x7x9=315 
Answer: (B) 


Solution: We have 


n! n! n! 


n n 
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n! n!} 


oP, = 1! or 2x be ea 
! —1)! 
n = n. =n- (n 1)! =n- aa en 
(n-r)!  [(n-1I)-(r-D)! 
Pee a alia L #" 
r-1 (n-r)! r 


Answers: (A), (B), (C) 


2. Given that "P.=n(n—1)(n-2)...(n—r+1). Then 

which of the following are true? 

(A) "P, = 1680 > n=8 (By P=1320 > r=3 

(C) *P =1220 = r=4 (D)"P, =1220 > n=9 
Solution: (A) We have 

n(n—-1)(n—2)(n—-3) =1680=8x7x6x5 => n=8 
(B) We have 

12(12-1)---(12-r+1) =1320 
11-10---(13—r) =110 
r=3 

(C) It is not true, since 13 is not a factor of 1220. 


(D) For the similar reason as (C), (D) is also not true. 
Answers: (A), (B) 


3. x is one among n distinct objects and 1<r<n an 
integer. Then which of the following are true? 


(A) The number of permutations of r objects that 
involve the object xis r! x"""P_,. 

(B) The number of permutations of r-objects that do 
not involve the object x is”"'P.. 

(C) "P. =(n-1)P.+rx”'P.. 

(D) The number of permutations of r-objects that 
involve xis rx"'P_.. 


Solution: A permutation involving x implies that x is 
in one of the r places. The remaining r— 1 places are to be 
filled with n — 1 objects. This can be done in"'P_, ways. 
Therefore, the total number of permutations of r objects 
involving x is rx" 'P_,. Therefore (D) is correct and 
(A) is not correct. 

The permutations of r-objects not involving xis”'P. , 
since r places have to filled with objects of (n—1)-element 
set. Therefore (B) is correct. Also, 


"p ="'P +(rx"'P_,) 


and hence (C) is correct. 
Answers: (B), (C), (D) 


4. Consider the word ALLAHABAD. Which of the 
following statements are true? 


(A) The total number of words that can be formed 
using all the letters of the word is 7560. 

(B) The number of words which begin with A and end 
with A is 1260. 

(C) The number of words in which vowels occupy the 
even places is 60. 

(D) The number of words in which all the four vowels 
occupy adjacent places is 360. 


Solution: The word ALLAHABAD consists of 4 As, 
2 Ls,1 B,1 D and1H. 


(A) Out of the total 9 objects, 4 are alike of one kind and 
2 are alike of another kind. Therefore, the number 
of words is 


9! 9-8-7-6-5 


= = 7560 
4! 2! 2 


(B) Put one A in the first place and another in the last 
place. In the remaining there are 2 As and 2 Ls. The 
number of such words is 

! 
eee 1260 
2! 2! 

(C) There are four even places and 4 vowels A, A, A, A. 
These can be put in even places in only one way. The 
remaining 5 letters can be arranged in 

5! 


a 60 ways 


(D) Consider all the four as a single letter, so that among 
six objects, 2 are alike. Therefore, the number of such 
arrangements is 


! 
oT 260 
2! 


Answers: (A), (B), (C), (D) 


5. Consider the letters of the word INTERMEDIATE. 
Which of the following is (are) true? 


(A) The number of words formed by using all the 
letters of the given word is (12!)/(3! 2!). 

(B) The number of words which begin with I and end 
with E is (10!)/(2! 2!). 

(C) The number of words in which all the vowels 
come together is (7!-6!)/(3! 2! 2!). 

(D) The number of words in which no two vowels 
come together is 360 x 420. 


Solution: The given word consists of 12 letters in which 
there are 3 Es, 2 Is and 2 Ts and the remaining 5 are distinct. 


A) The number of words using all the letters is 
g 
(12)! 
3! 2! 2! 
Therefore (A) is false. 


(B) Put I in the first place and E in the last place. In 
the remaining 10 letters, there are 2 Es and 2 Ts. 
Therefore the number of such words is 


(10)! 
21 2! 


Therefore (B) is true. 

(C) Treat all the vowels as a single object (letter). In 
the remaining six letters, there are 2 Ts. Now, the 
7 letters can be arranged in 7!/2! ways. But the 
vowels (3 Es, 2 Is and 1 A) can be arranged among 
themselves in 


6! 
3ra1 ways 


Therefore the number of such words is 


7! 6! 
— xX —— 
2! 3! 2! 


Therefore (C) is true. 
(D) Among the six consonants, there are seven gaps in 
which the vowels can be arranged in 


7 
6 


3! 2! 


ways 


The consonants can be arranged in 


6! 
aI ways 


Therefore the number of words in which no two 
vowels come together is 


7 ] 
P, x ©! — 490 x 360 
312! 2! 


Answers: (B), (C), (D) 


6. The letters of the word ARTICLE are arranged in 
all possible ways. Then which of the following is 
(are) true? 

(A) Number of words formed by using all the letters 
is 5040. 

(B) The number of words with vowels in even places 
is 144. 

(C) The number of words with vowels in odd places 
is 576. 

(D) The number of words with I in the middle is 720. 


Solution: 


(A) Seven different objects can be arranged in 7!= 
5040 ways. 


(B) There are 3 even places and 3 vowels. Therefore the 
vowels can be arranged in even places in 3!, ways and 


Worked-Out Problems 


after that the remaining 4 letters can be arranged in 4! 
ways. Therefore, the required number is 3! x 4! = 144. 


(C) As in (B), the required number is “P, x 4! =4! x 
4! = 576. 


(D) With I in the middle, the remaining 6 letters can be 
arranged in 6!= 720 ways. 


Answers: (A), (B), (C) and (D) 
7. If"C,_,=36, "C,=84 and "C,,, =126, then 
(A)n=8 (B) r=3 (C)n=9 (D)r=4 
Solution: We have 


"C, _n-rt+1_ 84 


r 


st Gir r 36 
n—-r+1 is az (6.1) 
r 3 
3n—-10r =-3 
Again 
C,,, n-r_ 126 (6.2) 
*C. r+1 84 
3 _n-r 
2 rt+l 
2n—-5r=3 


Solving Eqs. (6.1) and (6.2), we getn =9 andr=3. 
Answers: (B) and (C) 


8. If"P, ="P.,, and "C,="C,_,, then 
(A) n=3 (B)r=1 (C)r=2 (D)n=4 


Solution: We have 


"P.="P..4 
nl n! (6.3) 
(n—r)! (n-r-1)! 
n-r=1 
"C,="C_, 
n!} n!} 
= (6.4) 
r!x(n-r)! (r-1)'(n-r+1)! 
re! 
r n-r+l 
2r—-l=n 


Solving Eqs. (6.3) and (6.4), we get r=2 andn=3. 
Answers: (A) and (C) 
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Matrix-Match Type Questions 


1. A total of 6 boys and 6 girls are to be arranged in a row. 
Certain stipulations on their arrangements are given 
in Column I and the number of such arrangements is 
given in Column II. Match the items in Column I with 
those in Column II. 


Column I Column II 

(A) The number of arrangements in (p) 7! x6! 
which all the girls are together is 

(B) The number of arrangements in (q) 6!x6!x7 


which no two girls are together is 
(C) The number of arrangements in which (r) 2 x 6! x 6! 
boys and girls come alternately is 
(D) The number of arrangements 
in which the first place is to be 
occupied by a specified girl and 
the last place by a specified boy is 


(s) (10)! 


Solution: 

(A) Consider all the 6 girls as a single block so that there are 
6+1=7 objects which can be arranged in 7! ways. In 
the block of girls, 6 can be arranged among themselves 
in 6! ways. Therefore the required arrangements are 


7!x6! or 6!x6!x7 
Answer: (A) > (p) 


(B) Since no two girls should come together, arrange the 6 
girls in 7 gaps (including before the boys and after the 
boys) which can be done in ’P, ways. After arranging 
the girls, the 6 boys can be arranged among themselves 
in6! ways. Therefore, the required arrangements are 


'P.X6!=7!x6l=6!x61x7 
Answer: (B) = (p), (q) 


(C) Since the boys and girls come alternately, the 
arrangement may begin with a boy or a girl as BG 
BG BG BG BG BG or GB GB GB GB GB GB. 
Number of such arrangements is 2 x 6! x 6!. 


Answer: (C) > (r) 


(D) Put the specified girl in the first place and the 
specified boy in the last place. The remaining 
10(5 + 5) can be arranged in (10)! ways. 


Answer: (D) -> (s) 
2. Four-digit numbers, without repetition of digits, are 
formed using the digits 0,3, 4, 5. Certain stipulations 


on arrangements are given in Column I and their 
numbers are given in Column II. Match these. 


Column I Column IT 


(p)8 


(A) Total number of four-digit numbers 
that can be formed is 


(B) Total number of even numbers that (q) 10 
can be formed is (r) 13442 
(C) Total number of odd numbers that 
can be formed is (s) 18 


(D) The sum of all the four-digit numbers is (t) 13440 


Solution: 


(A) The total number of four-digit numbers that can be 
formed is given by 
(No. of arrangements of 0, 3, 4 and 5)- (No. of 
arrangements with 0 in the left end) 


4!—3!=18 
Answer: (A) > (s) 


B) A number among these is even if 0 or 4 is in the units 
g 
place. The number of even numbers 


(i) with 0 in the units place = 3!=6 
(ii) with 4 in the units place = 3!—2!=4 
Therefore the total number of even numbers 
=6+4=10. 
Answer: (B) > (q) 
(C) No. of odd numbers = Total No.— No. of even numbers 


=18-10=8 
Answer: (C) > (p) 
(D) Contribution of 0 to the sum = 100+10+0=110 


Contribution of 3 to the sum = 3000+ 300 + 30 +3 = 3333 
Contribution of 4 to the sum = 4000 + 400+ 40 + 4 = 4444 
Contribution of 5 to the sum = 5000+ 500+50+5 = 5555 


The sum of all the numbers = 


110 +3333 4+ 4444 +5555 = 110+ 1111(3+4+5) 


= 110+ 13332 = 13442 
Answer: (D) => (r) 


3. In Column I the types of distributions of playing cards 
and, in Column I, their corresponding number of 
distributions is given. Match the items in Column I 
with those in Column II. 


Column I Column IT 


(A) 52 playing cards are to be equally (52)! 
distributed among four players. The \P (@3)!]' 


number of possible distributions is 


(B) 52 cards are to be divided into (q) __ 62)! 
four equal groups 4i[(13))]}° 
(C) 52 cards are to be divided into 4 (52)! 
sets, three of them having 17 cards r) 37)!] 
each and the 4th has just one card 
(52)! 


(D) 52 cards are to be divided equally (s) 


into two sets 21((26)!) 


Solution: 
(A) The required number of distributions is 


52 39 26 13 _ (52) (39) 
ean Sas “3= G3162—13)! (13)!(39 —13)! 
26)! 
(13)!(26—13)! 
__(52)! 
[(13)!}" 


Answer: (A) > (p) 


(B) To be divided into 4 equal groups. Elements of one 
group can be exchanged with another. This is possible 
in 4! ways. Therefore, the number of divisions is 


(52)! 
4![(13)!]" 
Answer: (B) > (q) 


(C) Three of them get 17 each. Again cards can be 
exchanged among these 3 in 3! ways. Therefore, the 
number of divisions is 


(52)! 
3![(17)!f° 
Answer: (C) > (r) 
(D) The number of distributions is 
"Cog : Cog = (52)! 
2! 2![(26)!]° 
Answer: (D) —> (s) 


4. A committee of 12 members is to be formed from 
9 women and 8 men. Match the statements in Column I 
with the numbers in Column II. 


Column I Column IT 

(A) The number of ways of forming the (p) 1008 
committee with 6 men and 6 women 

(B) The number of ways of forming the —(q) 2702 
committee with atleast 5 women 

(C) The number of ways of forming the (r) 6062 
committee with women in majority 

(D) The number of ways of forming the —(s) 2352 


committee with atleast 5 women and 
with men in majority 


Solution: 


(A) The number of ways of forming the committee with 


6 men and 6 women from 9 women and 8 men is 
CC, = ST = 84 x 28 = 2352 


Answer: (A) > (s) 


Worked-Out Problems 


(B) The number of ways of forming the committee with 
atleast 5 women is 


COSC jarC °C CC, x C;) 
+(?C, x °C,)+CC, x °C) 


coe = =) & a 
x8 |+]| ——x— |+} —x— 
4! 3! 2! 2! 3! 


(9x5 Z63) (1x2 75) 
4! 3! 
= 1008 + 2352 + 2016 + 630 + 56 = 6062 
Answer: (B) > (r) 


(C) The number of ways of forming the committee with 
women in majority 


(CC, x*C5)+ PCy x *Cy) + CCy x *C5) 


(= si) ( sre ( a7) 
=| — x —— |+| 9x +| 1x 
2! 3! 4! 3! 


= 2016 + 630 + 56 = 2702 


Answer: (C) — (q) 

(D) The number of ways of forming the committee with 
atleast 5 women and with men in majority 

_ 9:8-7-6 


Os as OF ry 


x8 = 1008 


Answer: (D) > (p) 


5. A total of 11 players are to be selected for a cricket 
match from a cricket squad consisting of 6 specialist 
batsmen, 3 all rounders, 6 specialist bowlers and 
2 wicketkeepers (who can also bat well). Match the 
items in Column I with those in Column II. 


Column IT 
(p) 600 


Column I 


(A) The number of selections which 
contain 4 specialist batsmen, 3 all 
rounders, 3 specialist bowlers and a 
wicketkeeper 

(B) The number of selections which contain (q) 720 
5 specialist batsman, 2 all rounders, 3 
specialist bowlers and a wicketkeeper 


(C) The number of selections which (r) 675 
contain 4 specialist batsman, 1 all 
rounder, 4 specialist bowlers and 
2 wicketkeepers 

(D) The number of selections which (s) 900 


contain 4 specialist batsmen, 2 all 
rounders, 3 specialist bowlers and 
2 wicketkeepers 


Solution: Consider the table on the next page. 
Answer: (A) — (p); (B) — (q); (C) — (r); (D) — (s) 
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Item in Specialist 


Specialist 
columnI batsmen (6) Allrounders (3) bowlers (6) 


Wicketkeepers (2) Number of selections 


(A) 4 3 3 
(B) 5 2 3 
(C) 4 i 4 
(D) 4 2 3 


6. A 17 member hockey squad contains 4 peculiar 
players A, B, C and D. Players A and B wish to play 
together or be out of the team together. Players C 
and D are such that if one plays the other does not 
want to play. A team of 11 players is to be selected 
from the squad. Match the items in Column I with 
those in Column I. 


Column I Column IT 


(A) No. of selections including A and B (p) °C, 
and one of C, D is 

(B) No. of selections including A and B_ (q) °C,, 
and excluding both C and D is 

(C) No. of selections excluding A and 
B and including one of C and D is 


(D) No. of selections excluding all of 
A, B,C and D is 


(t) MC. x2 


(Sj 2e"C,, 


Solution: 


(A) In addition to A, B and C,8 more are to be selected 
from out of 13 (other than A, B, C and D) in 
SC, ways. Similarly, in addition to A, B and D, 
another °C, ways. Therefore, the required number 
is 2% °C, 

Answer: (A) = (r) 

(B) In addition to A and B, 9 more are to be selected 
from among of 13 (other than A, B, C and D) in 
SC, ways. 

Answer: (B) > (p) 

(C) 10 players are to be selected, in addition to C, from 
among 13 (other than A, B, C and D). This can be 
done in '°C,, ways. Similarly, selections including D 
can be made in °C,, ways. Therefore the required no. 
ikem, Sas OF 

Answer: (C) —> (s) 


(D) The number of selections of 11 persons from among 
13 persons (other than A, B, C and D) is °C,,. 


Answer: (D) > (q) 


7. Match the statements in Column I with the numbers 
given in Column II. 


i °C, x°C, x °C, x?C, = 600 (p) 
"C.5CC °C, x °C, = 720) 
‘CCRC, <6 @ 
*C,6 °C, x°C,%*C, = 9005) 


NO NR 


Column IT 
(p) 1296 


Column I 


(A) There are 12 points in a plane out 
of which 5 are collinear and no 3 of 
the remaining are collinear. Then 
the number of lines that can be 
formed by joining pairs of these 
points is 

(B) The number of triangles that can 
be formed by using the points 
mentioned above is 

(C) The number of rectangles that can 
be formed by using the squares ina 
chess board is 

(D) A set of 8 parallel lines are 
intersected by another set of 6 
parallel lines. Then the number of 
parallelograms thus formed is 


(q) 57 
(r) 420 


(s) 210 


Solution: 
(A) The five collinear points give us one straight line. 
Therefore the required number is 


12-11 5-4 
+ 
2 2 


°C,-°C, +1= La57 


Answer: (A) > (q) 


(B) A triangle is formed with three non-collinear points. 
Therefore the number of triangle that can be formed is 


*C,="C,=210 
Answer: (B) —> (s) 


(C) A chess board consists of 9 horizontal and 9 vertical 
lines.To form a rectangle (it may be asquare) we need 
2 horizontal and 2 vertical lines. Therefore the 
number of rectangles is 


°C, x °C, = 36 x 36 = 1296 
Answer: (C) > (p) 


(D) We select 2 from 8-lines set and 2 from 6-lines set. 
Therefore the number of parallelograms is 


°C, eC, =28 «15 =420 
Answer: (D) => (r) 


Comprehension-Type Questions 


1. Passage: 4 Indians, 3 Americans and 2 Britishers are 
to be arranged around a round table. Answer the 
following questions. 


(i) The number of ways of arranging them is 


(A) 9! (B) 59 (C) 8! (D) 58 
(ii) The number of ways arranging them so that the 


two Britishers should never come together is 

(A) 7!x2! (B)6!x2! (CC) 7! (D) 6!°P, 
(iii) The number of ways of arranging them so that 

the three Americans should sit together is 

(A) 7!x3! (B)6!x3! (C)6!°P, (D) 6!’P, 


Solution: 


(i) n distinct objects can be arranged around a circular 
table in (1-1)! ways. Therefore the number of ways 
of arranging 4+3+2 people =8!. 

Answer: (C) 


First arrange 4 Indians and 3 Americans around a 
round table in 6! ways. Among the six gaps, arrange 
the two Britishers in °P, ways. Therefore the total 
number of arrangements in which Britishers are 
separated is 6! x °P,. 


— 


(ii 


Answer: (D) 

(iii) Treating the 3 Americans as a single object, 7 (=4 + 

1 + 2) objects can be arranged cyclically in 6! ways. 

In each of these, Americans can be arranged among 

themselves in 3! ways. Therefore, the number of 
required arrangements is 6! x 3!. 


Answer: (B) 


2. Passage: 4 prizes are to be distributed among 
6 students. Answer the following three questions. 


(i) The number of ways of distributing the prizes, if 
a student can receive any number of prizes, is 
(A) 1296 (B) 16° (C) 15 (D) 30 
(ii) The number of ways of distributing the prizes, if 
a student cannot receive all the prizes, is 
(A) 16°-16 (B)1290 (C)11 (D) 26 
(iii) If a particular student is to receive exactly 2 prizes, 
then the number of ways of distributing the prizes is 
(A) 25 (B) 32 (C) 150 (D)36 


Solution: 


(i) Let the prizes be P,, P,, P; and P,. P, can be given 
to any one of the 6 students and so are P,, P, and P,. 
Therefore the number of distributions is 6* = 1296. 


Answer: (A) 


Worked-Out Problems 


(ii) The number of ways in which all the four prizes can 
be given to any one of the 6 students = 6. Therefore 
the required number of ways is 6* — 6 = 1290. 
Answer: (B) 
(iii) Give a set of two prizes to the particular student. 
Then the remaining 2 can be distributed among 
5 students in 5’ ways. There are *C, sets, each 
containing 2 prizes. Therefore the required number 
of ways of distributing the prizes is 


5°x "C, =25x%6=150 
Answer: (C) 


3. Passage: A security of 12 persons is to form from a 
group of 20 persons. Answer the following questions. 


(i) The number of times that two particular persons 
are together on duty is 
20! 18! 20! 20! 
A B C D 
( ) Drei ( ) Tore! ( Fore! ( ) Toro! 
(ii) The number of times that three particular 
persons are together on duty is 


17! 17! 20! 20! 

A) —— (B C D) —— 

( ary ( ) ere ( Tai ( ) orei 
(iii) The number of ways of selecting 12 guards such 
that two particular guards are out of duty and 

three particular guards are together on duty is 


(20)! (18)! (15)! (15)! 
(A) (15)! 5! Bora Ogre © 5! (10)! 


Solution: 


(i) Let A and B two particular guards who want to be 
in duty together. We can select 10 more from the 
remaining 18 persons in '*C,, ways. Therefore the 
required number is 


(18)! 
(10)! 8! 
Answer: (B) 
(ii) In addition to the three particular persons who want 


to be in duty together, we can select 9 more from 
the remaining 17 persons in '’C, ways. Therefore, 
the required number is 


17! 
8! 9! 
Answer: (A) 


(iii) Let A and B be out of duty and P, Q, R be 
particular persons who want to be in duty together. 
Then, we can choose 9 more from among the 
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remaining 15 persons (excluding A and B) in °C, 
ways. Therefore, the required number is 


(15)! 
9! 6! 
Answer: (C) 


4. Passage: The letters of the word MULTIPLE are 
arranged in all possible ways. Answer the following 
three questions. 

(i) The number of arrangements in which the order 
of the vowels does not change is 
(A) 3330 = (B) 3320.) (C) 3340 ~— (D) 3360 
(ii) The number of arrangements in which the 
vowels’ positions are not disturbed is 
(A) 60 (B) 260 (C) 160 (D) 320 
(iii) The number of arrangements in which the relative 
order of vowels and consonants is not disturbed is 
(A) 460 (B) 420 (C) 360 (D) 440 
Solution: 


(i) The order of vowels does not change means, first u 
occurs, then i and then e must occur. The total number 
of arrangements is 


_ (since there are two /) 


In each of these arrangements, vowels may occur in 
3! ways. Therefore the number of arrangements in 
which u, i, e occur in this order is 


8! 1 


— x — = 3360 
2! 3! 


Answer: (D) 


(ii) Keeping u, i, e in their respective places, the number 
of arrangements is 


! 
> = 60 
2! 


Answer: (A) 


(iii) Keeping the relative positions of vowels and 
consonants means, the vowels can be interchanged 
among themselves and so can the consonants. 
Therefore the number of required arrangements is 

5} 
go eee) 


Answer: (C) 


| 


6.1 The symbol n! (Factorial n): 0! = 1. If n is a positive 
integer, the n! means the number n(n — 1) (n — 2) «++ 2-1. 
One can note that n! = n(n — 1)! 


Permutations 


6.2 Permutation: Arrangement of objects on a line is 
called linear permutation. 


6.3 Circular permutation: Arrangement of objects in a 
circular form. 


6.4 Permutation as a bijection: If X is a finite set, 
then any bijection from X onto X is a permuta- 
tion. That is arrangement of n distinct objects 
taken all at a time. 


6.5 Theorem: The number of arrangements of n distinct 
objects taken all at a time is !. 


6.6 Theorem: The number of permutations of 1 objects 
taken r ata time (0 <r<n) is 


n! 


n(n—1)(n-2) ++ (n-rt+1)= 
(1-1) (1-2) (nr 1)= 


6.7 Symbol "P.: If n is a positive integer and0<r<nis 
an integer, then "P, denotes the number of permuta- 
tions of n distinct objects taken r at a time without 
repetitions and this 


n! 


"P.=n(n—-1)(n-2)---(n-r+1)= c= 
6.8 Useful formulae: 


n! 
(n-r)! 
n = (n-1) 
(2) "P. =n- P,,-1) 
3) 7p =P pee PP 


(1) "P = 


6.9 Permutations with repetitions: 


(1) The number of permutations of n dissimilar 
things taken r at time, when repetition of objects 
is allowed any number of times is n’. 

(2) Total number of permutations of n dissimilar objects 
taken rata time with atleast one repetition is n’ —"P.. 


6.10 Circular permutations: The number of circular 
permutations of n dissimilar things is (7 — 1)!. This 
number includes both anticlockwise and clockwise 


senses. If the sense is not considered, then the 
number is 


(n-1)! 


2 


SS. auick took 


(1) For live objects the sense will be considered. 
(2) For non-live objects the sense will not be considered. 


6.11 Permutations with alike objects: 
(1) Out of n objects, suppose p objects are alike and 
the rest are distinct. Then, the number of permu- 
tations of the n objects taken all at a time is n!/p!. 
(2) Suppose n,,7,,...,1, are number of alike objects 
of different kinds. Then the number of permuta- 
tions of all these objects is 


(n, +n, +-+-+Ng)! 


n!n,!++-Ng! 
Combinations 
6.12 Combination: Selection of objects. 


6.13 Symbol "C, or "k The number of combinations 


of n distinct objects taken r(0 < r <n) at a time is 
denoted by "C,. 

6.14 Value of "C,: 

ae n(n-1)(n-2)-+-(n—r+1) 


2 
r! r! 
n! 
is ri(n—r)! 
"C,="C,=1 
2@ ZG 


6.15 Useful tips: 
(1)"C,="C,=Eitherr=s or r+s=n. 
(2) 'C, sf a = (n+1) C,. 
(3) rx a = sae Sar 


6.16 Combinations with alike objects: If p,,p5, ..., Dx awe 
number of alike objects of different kinds, then 
the number of all selections (with one or more) is 


(Py * 1) (py #1) as (per 1) = 1, 


6.17 Number of divisons: If 1<n=p?'-p;? --- p&X 1s 
a positive integer where p,, P,, ..., Px are distinct 
prime numbers, then the number of positive divi- 
sions of n is (a, + 1) (& +1) -+: (@& +1). 

Note that this number includes both 1 and n. 


6.18 Writing a positive integer as a sum of (atleast 
two) positive integers considering the same set of 
integers in a different order being different is 2”"' —1. 


6.19 Useful results (on integer solutions): 


(1) Let m and n be positive integers such that 
m <n. Then the number of m-tuples (x,, x,, ..., 
x,,) of positive integers satisfying the equation 


oes =nis 
X, +X, +++ +X, = N18 Co’ 


(2) The number of m-tuples (x,, x,, ..., x,,) of 

non-negative integers satisfying the equation 

X, +X, ++ +X, =nis aes OF P 

6.20 Plane divided by lines: The maximum number of 
parts into which a plane is divided by zn lines is 


nw+n+2 
2 


6.21 Number of injections and bijections: Let X and Y 
be non-empty finite sets having m elements and n 
elements, respectively. Then 


(1) The number of functions (mappings) from Y to 
X ism". 

(2) The number of injections from Y to X is zero if 
m<nand"P, ifm2n. 


(3) The number of bijections from Y to X is zero if 
m<nandmlifm=n. 


6.22 Number of surjections: 

(1) Recursive formula: For any positive integers 
m2=r>0O,the number @,,(r) of surjections from 
an m-element set onto an r-element set is given 
by a recursive formula 


re 


a,,(r) =r" ~¥1’C,a4,(5) 


1 
s=1 
(2) Direct formula: 


r-1 
Qn, (r) — >> (-1)° om, (r ~~ sy" 
s=0 


6.23 Derangement: Let X be a non-empty set and 
f:X > X is a bijection (also called permutation), 
such that f(x) # x for all x € x. Then f is called 
derangement of X. 


Chapter 6 | Permutations and Combinations 


6.24 Number of derangements: 


1. 


(1) Let n be a positive integer and 0 <r <n. Let 
d, denote the number of Derangements of an 
r-element set with d, = 1. Then 
¥"C,d,=n! and d,=n!-})*C,d, 
r=0 r=0 

(2) Direct formula: The number d, of the number of 
Derangements of an n-element set is given by 


4 = (00 


6.25 Set divided into groups: 

(1) Ifaset contains m+n (m+n) elements, then the 
number of ways the set can be divided into two 
groups containing m elements and n elements 
respectably is 


(m+n)! 


min! 
(2) If m =n, then the number of divisions into two 
equal groups is 
(2n)! 
(n! n!)2! 


EXERCISES 


Single Correct Choice Type Questions 


The number of different 6 letters words that can be 
formed by using 5 distinct consonants, 4 vowels and 3 
capital letters (distinct) which begin with a capital letter, 
but consisting of 1 capital, 3 consonants and 2 vowels is 


(A) 21500 (B)21600 (C)20600  (D) 20500 


. The number of ways of arranging the letters of the 


word SINGLETON excluding the given word is 
(A) 9! (B) 9!-1 


(C) 5-1 (D) 5(9!=1) 


. Let A= {ala is a prime number and a < 31}. The 


number of rational numbers of the form a/b, where a 
and be A and a#b, is 
(A) 180 (B) 92 


(C) 91 (D) 90 


. Let A be the set of all four-digit numbers of the form 


X,X,X;X, where x, >x,>x,>x, and each x; may 
take the values from 1 to 9. Then n(A) is 


(A) 126 (B) 84 (C) 210 (D) 64 


. The numerals 1, 2, 3,...,9 are arranged in all possible 


ways such that the digit in the middle is greater than 
all its preceding digits and less than all its succeeding 
digits. The number of such arrangements is 


(A) 24 (B) 120 (C) 360 (D) 576 


. There are three coplanar lines. On each of these lines, 


p number of points are taken. The maximum number 
of triangles that can be formed with vertices at these 
points is 

(A) 3p"(p-1) 
(C) p*(4p-3) 


(B) 3p*(p-1)+1 
(D) 3p’ (4p-3) 


7. The number of pairs of words (x, y), x containing 
4 letters and y containing 3 letters, from the letters of 
the word STATICS is 
(A) 1260 (B) 396 (C) 829 (D) 796 

8. Let n>3 and A be a set of n elements. Let P = (x, y, 
Z) where x, y,z €¢ A. Then the number of points P such 
that atleast two of x, y, z are equal is 
(A) 3n°-2n+1 (B) n° 
(C) "P, (D) n’-("P,) 


9. Let A=({1,2,3,...,n}. The number of bijections f 
from A onto A for which f(1) #1 is 


(A) n!-n (B) n! - (n-1)! 
(C)n’-n (D) (n-1)! 


10. The number of triangles whose vertices are the 
vertices of a polygon of n sides but whose sides are 
not the sides of the polygon is 

n 
(A) 2(n—4)(n-5) 


n 


(B) 2(n—3)(n-4) 


(C) E(n-D(n—2) (D) Z(n-2)(n-3) 


11. Ten lines are given in a plane such that no two are 
parallel and no three are concurrent. Then the number 
of regions into which the plane is divided by these lines is 


(A) 56 (B) 66 (C) 46 (D) 99 


12. The sum of all four-digit numbers (without repeti- 
tion) that can be formed by using the numerals 2, 3, 


4 are 5 is 
(A) 93234 (B) 49332 
(C) 93324 (D) 94332 


13. The number of different nine-digit numbers that can 
be formed from the number 223355888 such that 
even digits occupy odd places is 


(A) 16 (B) 36 (C) 60 (D) 180 


14. A, B are two speakers along with three more to 
address a public meeting. If B addresses immedi- 
ately after A, the number of ways of arranging the 
list is 
(A) 24 (B) 36 (C) 48 (D) 30 


Multiple Correct Choice Type Questions 


1. Consider n points in a plane of which only p points are 
collinear. Then the number of straight lines that can be 
drawn by joining these points is 


(A) PC, + p(n—p)+1 — (B)"C, 
(C) "C,-?C, +1 (D) "C, —°C, 


2. Let f(x)= WOE ays Then 
(A) The domain of f is {3, 4, 5} 
(B) Range of fis {2, 3,24} 
(C) The domain of fis {3, 4, 5, 6} 
(D) f(x) is one-one 


3. Consider the letters of the word TATANAGAR. 
Which of the following is/are true? 


(A) The number of arrangements of all the letters is 7560 

(B) The number of words that begin with N is 840 

(C) The number of five letter words in which no letter 
is repeated is 120 

(D) The number of words that can be formed using all 
the letters without changing the position of Nis 840 


4. Let n be a positive integer and r an integer such that 
O<rs<n. Then 
n -_ n-1) 
(Ay PR sne Pa 
(B) "P.=r!x"C, 
(C) “P=? eek OPP, 
(D) The number of permutations of n distinct objects 
taken rata time with atleast one repetition is n” —"P. 


5. Certain 5-digit numbers are formed by using the numerals 
0,1, 2, 3,..., 9. Which of the following is/are true? 


(A) The total number of numbers without using 0 in 
the first place from left and using any numeral any 
number of times is 9 x (10)* 

(B) Total number of numbers without repetitions is "P,—’P, 

(C) Total number of numbers with atleast one repeated 
digit is 62784 

(D) If repetitions are allowed, the number of 5-digit 
numbers not containing 0 is 9° 


15. 


16. 


17. 


6. 


10. 


If r,s, ¢ are prime numbers and p, q are two positive 
integers such that the LCM of p,q is r’s*t’, then the 
number of ordered pairs (p, q) is 


(A) 225 (B) 224 (C) 248 (D) 255 


The number of derangements of a four element set is 
(A) 8 (B) 9 (C) 10 (D) 12 


The number of surjections from a five-element set 
on to a four-element set is 


(A) 340 (B) 220 (C) 320 (D) 240 


A total of 5 mathematics books, 4 physics books and 
2 chemistry books are to be arranged in a row ina 
book shelf. Which of the following is/are true? 


(A) The number of arrangements that two chemistry 
books are separated is 9 x 10! 

(B) The number of arrangements in which four 
physics books are together is 8! 4! 

(C) The number of arrangements in which no two 
mathematics books are together is (7-6) (6!) 

(D) The number of arrangements in which the books 
on the same subject are all together is 12 (4! 5!) 


lt "C= "C..2 then 


(A)r=4  (B)r=3.  (C)r=9_ ~—s (D) 'C,=3 


. Let x =2*-3*. Which of the following is/are true? 


(A) The number of proper divisors of x is 23 

(B) The sum of all positive divisors of x is 31x 11* 
(C) The sum of all divisors of x is 11 

(D) 6* —1 is divisible by 5 


. Consider the word VARANASI. Which of the 


following is/are true? 


(A) The number of words that can be formed using 
all the letters is 6720 

(B) The number of words without disturbing the three 
A’s is 120 

(C) The number of words such that all the three A’s 
together is 720 

(D) The number of words which begin with A and 
end with A is 720 


Which of the following is (are) correct? 


(A) The number of diagonals of a 10-gon is 35 

(B) The number of points of intersection of the diago- 
nals of an octagon which lie inside the octagon is 70 

(C) If "P.="C,, then r=1 or 0 

(D) The maximum number of points in which 8 lines 
intersect 4 circles in the same plane is 64 
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Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column II are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) > (p),(s); 
(B) > (q)(s).(0; (C) 3); (D)3(0),(t); that is if 
the matches are (A) > (p) and (s); (B) > (q),(s) and (t); 
(C) > (1); and (D) = (r),(t), then the correct darkening 
of bubbles will look as follows: 


CGEZe 
Q 
Gao 


1. In Column I, certain types of arrangements of the 
letters of the word ORDINATE are given. Column IT 
contains number of arrangements. Match the items in 
Column I with those in Column II. 


Go Oo & & 


Column I Column IT 


(A) The number of words with I in the (p) 576 
fourth place 


(B) The number of words with vowels (q) 676 
occupying odd places 

(C) The number of words with i080 
consonants in the odd places (s) 720 

(D) The number of words beginning with 
O and ending with E (t) 5050 


2. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) Total number of arrangements of the (p) 1120 
letters a°b’c* written in full length is 


(B) Six-digit numbers are to form using (q) 120960 
the numerals 1, 2, 3, 4. If all the 
numerals appear atleast once in the 
same number, then the number of (r) 1260 
such number is 

(C) The number of words that can be (s) 1560 


formed using all the letters of the 
word MISSISSIPI which begin with 
T and end with S is 


(D) The number of words that can 
be formed from the letters of the 
word MANESHPURI with vowels 
together is 


(t) 120660 


3. Certain requirements of arranging the letters of 
word ARRANGE are given in Column I and their 
respective number of arrangements are given in 
Column II. Match the items in Column I with those in 
Column II. 


Column I Column II 

(A) Two Rs are never together (p) 900 

(B) Two As are together, but Rs are (q) 240 
separated 

(C) Neither two Rs nor two As are (r) 660 
together 

(D) Rs in the first and last places,but A (s) 24 


is in the middle place 


4. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) Out of 8 sailors on a boat, 3 can C1) aie 
work at row side only and 2 can (p) sere ) 
work at bow side only. The number 
of arrangements of the sailors, if 
each side accommodates 4 sailors 
only, is 

(B) 18 guests have to be seated, half 
on each side of a long table. Four 
particular guests desire to sit on 
one particular side and three on 
the other side. The number of 
seating arrangements is 

(C) ABCD is a parallelogram. Ten 
lines each are drawn parallel to 
AB and BC intersecting the sides. 
The number of parallelograms 
that are formed is 

(D) In a chess tournament, each 
player should play one game 
with each of the others. Two 
players left the tournament 
on personal reasons having 
played 3 games each. If the total 
number of games played is 84, 
the number of participants in the 
beginning of the tournament is 


(q) 4356 


(r) 15 


(s) 1728 


Comprehension-Type Questions 


1. Passage: Consider the digits 1,2,3,4,5 and 6. Answer 
the following three questions. 


(i) The number of four-digit numbers, allowing 
repetition of digits any number of times, is 


(A) 1296 =(B) 4096 )~=—s (C) 3096_~— (D) 2096 
(ii) When repetitions are allowed, the number of 
four-digit even numbers is 


(A) 448 (B) 216 (C) 1296 ~=(D) 648 
(iii) When repetitions are allowed, the number of 
four-digit numbers, that are divisible by 3, is 


(A) 632. (B) 532. (C)432_—s (D) 332 


Assertion-Reasoning Type Questions 


Statement I and Statement I are given in each of the 
questions in this section. Your answers should be as per 
the following pattern: 


(A) If both Statements I and II are correct and II is a 
correct reason for I 

(B) If both Statements I and IJ are correct and II is not a 
correct reason for I 

(C) If Statement I is correct and Statement II is false 

(D) If Statement I is false and Statement IJ is correct. 


1. Statement I: The number of words that can be formed 
using all the letters of the word ASSASSINATION is 
69300. 


Statement II: There are m, similar objects of one kind, 
m, similar objects of another kind, ---,7, similar objects 
of different kind. The total number of arrangements of 
all these objects is 


(m,+m,+++-+m,)! 


'm,!---m,! 
m,!m,!---m,! 


2. Statement I: A and B are two speakers to address a 
public meeting with four more speakers. The number 
of ways they can address such that A always speaks 
before B is 360. 


Statement I: The number of ways that A can speak 
before B is equal to the number of ways that B speak 
before A. 


3. Statement I: A number lock has four rings and 
each ring has 9 digits 1,2,3,...,9. The number of 
unsuccessful attempts by a thief who does not know 
the key code to open the lock is 6560. 


Statement Ik If repetitions are allowed, the number of 
permutations of n dissimilar objects taken rat a time is n’. 


2. Passage: The letters of the word EAMCET are 
arranged in all possible ways. Answer the following 
three questions. 


(i) The number of words that can be formed, without 
disturbing the places of E, is 
(A) 120 (B) 24 (C) 48 (D) 720 
(ii) The number of words that can be formed without 
separating the two Es is 
(A) 120 (B) 240 (C) 24 (D) 360 
(iii) If all possible words are written as in the 
dictionary, the rank of the word EAMCET is 
(A) 134 (B) 135 (C) 132 (D) 133 


4. Statement I: Let x,,x,,...,x, be a permutation of 
the natural numbers 1, 2,...,. If n is odd, then the 
product (x, —1) (x, —2)...(x, —n) is even. 


Statement II: ES -i)=0 


5. Statement I: If 1 >1 is an integer, then (n’)!/(n*)!” is 
an integer. 


Statement Ik mn objects can be divided among n 
persons in (mn)!/(m!)" ways. 


6. Statement I: Consider n straight lines in a plane 
of which no two are parallel and no three are 
concurrent. Then the number of new lines that can 
be formed by joining the points of intersection of 
these n lines is 


a(n 3)(n—2)(n—-1)n 


Statement I: Two coplanar non-parallel lines inter- 
sect in a point. 


7. Statement I: Out of 2n+1 consecutive positive inte- 
gers 3 are to be selected such that they are in AP. The 
number of ways of selecting them is n’. 


Statement II: Positive integers a, b,c are in AP if and 
only if either both a and c are even or both a and c are 
odd. 


8. Statement I:In a lake, there are crocodiles each 
having teeth varying from 1 to 32. The number of croc- 
odiles in the lake is 2”. 


Statement I: The number of elements in the power 
set §o(s) of a set S containing elements is 2”. 
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Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2, 4,6 are to be darkened. 


©/@/Q|E@/@|@|@|@|O|o@/= 


©/@|/Q/@|@/@|©|@|O/©| x 
©/@|/Q/©|@|@|@|@|O}O|Nn 


©/@|/Q/©|@|/@|@|@|O}O©| x 


1. Out of 10 points in a plane, p points are collinear 
(0<p<10). The number of triangles formed with 
vertices at these points is 110. Then the value of p is 


2. In a panchayat election, the number of candidates 
contesting for a ward is one more than the maximum 
number of candidates a voter can vote. If the total 
number of ways of which a voter can vote is 62, then 
the number of candidates is 


3. From four couples (wife and husband) a four-member 
team is to be constituted. The number of teams that 
can be formed which contain no couple is ___ 


4. Ina test there are n students. 2”“ students gave wrong 
answers to k questions (1 < k <n). If the total number 
of wrong answers given by the students is 2047 then n 
is equal to ___ 


5. If the number of permutations of n different objects 
taken n - 1 at a time is K times the number of permu- 
tations of n objects (of which two are identical) taken 
n-1ata time, then K is equal to 


10. 


11. 


12. 


13. 


. There 5 ladies and 10 gentlemen. A committee 


of 5 members is to be formed with two ladies and 
three gentlemen. The number of ways of forming 
the committee, excluding two particular ladies and 
including two particular gentlemen, is 


. The number of arrangements of n distinct object 


taken all at a time is equal to K times the number 
of arrangements of n objects which contain two 
similar objects of one kind and three similar objects 
of another kind. In such case K is equal to ___ 


. If A={l, 2, 3, 4} and B={a, b}, then the number of 


surjections from A onto B is 


. The number of ordered triplets (x, y, z) of positive 


integers such that their product is 24 is 


The least positive integer n such that "PC, +" 2C,<"C, 
is 


Six xs are to be placed in the squares of the given 
figure (containing 8 squares) with not more than 
one x in each square and such that each row contains 
atleast one x. The number of ways that this can be 
done is 


Five points on positive x-axis and 10 points on 
positive y-axis are marked and line segments 
connecting these points are drawn. Then the 
maximum number of points of intersection of these 
50 line segments in the interior of the first quadrant 
is 


The number of triangles whose vertices are at the 
vertices of an octagon but sides are not the sides of 
the octagon is 


| 


Single Correct Choice Type Questions 


(B) 
(C) 


22 ory fy YS 
: 
wv) 
~— 


Multiple Correct Choice Type Questions 


- (A), (C) 
- (A), (D) 
- (A), (B), (©), (D) 
- (A), (B), (©), (D) 
- (A), (B), (©), (D) 


ah WD = 


Matrix-Match Type Questions 


1.(A)>@), @B)>), (O>(), 
2. (A)>@), (@)>6), (>), 


(D) > (s) 
(D) > (q) 


Comprehension-Type Questions 


1. @) (A); Gi) (D); Gait) (C) 


Assertion-Reasoning Type Questions 
1. (D) 


2 
3. (A) 
4 


Integer Answer Type Questions 


-(A)> (©), 
- (A) (), 


- @) (B); 


ae ae 


- (A), (B),(D) 

- (B),(D) 

- (A), (B),(D) 

- (A), (B), (C), (D) 
- (A), (B), (©), (D) 


(B) > (q), 
(5) = (p), 


(ii) (A); (ili) (D) 


(A) 
(A) 
(C) 
(D) 


. 14 
. 30 
. 14 
. 26 
. 450 
. 16 


(C) > (*), 
(C) > (q), 


(D) > (s) 
(D) > (1) 


Binomial Theorem 


Contents 


7.1 Binomial Theorem for 
Positive Integral Index 

7.2. Binomial Theorem for 
Rational Index 


Worked-Out Problems 
Summary 

Exercises 

Answers 


The binomial theorem desc- 
ribes the algebraic expan- 
sion of powers of a binomial. 
According to the theorem, 
it is possible to expand the 
power (x + y)” into a sum 
involving terms of the form 
ax’y’. The binomial coeffi- 
cients appear as the entries of 
Pascal’s triangle. 
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The theorem which gives expansion of (a+ b)” into the sum of n + 1 terms, where 7 is a positive integer, is called the 
binomial theorem. We have come across formulas like 


(a+ by =a +2ab+b 
(a+ bP =a’ + 3a°b + 3ab’+b° 
(a+ b)'=a' + 4a°b + 6a’ + 4ab’ + b* 


The coefficients involved in these expansions are called binominal coefficients. In this chapter, we derive expan- 
sion of (a+ b)” for a positive integer n and study the properties of the binominal coefficients in these expansions. This 
will be further extended to a negative integer n or a rational number. 


7.1 | Binomial Theorem for Positive Integral Index 


In the expansions of (a+ b)’, (a+ b)’ and (a + b)* given above, observe that as we proceed from left to right, the index 
of a decreases by 1 while the index of b increases by 1. Also, observe that 


(a+ by =°C,a@ + ?C,ab+?°C,b 
(a+ by =*C,a + °C,a’b + °Cab’ + PCD 
(a+b) = *C,a* + “Cab + “Cab + *C,ab* + *C,b* 


Keeping these in mind, we derive a formula for (x + a)" in the following. The idea behind writing x as one of the 
summands in (x + a)” is just to look at it as a polynomial of degree n, so that we can apply various results of addition 
and multiplication of polynomials in the study of the binominal coefficients, 


THEOREM 7.1} For any positive integer m and any real or complex number a, 


(BINOMIAL Z z 
xta)" ="Cyx" $+ "Cx lat "Cx" +04 "Ca" 
THEOREM 7 ‘ 2 7 
FOR POSITIVE Bee th 
INTEGRAL =» Cx" a 
=0 
INDEX) : 


ProoF| We use induction on n. For n = 1, this is trivial, since 'C) =1='C,. 


Let n> 1 and assume the theorem for n — 1; that is 


BR 


n- 
(x+a)"" = ae 8 aueal 


r 


I 
=) 


Then, we have 


(x+a)" =(x+a)""(x+a) 


n-1 
es » es Oh eam d (x +4 a) 


r=0 


n-1 n-1 
n-1 n-r yr n-1 n-1-r t+ 
= S Cx" a + y Cx" "a 
r=0 r=0 


al Ge cae fe y Oe ae es y a OS aus ae 4s n-1 (aeore™ 
r=1 r=0 
n-1 n-1 
be » Ca a + >» 0 8 a fal 
r=1 


r=1 


n-1 
n Cx a sf > iis 69 as aoe GAS © cae +4 OM als 


r=1 
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n-1 
= ‘Cra - > "Coe a "Cx a" 


r=1 


=> "C xd 


r=0 


Thus, the theorem is valid for all positive integers n. | 


DEFINITION 7.1 Note that there are n + 1 terms in the above expansion of (x + a)". The (7 + 1)th term is called 
the general term and is denoted by T.,,. It is given by 


1* 


T. 


= "Cx" "da (OS r<n) 


CoroLtary 7.1] For any positive integer n and for any real number a, 


(x- a)" = > "Cx" (-a)y’ 


r=0 
_ x" = "Cx a fe Ge da = Cr a ends 
ae (-1Y "Ce a sages of (-1)"" Ore aa fe (-1)" da’ 


The general term in the above expansion is (—1)’ "C,x""a’. 


Examples 
(1) The fourth term in the expansion of (2x +5a)° is (2) The ninth term in the expansion of (2x —3a)' is 
om (C29 eae (5a)*' = *C, (2y x (5y a ee (2xy"* (-3a)° = a (Qy (3)8 xa 


= 224000: xa’ 


Coro.tary 7.2} For any positive integer n and any real numbers a, b and c, 


n! 
(at+b+c)'= 3 abe 
sn eten Stl! 


rt+st+t=n 


PRooF| First, treat b + cas single real number and use Theorem 7.1 to get 
(a+bt+cy' = oy "Ca" (b+cy 


r=0 


and hence expand (b+c)" to get (r+1) terms. Therefore, the expansion of (a+ b+c)" contains 


& ae nt+1)(n+2) ay, 
Yersy= Sse! is Desi IC. 


number of terms and we can see that 


n!} 
(a+bt+cy= aes 
Osr, s, t<n reset! 
rt+s+t=n 


Here the summation is taken over all ordered triples (7, s, t) of non-negative integers such that 
r+s+t=n. 
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Note: In general, for any positive integers n and m, 
n! 
(x, +2) ++:++4%,,)" = 


Rtht+ +h, =n 


In|... 
Th: Tn? 


The summation is taken over all ordered m-tuples (7,,7,, ...,7,,) of non-negative integers such that 
rtmhtetr,=n. 


By Theorem 6.16, the number of terms in the above expansion is aaa Sane In particular, 
the number of terms in (a+b+c)’ is 


_(nt2)(n+1) 


n+2 
(n+ 1c ; 
Also, the number of terms in the expansion of (a+ b+c+d)" is 


GHG = MIC = (n+1)(n+2)(n+3) 
. 6 - 


DEFINITION 7.2 The middle term(s) in the expansion of (x +a)" is defined to be the term T/,,,),, ifm is even and 
the terms 7/,,,,,. and 7,5). ifm is odd. 


Note that, ifm is even then the expansion of (x+a)" contains n + 1 terms and there are equal number of terms before 
and after the term 7,,,.),,. If m is odd, then the expansion of (x +a)" has even (n+1) number of terms and there are 
exactly ( — 1)/2 terms each before 7/,,,,),. and after 7/,,,;)/.. The total number of terms is 


Lane, 0 eka ere 
2 2 


Examples 


1. The middle term in the expansion of (3x+4a)'® is Tinea l= C28) “(Clay SC. see 


T)1612)11 = Ly which is given b 
(16/2)+1 ; 9 ie 8g . is on aiid Taryn = Ty = 'Co(2x)' (3a) = "C, 25-8 ax? 
C2)? ay a "C. 3x 


2. There are two middle terms in the expansions of 
(2x —3a)''. These are 


DEFINITION 7.3 _ The binomial expansion of (1+ x)" is 
"Cyt "Cx + "Cx? te "CO, xh $ "Cx" 


This is called the standard binomial expansion and the coefficients in this are called the 
binomial coefficients. That is, "C,,"C,,"C,,...,"C,,...,"C,_,,"C, are called the binomial coef- 
ficients. These are simply denoted by C,, C,,...,C,,...,C,4,C 


posse nt 


Note that C, alone has no meaning, unless we specify n also. If we say that C,,C,,...,C, are the binomial coefficients 
means that these are "C,,"C,,...,"C,, respectively. In the following we prove certain important properties of the bino- 
mial coefficients. 


n? 


THEOREM 7.2} Let C,,C,,C,,...,C, be the binomial efficients. Then the following hold good. 
1. C,=C,_, forallO<rs<n 
2. C+ C,+C, +:--+C, =2” 
3. C,+C,+C, +--=C,+C,+C,+---=2"". That is, 


¥G=3 C=2" 


reven rodd 


4. C,+2-C,+3-C,4+---+(n41)-C, =(n4+2)2"7 
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Proor)| Note that 


n!} 
EC." 
" " (n-r)!r! 


foreachO<rsn 
1. It is trivial. 
2. We have the standard binomial expansion 
(14+ x)"="Cy + "Cyxt "Cx? tet "Cx "Cx" 
By substituting 1 for x, we get that 
2"= "C, + "C, + "C, $24 "CC, + "C, 
=OQ,4+C 40, 4+--4+C,_,4+C, 
3. By substituting —1 for x in the standard binomial expansion, we get that 
0=C,-C,+C, ----+(-1)’-C, +--+ (-1)"-C, 
Therefore 
C, -C,+C, -C,+C,----=0 
C,+C,+C,+---=C,+C,+C,+--- 
and by part (1), each of these is 2/2 = 2". 
4. Consider 
S=C,+2-C,+3-C,+---+(n+1)-C, (7.1) 
Writing the terms in the reverse order, we get that 
S=(n+1)-C,4+n-C,_,4:°+3:C,4+2-C,+C, 
Since C, =C,,_, for each 0S r<n, we get 
S=(n+1)-C)tn-C,+--+3-C,,4+2-C,,+C, 
Adding this to Eq. (7.1), we get that 
2S =(n+2)-C,+(n+2)-C, +--+ (n+2)-C, 
=(n+2)(C, + C, +--+ C,) 
=(n+2)2" 
Therefore S =(n+2)2”"!. That is, 
C, + 2C, + 3C, +--+ (n+1)C, =(n+2)2""! | 


THEOREM 7.3} Let C,, C,, G,,..., C, be the binomial coefficients. Then the following hold good. 
1. For any real numbers a and d, 


a-Cyt+(a+d)-C,+(a+2d)-C,+---+ (a+nd)-C,=(2a+nd)-2" 


n 


3. Yr(r-1C, =n(n-1)-2"? 


4. 3 7-C, =n(n+1)-2"% 
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Proor| 1. Put S=a-C,+(a+d)-C,+(a+2d)-C,+---+(a+nd)-C,. Writing the terms in the reverse 
order and using C,=C,,_,, we have 


S=(a+nd)-C,+[a+(n-1)d]-C,+---+ (a+d)-C,,+a-C, 
Adding two equations, we get 
2S =(2at+nd)-C, +(2at+nd)-C, +---+(2a+nd)-C, 


Therefore 
1 1 f 
S= 5 2atndy(C, +C,+--+C,)= 5 atnd)2 


Thus S =(2a+nd)2"". 
2. Substituting 0 for a and 1 for d in part (1), we get 
0-C,+1-C,+2-C, +---+2-C, =(04+n-1)2""! 


Therefore 


In the following solution, differentiation is used which we discuss in Vol. III. 


3. Consider (1+ x)’ =C,+C,-x+C,-x° +-+C, ,x"'+C,x". On differentiating both sides with 
respect to x, we get 


n(1+x)"'=C,+C,-2x+C,-3x +--4+C,-nx"™ 
Again on differentiating we get that 
n(n—-1)\(1+x)"'=2-C,+3-2-Cyx+4-3-C, +--+ n(n-1)-C,x"" 
Substituting 1 for x in the above, we get that 
n(n—1)2"* =2-1-C, +3-2-C, +--+ n(n-1C, 
Thus 


n 


Yir(r-NC, =n(n-1)2"? 


r=1 


4. We have 


vP -C, =S(r(r- 1)+r)-C, 
r=1 r=1 
= x(r- )-C4¥rG 
r=1 r=1 


=> 70 -1)-C, +> r-C, 

r=2 r=1 
=n(n-1)-2"?+n-2"" 
= (n(n —1)+ 2n)2"”? 


=n(n+1)2"? | 


7.1 | Binomial Theorem for Positive Integral Index 


Next, we will discuss about numerically greatest term among the (7 +1) terms in the expansion of (1+ x)". Before 
this, let us recall that, for any real number x, [x] denotes the largest integer less than or equal to x and that [x] is called 
the integral part of x. Also, x — [x] is called the fractional part of x and is denoted by {x}. Note that x =[x]+{x}, [x]eZ 
and 0 <{x}<1. 


DEFINITION 7.4 _ In the binomial expansion of (1+ x)’, a term T, is called numerically greatest if \T;| <|T,| for all 
1<i<n+l1. 


THEorEM 7.4} Let.x bea non-zero real number, 7 a positive integer and m the integral part of (1 + 1)|x|/(1+|x]). 
1. If m<(n+1)|x|/+|x|)<m+1, then T,,, is the numerically greatest term in the binomial 

expansion of (1+ x)". 
2. If m=[(n+1)|x|](1+|x]), then 7, and 7,,,, are the numerically greatest terms in the binomial 

expansion of (1+ x)’. 


ProoF| Let7,,7%,..., 7,,, be all the terms in the binomial expansion of (1+ x)". Then 


T,,="C.x forallO<r<n 


r+1 


Since x #0, 7,,, is a non-zero real number for each r. Now, consider 


| ee Or SELLE yar tI)! 
T, 7 "Cae ~ (n=r)!r! nix! 
—r+l1 
ces A 
r 
Therefore 
T..,| (n-r+1) 
se ee 72 
T, Ix| (7.2) 
Now 
n-rt+1 
IT al2ihle S—* 9 121 
ntl _jyt 
r |x| 
nt+1_1+|x| 
r |x| 
1 1+|x| 
r (n+1)|x| 
es < t+ Dla 
1+|x| 


Therefore, for any integer r with 1<r<n+1,we have 


ITl2IZlers (n+ Dial _ an (7.3) 
1+|x| 
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Also, by Eq. (7.1) again 
i (n+1)|x| 


T.\=|IT| © 74 

| | | ‘| 1+|x| ( ) 

and Palit] @ r2@20e (755) 
1+|x| 


Now, we shall distinguish two cases. First note that since m is the integral part of (n+ 1)|x|/(1+|x]), 
we have 


< ee <mt+1 
1. Suppose that m<[(n + 1) |x|]/(1+|x|) <m-+1. From Eqs. (7.3)-(7.5), we have 
IT <|Z]<--<|F,1< [Dal amd [Zyl > |Znval +> [Taal 
Thus 
[Til>|Z,| for alli#m+1 


and therefore 7;,,, is the numerically greatest term. 
2. Suppose that m =[(n + 1) |x|]/(1 +|x]|). From Eq. (7.4), we have 
[Tail = [Tul 
Again, by Eqs. (7.3) and (7.5), we get 
[il< les T= lal > Eaol >> Taal 


Thus, 7,, and T.,,, are the numerically greatest terms in the binomial expansion of (1+ x)". © 


CoroLtary 7.3 For any non-zero real numbers a and x, if T,, is numerically greatest term in[1+(x/a)]", then a"T,, 


is numerically greatest term in (a+ x)". 


1. If [(1 + 1) |x|]/. +|x]) is not an integer, and m is the in (1+ x)". In this case note that |7,,|=|T7,,,,| and that 
integral part of [(m + 1) |x|]/(1+]|x|), then T,,,, is the T,, may not be equal to T,,,, and we can only infer 
numerically greatest term in (1+ x)’. letting — teller 


2. If [(n + 1) |x]]/(1 +|x]) is an integer and is equal to m, 
then 7), and 7),,, are both numerically greatest terms 


Example | 


Find the numerically greatest term(s) in the binomial and the integral part of this is 3. Therefore, by part (1) 

expansion of (1—2.x)'* for x = 1/5. of Theorem 7.4, T, is the numerically greatest term in 
(1+.X)” and 

Solution: Put X =~-2/5 and consider (1+ X)'*. We have 


1207-2) >) 
(12+1)|X|_ 13-(2/5) _ 26 ee ere (=) = 220( 2) 
1+|X| — -14+(2/5) 7 


7.2 | Binomial Theorem for Rational Index 


Example Rea 


Find the numerically greatest term in the binomial 
expansion of (2x—3y) when x = 1/4 and y=1/6. 


Solution: We have 


(2x —3y)"® =(2x)” (1- 2 


Put X =-3y/2x and consider 


(19+1)|X|_ 20|-1| a4 
14+|X| 1+ |-1| 


which is an integer. By part (2) of Theorem 7.4, 7, and 
T,, are the numerically greatest terms in the binomial 


THEOREM 7.5} 1. Ifnis even, then ’C,,, is the greatest among the binomial coefficients "C,, "C,,"C,,...,"C,. 


2. If nis odd, then "C,,,_ = "Ciro are the greatest among "C,,"C,,"C,,...,"C,. 


PROOF 


This follows from Theorem 7.4 by taking x = 1 and from the part that T, ="C 


expansion of (1+ X)" and of (2x—3y)””. These terms are 
given by 


Dy aly 1 
Ty= "Cy(23)"-3y)=-"G,[2- (3 )- "C5: 


1Y 1° 
and T,,= "C,)(2x)' (-3y)" = "C9(2- 7 (3 ; | 


Note that, in this case T,, =—T,,. 


n 


m-1* 


7.2 | Binomial Theorem for Rational Index 


In the earlier section, we have proved that, for any positive integer n and for any real number x, 


(L4+ x)" ="Cy + "Cx! + "Cx? 42+ "Cx" 


This also can be expressed as 


n(n—V(n=2)(n=r+), 


(1+x)" =1+ > 
r=1 


(Di tiuny 


For r>n, the coefficient of x’ becomes zero and the above is an expression of n+1 terms only. However, for a 
negative integer vn or for a fraction (rational number) n, we have a similar formula consisting of infinitely many terms, 
provided |x|<1.The proof of this is beyond the scope of this book and we state the following without proof and derive 


certain useful consequences. 


THEOREM 7.6} Letx be areal number such that -1< x <1. Then for any rational number m, 


(l+x)" =1 ay 
r=1 


m(m-1)---(m=r +1) v 
123-7 


Coro.tary 7.4) Letn bea positive integer and x a real number such that —1< x <1.Then 


1, +x)" => (ly oC. 


r=0 


co 


2. aa =) PC 


r=0 
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Proor| From Theorem 7.6, we get that 


tg nntl) 2 n(nt Y(n+2) feet (LY n(n+1)--(n+r—1) 7 
1 1-2 1-2-3 1-2-3-7 


=1 


r 


(n+r—-l)(n+r—2)---(n+1)n 
1-2-3-67 


=14+ 5 (-1y 


= ¥ (-1) aia Ole of 
r=0 
Also, by replacing x with —x in the above, we have 
(1 = xy ms pS (-1)" ' oa On (—x)’ 
r=0 


= —1 
= by (n+r Cx" 
r=0 B 


Coro.ttary 7.5} Let mand zn be positive integers and x a number such that —1< x < 1.Then we have the following. 


L aonrmane Recta af eine) 


er ee 


3. (+xym" a1 m2, minen/2) eekly nea eee a 


a asym ne BE Metz) mrt nen e—Dnl( 2) 


ProoF| Here we will prove part (1) only. Parts (2), (3) and (4) can be similarly proved. From Theorem 7.6, 


(m/n)[(m/n) —1]---[(m/n) —r +1] . 


r 


(1+ xy""=1+ dS 
r=1 


LOeacy 
fa. (mIn) , (m/n)[(m/n) — 1] ca (m/n)[(m/n) — 1][(m/n) - 2] re 
1 1-2 1-2-3 
__ (enln){ (nin) —1[nin) (r=) 
1.2.3.7 
—,,mx  mm—n)(x ”  m(m-—n)(m—2n) (x) 
lg ng (-) ¥ ee (-) — 


7 m(m=—n)--(m=(r- (=) a. 


1-2---n n @ 


a Try it out Solve parts (2)-(4) of Corollary 7.4. 


7.2 | Binomial Theorem for Rational Index 


For any real number x with —1< x <1, we have the following: 
1. (1+ x)'=1-x 4-4-4 (NJ xt 

2. (1a xytH1t xt vege txt 

3. (L+x)°=1-2x 43x - 40° 4 + (1) (r+ Dx + 


4, (1—x)°=142x43x° 44x? 4+---4(r4 1x +> 


5. (1+x)y°=1 Ope oe SOS eee, jy eee 
ia i038 ogee 
=i aye ae er ys ee 
jlo® 1.2 1-2 
6. Genie Slee syp eg pe Ce 
ilo® ile® 1-2 


In the following examples we will use the fact that the general term in the expansion of (1+ x)” is given by 


m(m+1)--(mt+r-I), 


T= ( ly 1-2-3047 


This is the (r + 1)th term in the expansion of (1+ x)” for r > 0 and first term is always 1. 


Example eed 


Obtain the fifth term of [1 + (x/3)]”*. ,8(8+1)--[8+(4-D] (xy 
a a a 


_ 8-9-10-11 x* _H0 
1-2-3-4 3* 27 


Example EzZa 


Solution: The fifth term is given by 


Obtain the sixth term in the expansion of [1 — (x7 /4)}"‘. Solution: The sixth term is given by 
4-5-6-7--[44(5-D] (x2) 
Ty a Ts, = 
1:23-4:25 4 


AeS S657 2 oT ag 


"(2.3456 4° 


Example EAS 


Obtain the fifth term in the expansion of [6+ (Sy/11)]”. The fifth term in the expansion is given by 


6(6 -5)(6 -2-5)(6 (2) 


lution: The gi i b itt L=T .=¢" 
Solution e given expression can be written as a La i344 66 


Sy 6/5 Sy 6/5 
4 
1:2-:3-4 \66 
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Example AM 


Obtain the 10th term in the expansion of (3- 4x)”. The 10th term in the expansion is given by 
9 
Solution: We can write the given expression as T= T= (-1) 2(2 — 3)(2 —2-3)--- (2-8-3) (4x) 33 
10 9+1 1 A 2 na 9 3 
4 2/3 
(3-4xy? -#°(1-:] 7 ee ae 
1-39 3 


Example EAA 


Obtain the values of x for which the binomial expansion _—_‘ Therefore, the binomial expansion of (3 — 4x)” is valid 


of (3- 4x)" is valid. if and only if that of [1—(4x/3)]” is valid and this is 
valid if -1<4x/3 <1. That is 
Solution: The given expression can be written as 3 
ne yee | or |x|<— 
(3-4x)7=37 (1 . =) 
3 
Example Bz 
Find the sum of the infinite series < oe = r 
SEs m(m + n)---(m+(r—1)n) (2) 
1 1:3 1-3-5 -l 1-2-7 n 
+ ++: 


+ ss — 
3 3-6 3-6-9 
where m=1,n=2, x =2/3. Substituting these values we 


Solution: This sum can be written as Bet 
-1/2 
gage ee =r PSD a s-(1- =| [by part (4) of Corollary 7.4] 
13 1-:2\3 1-:2-3\3 
= 
Example Rea 
Find the coefficient of x* in (1— 4x)”. Therefore x* appears in T, only and hence 
4 4 
Solution: The general term in the expansion of (1 - i= oe “(= = = 7 ze 
4x)” is 1-2-3-4 \5 5 
r The coefficient of x* in the expansion of (1 — 4x)~ is 
3 ; ae - 
T= (3+5)(34+2-5)+--+(3+(r 72(%) (13-18 -256)/625, 
(Scag 5 
Example Era 
Using the binomial theorem for rational index, find the 1 1. (a/5)[(1/5)-1]f 1 Y 
approximate value of (242)"° correct to 4 decimals. =3 5 243 12 743} 


Solution: Consider 


sft —~ 1 (0.00243) - $(0.00248)- 
(242)'" = (243 as 1 5 25 


=(243)"" (1 = aa) snc = = (4) 03 


Worked-Out Problems 


= 2.998541 
=3- = (0.00243) = 5. (0.00243) . 


=2.9985 (corrected to 4 decimals) 
= 3 -— 0.001458 — 0.000001417176 
(by neglecting other terms) 


Note that when we are required to find an approximation of an expression correct to K decimal places, we choose r, 
the number of terms to be taken in consideration, such that the magnitude of the rth term is less than 1/10*** so that 
its decimal representation has atleast K + 2 zeros immediately after the decimal. 


Example EA 


Find the approximate value of ./4 + 3x/(3- 2x), when 2 3 4 
|x| is so small that x° and higher powers of x can be “9 1+ ox] l+ox 
neglected. 

2 


Solution: The given expression can be written as 9 


1/2 
J4¥3x _ 2[1+(3x/4)] _ (1 " =*] 


(3-2xf 91 - (2x/3)f 24 
=2(1+¥) (1 2x)" 7, Al ya ht ale 
=9 4 3 9 108 108 


“5(y a ()) 


(by neglecting x* and the higher powers of x) 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. If the sum of the fifth and sixth terms is zero in the (A) a=2b (B) b=2a 
binomial expansion of (a — b)",n <5, then the value (C) a=3b (D) b= 3a 
of a/b is 


Solution: x" occurs in the (n + 1)th term of (1 + x)” or 


(A) (n-4)/I5_ (B)S(n—4) (C)5 (D) 1/5 (1 + x)". Therefore 


Solution: Ifn<5,then the fifth and sixth terms exist in 


! —1)! 
the binomial expansion of (a — b)" only when n =5, then n=" C= ey: and b=""%C = eed 
in (a—b)’, nin! (n—1)!n! 
Fifth term = °C,a°*(—b)* = Sab* Hence 
Sixth term = °C,a’°(—by =-b 
eet) ee or a=2b 
If the sum of fifth and sixth terms is zero, then n 
5ab'— b’=0 Answer: (A) 
Gopi aie 3. If in the expansion of (1+ x)”"(1— x)’, the coefficients 
of x and x are 3 and -6, respectively, then m and n are 
ail respectively 
b 5 (A) 12,9 (B) 13,9 (C) 9,13 (D) 9,12 
Answer: (D) — Solution: We have 
2. If aand b are the coefficients of x" in the expansions (1+ x)"(1—x)’ =(1+ mC,x + mC,x'+--) 


2n 2n-1 F 
of (1+ x)" and (1+ xy", respectively, then Mini ves Pind 


Chapter 7 | Binomial Theorem 


Therefore coefficient of x is given by 
"C,-"C.=m-n=3 (7.6) 
Now coefficient of x’ is 
mC, + nC, — mC, -nC, =-6 
m(m— 1) +n(n-1)-2mn =-12 
(m—ny —(m+n)=-12 (7.7) 
9-(m+n)=-12 
m+n=21 
Solving Eqs. (7.6) and (7.7), we get m=12, n=9. 
Answer: (A) 


4. In the expansion of (1 + x)”, if the coefficients of 
(r—1)th and (27+ 3)rd terms are equal, then ris equal to 


(A)4 (B) 6 (C)5 (D)7 
Solution: The coefficients of (r — 1)th and (2r + 3)rd 
terms are 


_ 15 r-2 _ 15 2r+2 
T= C,.* and T,,,3= "Cy,..* 


r 


Since it is given that they are equal, we have 


15 _ 15 
C2= "Gras 


i 


r-2#42r+2 
=> (r—-2)+(2r+2)=15 


>r=5 
Answer: (C) 


5. Let a be the coefficient of x'° in the expansion of 
(1—.x’)'° and b the term independent of x in the 
expansion [x — (2/x)]'°. Then a : b is equal to 
(A)1:12 (B)1:22. (C)6:1.~—(D) 1:32 

Solution: We have x'°= (x). The coefficient of x'’ is '°C,. 


Independent term in the expansion [x — (2/x)]"° is —2°-"C,. 
Therefore 


a:b=1:2=1:32 
Answer: (D) 


6. The value of the term independent of x in the expan- 
sion of 


10 
x+1 x-1 
ie —Yxt+1 x-vx 

is 
(A) 110 (B) 90 (C) 210 (D) 200 
Solution: Put </x = y and x =z so that 


x+1 


and 


Therefore 
T= ie qr ne aiy ager 
Yi rf 
T,,, is independent of x implies 


10 - 
ae, 
3 2 


Hence 
20-5r=0 or r=4 
Therefore independent term value is 
"C,(-1*= 210 
Answer: (C) 


7. The coefficient of x°° in the expression (1+ x)'°"+ 


Qx(1 + x)? + 3x7 (14 x7 +--+ + (1001)x"™ is 
ime, Cs OMe OG 
Solution: Let 
s=(1+ xs + 2x(1 + xy +3x° (14+ x) +--+ (1001)x™ 
The terms of the given sum follow arithmetic geometric 
progression with first factors of the terms as 1, 2, 3, ..., 


and second factors are in GP with common ratio 
r=x/(1+ x). Therefore 


eS (1+ xy {1 —[x/(1+ x)]"} 
1-[x/(1+ x)] 


msi ) |- canon 


(1001)x'" 


1l+x 


= (1+ x)! — (1+ x)x!"— (1001)x!" 
— (1 f xr (1002)x''— x 002 


Therefore the coefficient of x” in the expression = coef- 
ficient of x” in the expansion of (1+ x)!” which is equal 
to O2)C 

50° 


Answer: (C) 


8. Let n be a positive integer and 


nt+4 


(+x Y(1+x)"= > Gen 
K=0 


If a,,a, and a, are in AP, then the number of values of n is 
(A)2 (B)3 (C)4 (D) 5 


Solution: We have 


n+4 
DY agx® = (1+ 2x74 x*)[1+ nCx +n x +--+ x"] 


K=0 


On the LHS, a,, a, and a, are respectively the coefficients 
of x,x° and x°. Therefore equating the coefficients of x, x” 
and x° on both the sides we get 


Q="C; a|=24+"C,; a=2-"C+"C, 


From these we have 


a + a; = 24, 
"C,+2-"C,+"C, =2(2+"C,) 
np ION) <4 n(n) 
n—9n°+ 26n-24=0 
(n —2)(n— 3)(n-4)=0 
n=2,3,4 

Answer: (B) 
9. Let n be a positive integer. If the coefficients of 


second, third and fourth terms in the expansion of 
(1+ x)’ are in AP, then the value of 7 is 


(A) 2 (B) 5 (C) 6 (D)7 


Solution: By hypothesis "C,,"C, and "C, are in AP. 


Therefore 


Orcs G 


n+ ne Man ze =n(n-1) 


6+n—3n+2=6n-6 
nm-9n+14=0 
(n-2)(n-—7)=0 


Since, there are more than three terms in the expansion, 
the value of n must be 7 


Answer: (D) 


10. For x >1,if the third term in the expansion of [(1/x) + 
x'*P is 1000, then the value of x is 
(A) 10 (B) 100 (C) 5V2 


Put log,, x = y. Therefore 


(D) 50 


Solution: 


1 ; 2 
(= + ee) =(10°+10" 
Xx 


The third term is given by 
°C,10°".10" = 1000 
107-10?” = 100 = 10° 


Worked-Out Problems 


2y-3y-2=0 
(y-2)2y+1)=0 
y=2 or -l 


For these values of y we have 


x=10° or x=10' 


Since it is given that x >1, x =10°. 
Answer: (B) 


11. The coefficient of x* in the expansion of [(x/2) - 
(3/x*)]"° is 


405 504 

A By 

(A) 256 *) 259 

450 400 

Cc) — D) — 

©) 263 _ 263 
Solution: The (r+ 1)th term is given by 


10-r 7 
-3 
r+1 r 2 x 


1 
giver 


_ a ee (-3y xl-3r 


Therefore 
10-3r=4>r=2 


Hence coefficient of x* is 


3 _ 2110 9 — 405 
2 2 256 256 
Answer: (A) 


12. The expression (x +./x°— 1)? + (x-,/x°- 1)’ is a poly- 


nomial of degree: 


is One 


(A) 5 (B) 6 
(C)7 (D) 8 
Solution: We know that 


(a+ by +(a—by=2[°Cya+ °C,a°b’+ °C,ab*] 
= 2(a + 10a°b’ + Sab’) 
= 2[x°+ 10x°(x°- 1) + 5x(x°-1)] 


where x = a and b = ,/x°— 1. Therefore the given expres- 
sion is a polynomial of degree 7 


Answer: (C) 


13. The coefficient of * in (1+f)7?(1+1r7)(1+ 2") is 
(A) °C, +3 (B) °C, +1 
(C) °C, (D) °C,+2 
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Solution: We have 
(1+ P)P14 0? )1+ ) a4)? 04 P+ 4 7°] 
=[1+ ’C,r+ PC (PY t+ 07] 
x (14+ 77+ ¢*+1°°) 


Therefore the coefficient of ¢* is 1+’C,+1="C,+ 2 


Answer: (D) 
14. The sum of the rational terms in the expansion of 
(V2 + ay) is 
(A) 31 (B) 41 (C) 51 (D) 61 


Solution: The general term is given by 
ie = 0c gular) 23112 
r+1— r 


This is rational, if 10 — ris even and r is a multiple of 5. 


10-r 


r=5> is not an integer 


r=10=10—r=0 and ran 


10-r _ 


r=0> 5 


Therefore the sum of the rational terms is 
C2 + PCy 3 =324+9=41 
Answer: (B) 

15. The sum of the coefficients of the polynomial 

(1+ x-3x’))* is 

(A) 0 (B) 2" (C)1 (D) -1 
Solution: If 

f(x) =x" + ax" + ax"? +e +4, 
then the sum of the coefficients is 
a +a,+a,+--+4,= f (I) 


Now let f(x) =(1+ x — 3x°)'®. Therefore the sum of the 
coefficients is 


FQ) =(Ays= 1 
Answer: (D) 


16. The coefficient of x” in the expansion of (x + 1) 
(x + 2)(x + 3) «++ (x +99) (x + 100) is 


(A) 5050 = (B) 5500 += (C)5005.~— (D) 5000 
Solution: We have 
(x+a)(x + B)=x°+(a+ B)x+ a8 
(x+a)(x+ B\(xt+y)=x+(at+ B+y)x 
+ (a8 + By + yo.)x + oBy 


By mathematical induction, we can show that the 
coefficient of x"! in the expansion of (x + a,)(x + @) 
(x + 04) ++ (x + &,) is O,+ O, + --- +a. Therefore the 
coefficient of x” in the given expansion is 


142434--4100=-V 7" — 5050 


Answer: (A) 
17. Let T, denote the rth term in the expansion of 
[2*+ (1/4")]". If the ratio 7,:7,=7:1 and sum of the 


coefficients of second and third terms is 36, then x 
value is 


A> OF OF OF 


Solution: It is given that 


This implies 


a4 (7.8) 


Also 
"C,+"C, = 36 
n+n-—72=0 
(n+ 9)(n—-8)=0 
n=8 
Putting the value n = 8 in Eq. (7.8), we have 
7 


aan Od = 7 
2 
Vas) 
Therefore 
-1 
x= — 
3 
Answer: (D) 
18. If the sixth term in the expansion of 
- 
plosv9o"T +7 + 1 
QUIS) logy (3°! +1) 
is 84, then the sum of the values of x is 
(A) 3 (B) 4 (C)9 (D) 16 


Solution: By hypothesis 


"(I+ Ty [=r = 84 


Therefore 
Ze) 
seiei 
3 +1 
Substituting y = 3°" we get 
y+7=4y+4 
y—4y+3=0 
This gives y=1,3 which implies that 3°' = 1 or 3°' =3. 
Therefore x = 1, 2. The sum of the values =1+2=3. 


Answer: (A) 
19. The integral part of (/2 + 1)° is 
(A) 298 (B) 297 (C) 198 (D) 197 
Solution: We have 
(V2 + 1)°+ (V2 — 1)°= 2[(V2)°+ 15(V2)*+ 15(V2) + 1] 
=198 


Now 0< ¥2 —1<1 implies 197 < (V2 +1)°< 198. There- 
fore the integral part of (J2 + 1)°=197. 


Answer: (D) 


20. The last term in (2'°+2""”)' is (3°). Then, the 
value of the fifth term is 


(A) 110 (B) 210 (C) 310 (D) 220 
Solution: We are given that 
Qrnl2 _ 3°5/3-B:logs 2) _ 9-5 
Therefore, n = 10. The fifth term is 
-8-9-10 
10 C,: 2") i= 7 9 = 210 
24 
Answer: (B) 


21. Let (1-x+x)"=Qtaxtaxrt+--+a,x". Ifa, a, 
a, ..., 4, are in AP, then a, equals 


(A)2n+1 (B)—— (©)2n-1 


1 
D) ——— 
2n+1 ( Tne 


1 


Solution: We have 
2n+1 
1l=a+a,t yt + Bag = — (Gt A,) 


Therefore 


+ — 
le ae ee | 


dy + (a) + 2nd) = 


2n+1 
(where d is the common difference) 


dy + nd = 


2n+1 


Worked-Out Problems 


Hence 


a,=(n+1)th term =a,+ nd = 
,=(n+1) a ae 


Answer: (B) 


22. If a,, a,, a,, and a, are the coefficients of any four 
consecutive terms in the expansion of (1+ x)’, then 


a a 
Gath ata ata 
are in 
(A) AP (B) GP (C) HP (D) AGP 
Solution: Let a,, a,, a;, a, be the coefficients of rth, 


(r + 1)th, (r+ 2)th and (7 + 3)th terms, respectively. 


Then 
a="C,_,, a= "Cy a,="C,.35 un = "as 
We know that 
"Cy, n-K+1 
i Or K 
Therefore 
a _n r+1 142 n+1 
a, r a, r 
a, n-r a _on+r 
a r+ a r+ 
a, _ n—-r-1 a, _ n+l 
a, r+2 a, r+2 
and hence 


oa ,% _? ,t2_, r+1 _9| % 
ata ata, n+l n+l n+1 at a, 


This gives that the following are in AP: 


q, 4, a 
Ata ata, ata 


Answer: (A) 


23. If the middle term in the expansion of (1+ x)” is 
K(2"/n!)x", then K is equal to 


(A) (2n)! (B) 1-3-5---(2n— 1) 
(C) (2n-1)! (D) 502n —1)! 
Solution: Since there are 2n+1 terms in the expan- 


sion, the (n+ 1)th term will be the middle term. Therefore 
the middle term is given by 


(2n) Cx = oe x" 
nen: 


nin! 


n 
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_ [1-3-5-+-(Qn—D][2-4-6---(2n)]x" 
7 n!n! 
_ [1-3-5--- (2n— 1)]2"(n!)x” 
nin! 
Therefore K =1-3-5---(2n—-1). 
Answer: (B) 


24. The coefficient of x* 
y 2 ; ie. (x- ae OK 
(=e, “(By Ca MO) 

We have 


in the expansion of 
=C (D) =O 


Solution: 
100 
e3 ae (x = aye LOK — G _ 3 fs ay= (1 _ xy” 
K=0 

Therefore coefficient of x*=-'C,,. 


Answer: (A) 


25. The coefficient of x’ in the expansion of (x + 3)"~'+ 


(x+3)"-7(x+2)+(x+3)" A(x +2) +--+ (4 +2)" Lis 


(A) "C,(3""- a") (B) ore (3771 i, 
(C)"C.u8-2) (D) "C,G""+2"") 
Solution: The terms of the given sum follow GP with 


first term (x + 3)"' and common ratio (x + 2)/(x + 3). 
Therefore the given sum is 


G3 lee +9 
—[(x + 2)/(x + 3)] 


=(x + 3)"-(x +2)" 


Therefore the coefficient of x” of the given sum is 
"C,_,3 —-"C,_,2° ="C, 3" - 2°") (@ "C="C_,) 
Answer: (A) 
26. The coefficient of x* in the expansion of (1+x+x°+.x°)*is 
(A) 30 (B) 31 (C) 32 (D) 36 
Solution: We have 
(ltxtxtxy=(1+ x (1+x) 
= (1+ 4x + 6x7 + 4x°+ x*) 
(14+ 4x°+ 6x*+ 4x°+ x*) 
Therefore the coefficient of x*=6 x 4+1x6+1=31. 
Answer: (B) 


27. If(1+x+2x°)"=a,+axta,x+-: 
value of a)+ a+ a,+--++ dg 1S 


(A) 272-1) (B) 2°(2°+1) 
(C) 2°? 2° (D) Oo? 4. 219 


+ dX”, then the 


Solution: In the given identity, substituting x = 1 and 
x =-1 both sides and adding 


2(a)+ a+ a,+++++ Ag) = 2+ 2” 
Therefore 
Ay+ A, + A+++ Ay=2? +2” (7.9) 


But a, is the coefficient of x*° which is 2”. Therefore 
from Eq. (7.9), we get 


A+ A+ A+++ + Ayg= 2? + 2° — 2% = 2-2” 


Answer: (C) 
28. The sum 
= ; 1 3 5 7 
-1y "C + + + +---uptomterms 
2 ) r E our Das er p 
is equal to 
Pee = 1 Qn 1 
(A) Soar mn nM (3) ea m I 
27" (2" — 1) 2” (2"- 1) 
gain 1 Qn 1 
(C) a aoa ae mn 1 (2) Sa mn nh 
2" (2"— 1) 2" (2"—1) 
Solution: We have 


Score [)-(-3)-(3) 


orre(g-dore(J-(1-3) 


( 1 ) 
4 
and so on. Therefore the given sum is 


1 n 1 n 1 n 1 n 
+ + + +---uptomterms 
2 4 8 16 
1 n 1 n 1 2n il 3n 
=|—]}1+);-—]4+]—] +] -—] +---uptomterms 
2 2 2 2 


_11-(1/2")m__ 2-1 


“?s 1-0) 2 Or1) 
Answer: (D) 
29. Let p and q be positive integers. Let 
! 
—/ —.. -whea p2q 
’C,=4 P!(p- 4)! 
0 when p<q 
Then the sum ))" (°C, x C,,_,) ismaximum when 
. r=0 
mis 
(A) 5 (B) 10 (C) 15 (D) 20 


Solution: We have 


(4ay"=CeCa4+ Cx tC, x" (whee ="C) 
(1+ xP=C,+ Cx+C,7+---+ Cyx” (where C,=%C,) 


Therefore 


Y(PC,x"C,,_,) = coefficient of x" in the expansion of 
r=0 


(1+ x)°(1+ x)= coefficient of x” in (1+ x)°="C 


m 


Multiple Correct Choice Type Questions 


1. If the third term in the expansion of (x + x") is 


10,00,000, then the value(s) of x may be 
(A) 10 (B) 10° (Cy 10" (D) 10°" 


Solution: Put log,, x = y. Therefore 


Cee yy a0 


10 
(3+ 2y)log,, x=5 
(3+2y)y=5 
2y+3y-5=0 
(y-D@y+5)=0 
This gives 
y=l1 or y= 


Therefore x =10 or 10°”. 
Answers: (A), (D) 


2. If (1+ ax)'=14+ 8x + 24x°+-, then 
(A) a=3 (B) n=4 (C) a=2 
We have 


(D) n=5 
Solution: 
(1+ ax)’=1+"C, (ax) +"C,(axy+- 
Therefore 
("C,)a=8 > an=8 
("C, a = 24 = n(n -1)a’= 48 


Now, 48 = n(n — 1)a’= (an)(an — a) = 8(8 — a). 
Therefore 


8-a=6 
a=2 
a=2>n=4 


Hence the answer is a=2, n=4. 
Answers: (B) and (C) 


Worked-Out Problems 


It is known that "C, is maximum if r= n/2 when n is even. 
Therefore the given sum is maximum, if 
2 


15 


m 


Answer: (C) 


3. If the ninth term in the expansion of [3°®¥°*7 + 


= ca A 
ZUS)lo8s(" +) 1! is equal to 180 where x>1, then x 


value is 

(A) log, 3 +1 (B)log,15 (C)log,3+2 (D)log,, 15 
Solution: Puta= (as 47 = (RP UeT and b=(5*'+ 
1)'*. Therefore the ninth term is 

°C, B= 45(5°-) +. 7)(S*' + 1) "= 180 
Substituting y= 5°" in this we get 
y+7=4(y+1) 
y—4y+3=0 
y=l or 3 


Now 


y=1>5*'=1>x=1 (reject as x >1) 


yesS 5" =3S5= lee-15 
Answers: (A) and (B) 


4. Which of the following statements are true? 


(A) The digit at unit place in the number 17 + 11° — 
Tis, 


(B) (106)* — (85)'” is divisible by 7 

(C) The positive integer which is just greater than 
(1 +.0.0001)"°” is 2. 

(D) If (1+ 2x -3x° YOO sat ax tax tet Ay x”, 
then a+ 4+ d,+ d,+-++++ Gyo. is an even integer. 


Solution: 
(A) OED ee +4 11° _ Apia = (10 fe . aa + (10 ifs 2 ia = 7 ce = 
1+ (a multiple of 10) as 7°” and -7'"” cancelled with 


each other. Therefore the digit at the unit place is 1. 
Therefore (A) is true. 

(B) (106)* — (85)'° = (1 + 105)* — (1 + 84)'”. When bino- 
mially expanded 1, -1 will be cancelled and in the 


remaining terms, 105 and 84 occur and are divisible 
by 7. Therefore (B) is true. 
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(C) It is easy to see that 


1 1000 
1<(1+0.0001)°= (1 ny a] <2 


Therefore the integer just greater than [1 + (1/10*)]° 
is 2. Hence (C) is true. 


(D) Put x =1 and -1 and add. 
0+ (-4)P = at at a,+ A+++ + Ayr 


Therefore (D) is true. 
Answers: (A), (B), (C), (D) 


5. If(7+4V3)"=1+ f, where /is an integer and0<f<1, 
then 
(A) /is an even integer (B) /is an odd integer 


(QU+fyi-fJ=1 (D) f'-f+1=0 
Solution: By hypothesis (7 + 4V3)" = 1 + f, Let (7 - 
4/3)" = G, where 0 < G < 1. Therefore 

(I+ f)+ G=2[7"+ nC, 7"? (V3) + nC,7" 4 (V3) ++] 
When 0 < f+ G<2and/+/f+ Gisaninteger > f+ G=1. 
Therefore 

[=2 (some integer) — 1 is an odd number 
Hence (B) is true. Again 
(1+ f\- f)=(+ f)G= (7+ 4V3)'(7- 43)" 
= (49 — 48)"=1 
Therefore (C) is true. 
Answers: (B) and (C) 


6. If (6V6 +14y"*!= P, then 
(A) [P] isan eveninteger (B) PF =2°""' 
(Cc) Pr=2o” (D) [P] is an odd integer 


Note: [-] denotes integral part and F is the fractional 
part of P 


Solution: Let 
(6V6 +14Y"*! = P=I+F 
where J =[P] and F = P —[P]. Let 
(6V6 -14Y""'=G 
so that 0< G< 1. Now 
P-G=2(2n+1)C,(6V6y"(14) 


+ (2n + 1)C,(6V6y"*x (14) +++] 
= 2 (some positive integer) 


Therefore /+ F— Gis an integer and0< F<1,0<G<1l 
implies that F= G. 
Also [P] = / is an even integer and 


PF =(1+ F)F=(1+F)G 


= (6V6 afi (ay (6V6 = 14y"*!= (ope 
Answers: (A) and (C) 


7.16 (1 +xy"=CQ,+Cx+ Cr+ 
denotes "C,, then 

(A) CG -G - Cc, Cc 

x xt+1l «+2 


+ C,x", where C, 


n! 
~ x(x + (x + 2): (x +7) 


for all x 4-1, —2,-3,... 


(B) CG C, 3 Cy toot ( 1y C, _ 1 
1 2 3 4 n+1 n+l 
(C) CG C, 22 C, +-+(-1)" CG. 
2 3 + 5 n+2 
_ 1 
~ (nt+1)(n+2) 


(D) C)- C,+ C,- C, +--+ + (DC, =0 


Solution: We prove (A) by mathematical induction. 
For n=1, 
G & 1 1 1 1! 


x xt+1l x xt+1 x(xtl x(x41) 


Assume for n, that is 


Cc. C, r C, C, fe (A Cc. 
x+2 


x x41 x+3 x+n 


n! 
~ x(x + D(x t 2) (x tn) 


Change x to x + 1 on both sides 


G_ G,G C 


-+( Ly? n 
x+1 %x+2 .%x4+3 x+n+l1 


n! 
~ (xt (xt 2)--(xtnt]) 


On subtraction and using nC, + nC,_, = (n+ 1)C,, we have 


(n+ IC, (n+NC, ‘ (n+IC, (n+I)C, * 


x x+1 x+2 x+3 


(n + C1 


+ (-1)" 
i x+n+1 


n\[(x+tn+1)- x] 


x(x + 1)(x + 2)-+-(x+n41) 
_ (n+1)! 
x(x +1)(x +2) (x+n4+1) 


The result is also true for n + 1. Hence (A) is true. 

In (A), by substituting x = 1, 2 we see that (B) and (C) 

are true. 

In (1 +x)" expansion, putting x =-1 we get (D) is true. 
Answers: (A), (B), (C), (D) 


8. If (1+x)"=C,+Cx+Cx? +: 
"C,, then 
(A) a-C,+ (a+ d):C,+ (a+ 2d): C,+-+++ (at+nd):-C, 


+ C,x", where C,= 


=2"'(2a+nd) 
(B) 1-C,+2:C,+3-C,+---+ (n+ 1)-C,=2" (n+ I) 
(C) 1-C,+2-C,+3-C,+--+(n4+1)-C,=2""(2n +1) 


(D) & + 2.& Pe ee hese mele) 
Cc C, C, C4 2 
Solution: 
(A) Let 


s=a:C,+(a+d)-C,+(a+2d)-C,+---+(a+nd):C, 
Since C,=C,_, we have 
s=(a+nd)-C,+[a+(n—-1)d]-C,+---+a-C, 


By adding both the above equations we get 


2s =(2a+nd)[C,+ C,+---+ C,]=(2a+ nd)2" 
Therefore 
s=2"'(2a+nd) 
Therefore (A) is true. 
Putting a= 1=d, we get 
s=2"'(n+2) 
Therefore (B) and (C) are not true. 
(D) Let 
! - "r—1)! 
on Cn! (a-r+1)'l-1)! 
C_, (n-r)!r! n! 
Therefore 
n-r+l 
u,= r-—————— =n-r+1 


r 


n 


ode =S(n-r+1)= mr) 


r=1 — r=1 r=1 


Therefore (D) is true. 
Answers: (A) and (D) 


Worked-Out Problems 


9. Let C, be the binomial coefficient in the expansion of 
(1+ x)". Then 


(a) Se GG G, 2 


3 5 7 n+1 
C, aS ,& Qe: 
8) - 
ea 6 n+1 


(C) C,C,+ C,C,+C,C,4+--+C,,C,="C, 41 


(D) If s,=C,C, + C\C, + C,C, + - 
is, = 15/4, then n =2 or 4. 


-+C,,C, and if 


Sn 


Solution: 
(A) We have 
C,, n! = aac, . 1 
2rt¢1 (n—2r)\(2r)\(2r+ 1) en Gp Ly 
Therefore 
ye => (eC 1 
a + zi Core (n+) +1) 
— 1 —_[™")OC, +0C, +O, 4% | 
n+1 
_ u Qn) 
n+1 


n 


[see Theorem 7.2 part (3)] 


n+ 
Therefore (A) is true. 


1 
n+1 


(B) Ga 1 = aie OF 


Therefore 


3 G4 = 1 
2r n+1 


1 
(mC 4D +...) = ——(2”-] 
[ 2 ? n+1 ( ) 


Therefore (B) is true. 

(C) 1+ xy"=(14 x)'(1+ x)" 
=(Cyt+ Cx+---+C,x") 
x (Cox + Cx" 1+ Cx" 7 ++ +C,) 

Equating the coefficients of x"*' (or x"~') both sides, 
we get 

CC, + C,C,+ C,C,+-- + C,_,C,="C,41 
Therefore (C) is true. 


(D) In (C) above, replace n with n + 1.Then 
15 = Sn 7 


4 KY 


n 


(2n + 2)(2n + 1) 
n(n +2) 
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Solving we get 


n—6n+8=0 
(n-2)(n-4)=0 
n=2 or 4 


Hence (D) is true. 


Answers: (A), (B), (C), (D) 


10. For any positive integers m,n (with m <n). Let 


n n! 
("|= ne m!(n—m)! 


1(2)+(3}+(3}+-+2)-(3) 


Solution: 
(A) We have 


(a) Oa Cn Pe] 
+ + pet 

m m m m 

= Coefficient of x” in the expression 


(1+ x)'+(L4+x)y"'+ (14 xy"? +--+ (14+ x)” 


& "C_+ ae Ge ae IC + wasp aC 


a ("C+ a Oa | es [PC + NO ue +"C,,] 
= [Pc at Cenc. | + rn. +4 (mC + eee cI 
= [™2C_ at ven | 4! hein +4 aes Se Hit Se aC | 
— f (m3) (m+3) (m+4) 
= [ m Coat m C.J + [ e Cit = 5 | 
H — (n+) 
Finally goer, + or = Chas * 
Therefore (A) is true. 
(B) Let 


s=("Je2{) 43" eto men) 


Therefore 


. n+1 
First row sum = 
m 
n 
Second row sum = 


. n-1 
Third row sum = ( i etc. 


Hence 


n+1 n n-1 m+1 n+2 
s= + + feeet — 
m+1 m+1 m+1 m+1 m+2 
Therefore (B) is true. 
(D) In (A), take n = 10 and m = 2. So, (D) is true. 
Answers: (A), (B), (D) 
11. Let (1 +x)"=C,)+ Cx + Cx’ +--+ + Cx" where C, 
means "C,. Then 
(A) C+ C+ Cot 4+C = al 
(n!) 
(B) a-C, + (a+ d):Cy +(a+2d)-Co ++ 
(2n-1)! 
n\(n—-1)! 
(C) Sum of the products of C,,C,,C,,...,C, taken two 
at a time is equal to 2”~' — (2n — 1)!/[n!(n - 1)!] 
(D)C,+2-C,+3-C,t+ +++ (n-1)-C,=1+4 (n-2)2""! 


+(a+nd)-C. = 


Solution: 
(A) (1+ xy"=(14 x)"(1+ x)” 


=(Cy+ Cx +C,x°+--+C,x") 
X(Cyx"t+ Cx" 71 4--4C,) (2 C=C,,) 
Equating coefficient of x” on both sides 
"C= C+ CC, t+ Co +--+ 


Therefore (A) is true. 


(B) Let 
s=a-C +(atd)-C +(at2d)-C +--+ (atnd)-C 
and = s=(a+nd)-C, +[a+(n-1)d]-C; 
+[at+(n-2)d]-C) +--+a-C 
Therefore 
2s =(2at+nd)(C, +C) +C) +--+C) 
(2n)! 


(n(n!) 


s=(2a+ aj =a 


(n!)(n-1)! 


=(2a+nd) 


Hence (B) is true. 
(C) We have 


2). CC, =(Cy+ C+ C, +--+ C,) 


Osi<jsn 


—(Ch+ C) + Cl +--+ C) 


Matrix-Match Type Questions 
1. Match the items of Column I with those of Column II. 


Column I Column IT 


(A) The term independent of xinthe (p) "C,+'’C, 


expansion of (1 — x) [x + (1/x)]° 


is 
(B) The coefficient of a° in the (q) °C, 
expansion of (1 + a)° + 
(1+a)’+---+(1+a)” is 
(C) The coefficient of x* y'° in the (oe OP 


expansion of (x + y)'* is 


1 1 1 1 2" 


Vimo sig! Stet” Te 
Solution: 
(A) We have 
x4 Cx? (=) 
x 


1 10 

=x) (x42) =(1-2x+x’) 5 
x 

+*cx(2] bebo 


Therefore the term independent of x is 


"C+ (-2)(0) + Coa Co="'Cs 
Answer: (A) > (r) 


Worked-Out Problems 


(2n)! 


—22"_ 
(n!)(n!) 


So (C) is true. 
(D) We have 
s=C,+2-C,+3-C,+---+(n-1)-C, 
=[(-1)-C,+ 0-C,+1-C,+2-C,+-- 
+(n-1)-C,]J+1¢-C,=) 
=[-1+(n-1)]-2"'+1 [see Q38 part (A)] 
=1+(n-2).2"" 


Therefore (D) is true. 
Answers: (A), (B), (C), (D) 


(B) The coefficient of a° is given by 
(1+ a)+(1+a)'+---+(14+a)°=(1+ a)[1+(1+a) 
+(1+ay+--+(1+a)’] 


“aay latal=1 
“Oy Ga 


7 (1+a)'°-(1+.a)° 


Therefore coefficient of a°="°C.. 
Answer: (B) — (q) 
(C) We have T.,,="*C,x'*’y’. Therefore the coefficient 
of x* y'° will be obtained when r = 10 and the coef- 
feientis “C= "C=" C4" C,, 
Answer: (C) > (p) 


(D) The given sum is 
1 11! di! 11! =] 
LU, 1110! 318! S!6! 11! 
= [MCC Cy] 
aio 
“1! 


Answer: (D) => (s) 
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2. Match the items of Column I with the items of Column II. 


Column I Column IT 


(A) If the sum of the coefficients in 
the expansion of (a°x*— 2ax + 1)” 
is zero, then the value of 
at+2a+3a+---+10a is 


(B) If x =(3+2V2)° =[x]+ f where 
[x] is the integral part of x and f= 
x — [x], then x (1 —f) is 


(C) If the sum of the coefficients of 
x° and x'° in the expansion of 
[x°- (1/x°)]' is zero, then n equals 


(p)1 


(q) 15 


(r) 129 


(D) Number of integral terms in the 
expansion of (V5 + 4/7)! is 


(s) 55 


Solution: 


(A) Sum of the coefficients in the expansion of (ax* — 
2ax +1) =(a- 1)” =0 > a=1.Therefore 


a+ 2a+3a¢—-+100= 1424340410 = 55 


Answer: (A) > (s) 
(B) Let x =(3 + 2V2)°'=[x]+ f and g =(3-2V2)°. Then 
[x]+ f+g=x+g=2 (some integer) 


Now 0 < f, g < 1 and [x] + f+ g is an integer. This 
implies f+ g = 1. Therefore 


x(1— f)=xg=(3 + 2V2)°(3 — 2V6)°=1 
Answer: (B) > (p) 
(C) We have 


Tt (2 Y= Cayce 
XxX 


Now 
3n—- 
3n-S5r=5>r 5 Dp (say) (7.10) 
3n-5r=105 a =q (say) (7.11) 
Therefore from Eqs. (7.10) and (7.11), 
p-q=l1 (7.12) 


Hence 
"C,, (-1)’+ *C, (-1)’=0 
“ (-1)?+ "Ch4 (-1)7"* =0 


‘p-1 
2p-l=n 
2{ 2) -n41 
5 
n=15 


Answer: (C) > (q) 
(D) We have 7,,,=(1024)C,5°*”””.7"8 is an integer. 


r+1_ 
Therefore r is a multiple of 8. Since 0< r < 1024, the 
number of multiples of 8 which lie between 0 and 
1024 (both inclusive) is 129. 


Answer: (D) => (r) 


3. Match the items of Column I with the items of Column II. 


Column I Column IT 

(A) Coefficient of x” in the (p) "'C,, 
expansion of (1 +.x)’” is 

(B) Coefficient of x” in the (q) 2" 


expansion of (x°+ 2x)" is 


(C) Coefficient of x” in the 
expansion of n(x’ + 2x) 
is 


(r) i 6 x ae Br x gn-2 


n—1 


(D) Coefficient of x" in 
the expansion of 
"C(x + 2x)" is 


(s) ss x aa x ana 


Solution: 
(A) (1+ xy" = "Cyt "Cx +7" Cy $e $C 7" 
Therefore coefficient of x"=°"C,,. 
Answer: (A) > (p) 
(B) T.,,=(r+1)th term in the expansion of (x*+ 2x)’ 
CU y “Oxy =x 2 
2n-r=an>r=n 
Therefore coefficient of x”=nC,-2"= 2". 
Answer: (B) — (q) 
(C) 7, 


r 


a=[n-DC(2Y™2xyJn 

=(n-1)Cx"°".2-n 

2n-2-r=n>r=n-2 
Therefore coefficient of x” in n(x°+ 2x)" is 
Ne ne "Ca Cor 
Answer: (C) > (r) 

(D) Similarly, the coefficient of x” in "C,(x°+ 2x)” is 
aa ON ae 


Answer: (D) => (s) 


4. Match the items of Column I to the items of Column IT, 
if (1+ x)"=C,+ Cx+C,x°+---+C,x" whereC, is "C.. 


Column I Column IT 
(A) Cy G + C, C; HE ai (p) ee 
2° 3 4 13-Su-(n+1) 
+ (-1)'".— 
(-1) we he 
(B)G GG GCG (q) 2. 
g 3° 4 5 1:3°5-(2n— 1) 
4 —1 n n 1 
(-1) i is 
C.-C. 1 2G, (x) 1 
1 3 5 L n+1 
(C) es C 1S 
+--+ (-1)"': 
2n+1 
(D) 1 
CEES CESS 
Cc Cc, r CG. iC; ‘ Ci 
| ae 
— is 
n! C 


Ts a 


Comprehension-Type Questions 


1. Passage: In the expansion of (x + a)", the general term 
is"C,x"~"-a’ and the number of terms in the expansion 
isn + 1. Answer the following three questions: 


(i) Ifthe fourth term in the expansion of [px + (1/x)]” 
is 5/2, then np is equal to 


(A) 4 (B) 3 (C) 9/2 (D) 10 
(ii) The number of terms in the expansion of 
(x+ y+z)" is 


n(n +1) 
2 


(A) (B) (n+ 1(n+2) 


(C) ne Man) (D) (n +2)(n +3) 


(iii) The coefficient of x° in the expansion of [3x* - 
(13x)]" is 
(A) -9520 


Solution: 


(B) 9520 (C)9720 (D) -9720 


(i) The fourth term in the expansion of [px + (1/x)]" is 


5/2, that is 
n n- 1 3 
C(px) (4)-3 
XxX 


Worked-Out Problems 


Solution: It is known that (from Q7 in Multiple Correct 
Choice Type Questions) 
CQ GCG 7 C, C, 
x x+t+1 x4+2 x+3 
! 
+(-1)" Cs n! 


xtn x(x + 1)(x + 2)-++ (x +n) 
for all x #0, —-1,-2, -3,... 


Put x = 1,2, 1/2 and —1/2 to get the result. This is a simple 
exercise left to the students. 


Answer: (A) > (r), B > (s), (C) > (p), (D) > (q) 


Therefore 
n(n a 1)(n = 2) n-3 x = > 
6 “g 
Now n = 6 (since the term is independent of x), 
hence 
G34. a. D 
6 7 2 
(Jers 
P ) P 


Therefore np = 3. 
Answer: (B) 
(ii) (x + y+ z= x"4"Cx""(y +2) 
+°C x" (yt zytert (yt zy 
It can be observed that second, third, fourth, ..., 
(n+1)th terms contain 2, 3, 4, ..., (m+ 1) terms 


in their respective expansions. Therefore the 
number of terms in the given expansion is 


142434-4(ne t= OF Vr) 


Answer: (C) 
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(iii) We have 


..="C, 3 y™"(—5] 
3x° 

= oe 310-r (-1Y 20-5", Lt 

3 

5 20-5r 


ak SrS3 


Therefore the coefficient of x° is 


Si Oh {3} «1 = —(120 x 81) = -9720 
Answer: (D) 


2. Passage: Let (1 + x)"=C,+Cx+ Cx +--4+C2" 
where C,="C,. For a given value of x, let p = (n+ 1)|x|/ 
(|x| + 1). If p is an integer, then the numerical values 
of pth and (p + 1)th terms are equal and they are the 
numerically greatest terms in the expansion of (1 + x)". 
If p is not an integer and [p] denotes the integral part 
of p, then ([p] + 1)th term is numerically greatest term. 
Answer the following questions: 


(i) The value ofnumerically greatest term in the expa- 
nsion of V2[1 + (1/V2)]° is 


1 if 
A) —:°C B) —:°C 
( ) Te 7 ( 6 8 


1 1 
(C) ig (D) I 


(ii) Numerically greatest term in the expansion of 
(3 — 5x) when x = 1/5 is (are) 
(A) fourth and fifth term (B) sixth term 


(C) seventh term (D) eighth term 
(iii) The greatest value of *C,(0<r< 20) is 


(A)*C, (B)"C, =(C)™Cy = (D) *C, 
Solution: 
(i) We have 
_ 16+ DAN2) ya 5 
= ae =17(V2 -1) 


Therefore [p] = 7 The eighth term is numerically 
greatest and its value is 


V 2 = @ r — Bad @ 
7 /p 8 - 
Answer: (D) 
(ii) We have 


15 15 
@-sxys=3"(1- =) -35(1-3] (-*=3] 
3 3 5 


So 
_ (15+1)(1/3) 16 | 
~~ 1408) ~ 4 


is an integer. Therefore numerically greatest terms 
are fourth and fifth terms. 


Answer: (A) 
(iii) Consider (1 + 1)”. Then 


_ (20+1)1 
~~ te 


Therefore [p] = 10 and hence 11th term is greatest 
and its value is *’C,). 


Answer: (C) 


3. Passage: If n is a positive integer, x and a are real 
(complex), then (r + 1)th term in the expansion of 
(x +a)" is "C,x""-a. Answer the following questions: 
(i) If the coefficient of x’ in [ax’+(1/bx)]'" is equal 
to the coefficient of x’ in [ax — (1/bx’)]"', then 


(A) ab=1 (B) ab=-1 (C)ab=2 (D)ab=-2 
(ii) If the coefficients (27 + 4)th and (r—2)th terms in the 
expansion of (1 +.x)'* are equal, thus r is equal to 
(A)5 (B) 4 (C) 6 (D)7 
(iii) Coefficient of x” in the expansion of 
(1+x)"(1—-x+x’)” is 


(A) -1 (B) 1 (C) 40 (D) 0 
Solution: 
(i) We have that the (r + 1)th term is 
"Citar (==) = Ca Aye 
bx v 
22—3r=7 
r=5 


Therefore the coefficient of x’ in the first expansion 
is C.(a’/b*). 

Similarly the coefficient of x’ in the second 
expansion is''C,(a’/b°). Therefore 


a’ a 
ne(S]-"c(S)-a=1 


Answer: (A) 


(ii) By hypothesis, 
"Cy a3= Ces 


2r+34r-—3 
(2r+3)+(r—-3)=18 
r=6 


Answer: (C) 


Worked-Out Problems 


(iii) We have (ii) Let 
(dt+x)'(1-x+x°)’=(14+ x)(1-x°)*” T.=C)-7+)-C, 

The power of x in this expansion is of the form either =(-1)-r-C,+Cl)-C 

3r or 3r +1 but 50 is of the form 3k + 2. Hence, coef- . . 

ficient of x” is zero. =C1-n-a-)C_.+CI-C, for r=1,2,3,..., 

Answer: (D) Therefore the given sum is 
4. Passage: If n is a positive integer, then C+ ny, (-1)'-(n-1)C_,+ x (-1)-C, 
r=1 r=1 


(14+ xy"=Cy+C.x+ Ox 4+-+C,x" 
=C,-(-1)""+[G-"-C,]=90 
=Cyx"+ Cx" 14+ Cx" 74+ +C, om ( ) I( ) 0] 


Answer: (A) 
where C, means ”C,. Answer the following questions: Aliter: (1+ x)"=C,+Cx+C, pet C,x" 
(@) C,C,+ C,C,+ CC, +--+ C,_,C,= Therstons 
(A) aoe (B) ss, (C) a cae (D) iad 4 2 3 si 
(ii) C- 2-C\+ 3-C,- 4-C,+ eeese (-1)""(n 4: 1c = x(1+ x) = C,x + C\x + Cx test Cx 
(A) 0 (B) 2”"-1 Differentiating both sides with respect to x and then 
(C) (2n)JC,, (D) 2""(n+ 1) substituting x =-1 on both sides we get 
(ii) (CP +2(CY+3-(Gyt-+n(Cy= 0=C,-2-043-C.-4-Cae e-l-(e Dc, 
(A) (2n)!/ntn! (iii) Let s=0-C2.4+1-C4+2-C4+--42-C 
(B) (2n)!/n!(n — 1)! ee 
(C) coefficient of x”* in n(1 + x)" 
2 2 2 2 
(D) (n + 12 S= n-Cy + (n = 1)-¢ a (n = 2):-Cy + a 0-C, 
Solution: (.: C, = Ca 
(i) (1+ x)"=(1+ x)"(x +1)" This gives 
=(C)+ Cx + Ox°+---+C,x") 2s=n[C t+ C+ +--+ Can(PC,) 
(Cyx"+ Cx + wens Cc) Hence 
! —1)! 
Equating the coefficients x" *(or x"**) on both sides ga Zn 7 jo) =n (a= 0D) 
we get 2 " 2Lntn! (n-1)!n! 
OO OC SCC4CC 4440 2o = Coefficient of x”! inn(1+ xy"! 
Answer: (B) Answer: (C) 
Assertion—Reasoning Type Questions 
In the following set of questions, a Statement I is given Statement II: "C,_,+"C,="*"C, 
and a corresponding Statement II is given just below it. Pee 
Mark the correct answer as: Slaten Wehave 
(A) Both [and I are true and II is a correct reason for I CC = a £ le 
(B) Both I and II are true and II is not a correct reason Geer DEAE. Mer 
for I aire n—Fs 1) 
(C) Lis true, but II is false ~ rl(n—r+1)! 
(D) Lis false, but IT is true _ (n+))! 
1. Statement I: If C, is the binomial coefficient in the r(in+1—r)! 
expansion of (1 + x)”, then ao 


C,+2-C,+C,=C, for2<rs<n Therefore Statement II is true. 
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C.+2-C,,+C_,=(C+C,_,)+(C_,+C,_,) 
=("C.#°C,1)+((C14°C,.) 
HDC LODE 
SC, 


T 


Hence Statement I is also true and Statement II is a correct 
explanation of Statement I. 


Answer: (A) 


2. Statement I: If 
2n 2n 
¥a(x-27= a (x-3y 
r=0 r=0 


and a,=1 for all k >n, then b,=°"""C, ,,. 


Statement I: Two polynomials of same degree are 
equal, if the corresponding coefficients are equal. 


Solution: Statement II is true according to the defini- 
tion of equality of polynomials. Put x — 3 = y. Therefore 


2n 2n 


Ya(y +1 = Yby 
r=0 r=0 


Equating coefficient of y” on both sides, we get 


(n+1) (n+2) (2n) _ 
a,+ Cait Cetus oar: CO, = b, 


HNC tC + C+ + MOC Hb Cra, =1 fork en) 


Using "C,+"C,_,="*C,, we have °"*"C, = b, 
Hence Statement I is also true and Statement II is a 
correct explanation of Statement I. 


Answer: (A) 
3. Statement I: If (1+ x)"=C,+Cx+C0+--+C,x", 
then 
C)- 2?-C,+37-C,- 4-C,4+ 
+(-l)"(n+1y-C,=0 forn>2 


Statement I: Any polynomial function in x is differ- 
entiable for all real values of x. 


Statement II is true is clear. 


(1+ xyY'=Cy+ Cx +C,x7+-4+C,x" 


Solution: 


Therefore 
x(1+ xJ"=Cyxt C+ C++ Cx" 
Differentiating both w.r.t. x we get 
(1+ x)'+nx(1+ x)'"=C,)+2-Cx4+3-C.xr +: 


+(n+1)-C, 


Again multiplying both sides with x and differentiating 
w.r.t.x we get 


(1+ x)'+ 3nx(1+ x)"'+ n(n —-1)x’° (1+ x)" 
= C+ 2?-C.x+3°-C.x +--+ (nt 1)-C,x" 
Substituting x =-1 on both sides, we have 
0=C,-2?-C,+37-C,-4-C, + ++ +(-1)":(n+1)-C, 


Hence Statement I is true and Statement II is true. Also 
Statement II is a correct explanation of Statement I. 


Answer: (A) 


4. Statement I: If (1+ x)"=C)+C.x+ CO, +--4+C,.2", 
then 
1-C,+2?-C,+3°-C,4+-+-C,=n(n+1)2"" forn>1 


Statement Ik: Any polynomial function in x is differ- 
entiable for all real values of x. 


Solution: Clearly Statement II is true: 
(1+ xJ'=C,+ Cx4+ Cx +--4+C,x" 
Differentiating both sides w.r.t. x we get 

n(1t+ x)"'=C+2-C.x43-Cxv tet n-C,x"7 


Now, multiplying both sides with x, differentiating both 
sides w.r.t. x, and then substituting x = 1 on both sides 
we get 


1-C,+2°-C,+3°-C,+ ++ 0-C,=n(n + 1)2" 


Hence both statements are true and Statement II is a 
correct explanation of Statement I. 


Answer: (A) 


5. Statement I: If n is an even positive integer and 
K =3n/2 then 


K 
> Gay" C.4= 0 
r=1 


Statement Ik If m is a positive integer, and @ is real 
then (cos@ + isin 8)” = cos m@ + isinmé. 


Solution: We have 


1+iV3 = 2{ cos + isin =) (where i = V-1) 
By De Moivre’s Theorem we have 


(1+ iv3y'=2" cos = + isin ud (7.13) 


Let n = 2m where m is a positive integer. Replacing n 
with 6m in Eq. (7.13), we have 


2°"[cos(2mz) + isin(2mm)] = (1+ iv3)" 
Therefore 
2°" = (1 + iV3)"= 14 °C, (iV3) + C, (NB 
+°"C, (iv) +--+ GV3)™ 
Equating imaginary parts we get 
qa CSC eC. = ss 
Gl aamaaks Ore, aed 


m—1 


K 
>> (-3y" CAC = 0 where K= = 
r=1 


Hence both statements are true and Statement II is a 
correct explanation of Statement I. 


Answer: (A) 


6. Statement I: If 
n Cc 2 
pra (<] = 196 where C,="C, 
¢ K-1 


then sum of the coefficients in the expansion of 
(x —3x7+ x°*)" is 1. 


—r+1 
Statement II: ee a 
a r+l 
Solution: We have 
Cc. "Cal (aH Digera iy wer. 
Cc, "C_, ri(n-n)! n! a: 
Therefore Statement II is not true. Now 
a(S “| > Kin K+1y 
K=1 
= Y K[(n+1)-2K(n+1)+K’] 
K=1 
=(n+ly) K-2(n+l)) K+ > KB 
K=1 K=1 K=1 
_(n+lfn 2(n+1)n(nF 1)(2n+ 1) * n(n+1y 
2 6 4 
_ n(n +1 


7) [6(7 + 1) — 4(2n + 1) + 37] 


Worked-Out Problems 


_n(nt1y(n+2) 
7 13 
2 
=14=2.7= ES 
12 


This gives n = 6. Therefore sum of the coefficients in 

the expansion of (x —3x°+ x°)’=(1-3+1)°=1. Hence 

Statement I is true and Statement IJ is not true. 
Answer: (C) 


7. Statement I: If C°PC, + CPPCC, + CMC. + + 
then n= 4. 


= 170, 


Statement II: If w in non-real cube root of unity, w° = 1 
and1+w+w=0. 


Solution: We have 


(1 + 4 a ee, Gi ae ae Oe os ies OI sway 


(2n+1) 2n+1 
+ Cy ® 


Put x = 1, w and w’ and add. We now have 
gant 4. (1 +4 wy (1 +4 Ww aaa 


= 3 CnC + aie Oe +4 ene, i 2 ‘| (7.14) 


LHS of Eq. (7.14) 


= gent = wir? _ wot? a gare = wir? = wrt 


From Eq. (7.14), we have 


Dr w?_wp 2n+1 __ 


=3x170=510 


Therefore 


yntl_ ys (w' t+ werd) -510 


gentl (w" t+ wird) = 510 (7 15) 
It is known that 1+ w'+w"=3 or 0 according as n is 
a multiple of 3 or not. Therefore w"'+w"")=2 or -1 
according as n — 1 is a multiple of 3 or not. 

If w"'+ w= -1, then from Eq. (7.15) 


2" = 509 
which is not possible. Therefore 
w't+weD=2 
From Eq. (7.15), 
esi a 2 


which implies n = 4. 
Answer: (A) 
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Integer Answer Type Questions 
1. Let C, denote "C,. If 
C,+4-C,,+6-C,,+4-C,,+C,, 


rtl Tr+2 


C3 -C,4+3°C.5+ GC. 


rt. r+2 


_ntk 
rtk 


then the value of K is 


Solution: The numerator is 


(C+ C44) + A(Caat C2) + a(Cot C3) os (C44 C4) 
Shida Ore « ces Olea 3" a+ Ne a 


_ ome + mene. | re 2[(PC,, 4 al 
+ [OPC + EG al 

KODE 4 270 + C_, 

= [OG at MC | a el Oe eC 4) 


a NG + laa! Oa 


_ (m4) CO ‘ 
r+ 


Similarly, the denominator =""C,,,. Therefore 


OC i n+K 


(n+3) =K=4 
C,, r+kK r+K 


n+4_ 
r+4 


Answer: 4 


2. If (1 + 2x + 3x)" = aytax+axt-- 
a, + a, is equal to ___ 


+ GyX9, then 


Solution: (1+2x+3x°)°=[1+ x(2+3x)]° 
=14+C,x(2 + 3x) +C,x7(2 + 3xY+ 
Therefore 
a="C,x2=20 
and a="C,x2+3x"C,=180 + 30=210 


Adding the two we get 


a,+ a,= 230 
Answer: 230 


3. The number of distinct terms in the expansion of 


20 
[+ a + i 
Xx 


when x is real and x #+1 is 


Solution: We have 


20 
(e+ 441] -|1 +(x Sy +4) =1+7C, G +5) 
x Xx x 


4 2 1 20 
+c, 24 =) +: “4 Cy(2 +5) 
Xx 
Therefore 


1 1 2. 1 3 1 20 
Lee VAS Vole) =( =).( = Joa =| 
xXx x x 


are all distinct whose number is 1 + 20 + 20=41. 


Answer: 41 


4. The greatest value of the term independent of x in 
the expansion of [xsina + (cosa/x)}” as a is real is 
*C,,2°. Then B value is ___ 


We have 


Fr 
‘ Na COSa@ 
T.,,="C,(xsin a” (4) 
XxX 


Solution: 


= 2G (sin ay "(cosay x 20-2r 


This is independent of x. Since 20-2r=0 so r=10. 
Therefore 


L=9C, (simmcosa)="C, = Ginza)" <"C,2 


and equality holds when 2a =(4n + 1)(/2). Therefore 
B=10. 

Answer: 10 

5. The number of rational terms in the expansion of 

(SP + ior is 

We have 


aC: oy "(107 a 


Solution: 


20 160-11r)/12_ 4-r/4 
Cs r)/ 7) r 


T= 
which is rational when r= 8 and 20. 


Answer: 2 


6. The number of non-zero terms in the expansion of 
(J11 + 1)°—(/11 - 1)” is 
Solution: We have 


(Wil +1)°=(/11 =1)"= 


2[C, (V11)" + C,(V11)” 
+ C,(V11)" + +] 


Therefore number of non-zero terms is 


75+1_ 


38 
2 
Answer: 38 
K 
t + + : poet : oe then K value 
1!10! 318! 5!6! 11!1!) 11! 
is 
Solution: We have 
1 1 1 1 
! + + feet 
1!10! 3!8! 5!6! 11!1! 
11 11 11 11 


= + + spect 
1!10! 3!8! 5!6! 11! 
mie ee +1C,4+"C,+7C,+"7C,+"C,, 


= sum of the even coefficient in the expansion 
of (1+ x)! 


= 70 
Therefore K = 10. 
Answer: 10 


8. "C+ 2[C,+°C,+°C,+---+7C,] is equal to 


Solution: In general we prove that for any positive 
integer n= 2, 


NC 4. 7g Ole ae Oa On +°C] 
=P4 2434-497 


We know that 


Ko e K(k -1) 
‘ 2 
Therefore 
eves Ge =K°-K 


Put K =n,n-1,n—-2,...,2 and add. We get 
"C+ OPC 4 OM 4 47C,] 
=(V4+V434---+n°)-(142434--47) 


=(P4 24 Fb tre) MED 


=(Po Pas png OCG, 


Worked-Out Problems 


Therefore 

IC + "C+ OPC 4 OPC, 4 +7CQ] 
H=PtVrPte- tr 

Now substituting 1 = 10, we have 


NC, + 20°C, 4°C, 42°C, 4-1 47°C Ja P4243 4-410 


i. 10-11-21 — 385 
Answer: 385 
15: 15 15 15 K_ 
9. If S & & + eee then K is 
2 4 6 16 6 
equal to 
Solution: Since 
C, r nn r+1 
“x= * 
r+1 (n+ 1)x 
for r=0,1,2,...,n, we have 
1 n+1 1 
C+ St ere) 
2 3 n+1 x(n + 1) 
Substituting x = 1,-1 we have 
n+l 
Ce taal C, . 2 1 
2 3 n+1 n+l 
_1)". 
CG, GG C, edhe ) Ce. 1 
2 3 4 n+1 n+1 


On subtraction we get 


Ci CAC Dae) 

2 4 6 n+1 
Therefore 

GO 4S,6,...77! 

2 4 6 n+1 


Putting n = 15, we get 


GC; rs Gc x C, Sane Cc; 7 2h-] 
2 4 6 16 16 
Hence K = 15. 
Answer: 15 
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7.1 Binomial theorem: If n is a positive integer and a is 
any real or complex number, then 


(x + aya" Cox" +" Cx" Tat" Cx" Ca + +"C, a" 


7.2 General term: The (r+ 1)th term "C,x""a’ is called 
the general term in the expansion of (x + a)”. 


7.3 Number of terms: 


(1) The number of terms in the expansion of (x + a)” 
isn+1. 


(2) The number of terms in the expansion of (x+ y+z)" 
is (n+1)(n+2)/2 which is “*”C,. 

(3) The number of terms in the expansion of (x, + 
X +++ +Xx,)" is palate Sree 


7.4 Middle term(s): 


(1) If m is even, then the [(/2) + 1]th term is the 
middle term in the expansion of (x + a)". 

(2) If n is odd, then [(7+1)/2]th and [(n+3)/2]th are 
the middle terms. 


7.5 Binomial coefficients: If n is a positive integer, then 
(1 +x)" ="C, + "Cx + "Cx? + ++ +:"C,x". The coef- 
ficients x’(r = 0, 1,2, ... 2) viz. 


"Cy, "Cy, "Cs, ..., "C, are called binomial coefficients 
and they will be denoted by Cy, C,, C,, ... ,C,,- 


7.6 Properties of binomial coefficients: Let C, be the 
binomial coefficient in the expansion of (1 + x)” for 
r=0,1,2,...,n.Then 


(1) c, = ap 

(2) C,+C,+C,+---+C,=2". 

(3) C)+C,+ Cyt + =C, + C,+C,¢-=2"" 

(4)1-C,+2-C,+3-C,4+-++(n41)-C,=(n+2)2”"" 
7.7 Useful formulae: Let Cy, C,, C;, ..., C, be binomial 

coefficients in the expansion of (1 + x)". Then 

(1)1-C,+2-C,+3-C,+--4+n-C,=n-2"" 

(2) a-C,+(a+d)-C,+(a+2d)-C,+-:-+(a+(n-1)d)-C,, 

= (2a + (n -1)d) 2"" 


(3) - r(r —1)-C,=n(n - 1)2” 


r=1 
(4) > r-C,=n(n4+1)2"? 
r=1 
_@n)! 


(5) Co + Ch t+ Cot ++ Ca"C, = 5 
(n!) 


(6) G,C,+ C, Co + CC, archer. Go 


(2n)! 
~(n-r)!(n+r)! 


7.8 Most useful result: If C, is the binomial coefficient in 
the expansion of (1+ x)",andx ¥ 0,-1,-2,-3,...,then 
Cy 1c. 4 Cy C, C 


+-+-+(-1)" — 
x+2 %x+3 x+n 


x x4+l 


n! 
~ x(x + D(x + 2) (x + 3) 


For example, 


(1) When x = 1, then 
G GyG 1 


{ @° 3 net 


(2) When x =2, then 


G GuG 1 


2 3.4 + (n+1)(n+2) 


7.9 Greatest term: Consider the expansion of (1 + x)”. 


Let 
_ (n+ Dia 
~ 14+|x| 
Then 
(1) pth and (p + 1)th terms are numerically equal 


and they are the numerically greatest terms in 
the expansion of (1 + x)", if p is an integer. 


(2) If p is not an integer and [p] denotes the inte- 
gral part of p, then ([p]+1)th term is numerically 
greatest term. 


7.10 Greatest value of "C,: 
Greatest value of 


i ae 
‘e iD if nis even 
re n ht 
Co ya= Constyi2 


Binomial Theorem for Rational Index 


if n is odd 


7.11 Theorem: If nis a rational number and -1 <x < 1, then 


(l+x)'=14 2x4 nie) 3 
1! 2! 
1 OOD Pte 


the general term is 
n(n—1)(n-2)---(n-r+ ) 
r! 


7.12 Useful expansions: 


1. 


Gj (eect 


1! 2! 
NN) es 
3) 
ae n(n+1) 5 
(2) (1+ x) ae il Tiel 
nnt W(nt2) 3 
3) 


(3) (1—-x)"=14+ 2 x+ 


n(n+ Uk ore 
1! 2! 
n(n+1)(n +2) - 
3! 


+.++++00 


(4) (1-x)t=14+x4V tx ++ +00 


(5)(1+x)1=1-x4+x°-x' +--+ +00 


(6) (1 — x)? =142x 43x74 4x +--+ +00 


(7) (1 +x)° =1-2x +3x°- 4x? + +++ +00 


EXERCISES 


Single Correct Choice Type Questions 


The coefficient of x* in the expansion of (x°— x — 2)’ is 
(A) 490 (B) —490 (C) 390 (D) 30 
. The number of non-zero terms in the expansion of 
(V5 +1)°+ (5 -1)° is 
(A) 3 (B) 4 (C)5 (D) 2 
» 22°C, + 3-2-°C, + 4-3-PC, +--+ 10-9-PC, = 
(A) 35-2? (B) 45-28 (C) 45-2" = (D) 45-2” 
. C,-2-C,43-C,-4-C, +--+ (-1)" "nC, = 
(A) 1 (B) 0 (C)-1 (D)n 


. The numerically greatest term in the expansion of 


(1— 3x)" when x = 1/2 is 


we) we(3 


3 3 
ox) oJ 


Tf +x4+x°)"=a) 4+ ax t+ ax’ ++ +a," and nis 


odd, then the value of a— a4,+ a,- a@+-++++ 4, is 
(A) 1 (B) -1 (C)0 (D) 22" 


. If C, is the binomial coefficient in the expansion of 


(1+ x)" and a= ae 1/C,, then y", r/C, is equal to 


(A) 9a (B) 10a (C) 5a (D) lla 


. Which one of the expansions of the following will 


contain x"? 
(A) (P+ 2" 
(C) (P°+ Oe aie 


(B) (°° - ay 
(D) (0° + Oo ae 


. The coefficient of x” in the expansion of (x + C,) 


(x+C,) (x +C,)+:(x+C,) where C,="""'C, is 


10. 


13. 


14. 


15. 


(A) 2"*? (B) 2"**-1 (C\2" (D).2"-* 
The first integral term other than the first term 
beginning from the left in the expansion of 
(V3 + 37/2) is 
(A) second term 
(C) fourth term 


(B) third term 
(D) fifth term 


. The largest term in the expansion of (2 + 3x)” when 


xX =2 is its 
(A) thirteenth term 
(C) twenty-sixth term 


(B) twentieth term 
(D) nineteenth term 


. If 1 is even, then the last term in the expansion of 


cos” @ in terms of cosines of multiples of 0 is 
F 1: alee 1 
(A) (n/2) (B) ont Conia) (C) Da Cnr) (D) Da 


The last term in the expansion of sin’@ as sines of 
multiples of 0 is 


@B 
128 


(D) 


63 63 
a 2 ae ae 
epee oe © 128 


Given positive integers n > 2, r > 1 and the coeffi- 
cients of (3r)th and (r + 2)th terms in the binomial 
expansion of (1+ x)” are equal, then 

(A) n=2r (B) n=3r 

(C) n=2r4+1 (D) n=3r+1 


In the expansion of [2a—(a’/4)]’, the sum of the 
middle terms is 


(A) (Ser +8) (B) a (a-8) 


©(S)ra-9 wm (F)re-a 
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17. 


18. 


19. 


20. 


. The coefficient of x*in the expansion of (1 + x +.x° + 
e) 18 
(Ay?c, {B) °C, (C) 210 (D) 310 

If(1t+x+x)"=a,+axtaxt+--+a,x", then 

ApA, — A,d, + a,a, — a,a,+ -- is equal to 

(A) 0 (B) 2” (C271. - wy 

If the coefficients of x’ and x* in the expansion of 

[2 + (x/3)]" are equal, then 7 is equal to 

(A) 56 (B) 55 (C) 45 (D) 15 

If the coefficients of rth, (r+ 1)th and (r+ 2)th terms 

in (1+ x)" are in HP, then 

(A) n+(n-2ry=0 

(C) n-(n-2ry=0 


(B) n—(n+2ry=0 
(D) n+(n-ry=0 


If the total number of terms in the expansion of 
(x + y+ 2z)" is 45, then 7 is equal to 


Multiple Choice Type Questions 


1. 


. It is given that (1+x+2x)"=a,+axt+axt+-- 


In the expansion of [x + (a/x’)]", a#0, if no term is 
independent of x, then m may be 


(A) 10 (B) 12 (C) 16 (D) 20 


. If a and b are non-zero and only one term in each 


of the expansions of [x —(a/x)]" and [x +(b/x’)]" is 
independent of x, then v is divisible by 


(A) 2 (B) 3 (C)4 (D) 6 


. If the third, fourth and fifth terms in the expansion of 


(x +a)" are respectively 84, 280 and 560, then 
(A) x=1 (B) a=2 
(C) n=7 (D) x=2, a=3,n=8 


. Which of the following is (are) true? 


(A) The coefficient of x"' in the expansion of [x + 
(1/x°)]* is 56. 

(B) The coefficient of x in the expansion of [x + 
(1/x’)]* is 0. 

(C) The coefficient of x’ in the expansion of [2x* - 
(1/x)]”? is 0. 

(D) The coefficient of x in the expansion of (x° + 
3x°+ 3x41)” is °C. 


+ ox. 


Which of the following is (are) correct? 
(A) If 7 is odd, then a,— a,+ a,-a,+---=0. 
(B) If n is even, then a,— a,+ a,—a,+---=0. 


21. 


(A) 8 (B) 9 (C)7 (D) 22 
If the sum of the coefficients in the expansions of 
(1-3x + 10x’)" and (1+ x)" are, respectively, a and 


b, then 


(A)a=2b (B)a=3b (C)a=b (D)a=b 
n 7-1 
a. YC, [S'c,2"}- 
r=1 p=0 
(A) 4-3" +1 (B) 4"—3"-1 
(C) 4" - 3” (D) (B) 4" -3" +2 
23. If the fourth term in the expansion of (v1?) 4 


24. 


Wx)? is equal to 200 and x > 1, then x is equal to 
(A) 10 (B) 100 (C) 10V2  (D) 10° 


The coefficient of (ab)° in the expansion of 
[a°—(b/a)}” is 
(A) -824  (B) 824 


(C) 924 (D) -924 


(C) If n=4K +1, where K is a positive integer, then 
Q,— 4,+4,-at--=1. 
(D) Ifn is a multiple of 4, then a,— a,+ a,-a,+--=1. 


. Which of the following statements is (are) true? 


(A) There are two consecutive terms in the expansion 
of (3+ 2x)” whose coefficients are equal. 

(B) For a positive integer n, the coefficients of 
second, third and fourth terms in the expansion 
of (1+ x)” are not in AP. 

(C) Larger of 99°°+ 100” and 101° is 101°. 


(D) The sum of the coefficients in the binomial expan- 
sion of (5x —4y)" is 1. 


. Which of the following are true? 


(AV OGY HCY # OGY OGY tart Coy 
_ —(10)! 
«515! 

(B) Gy = ‘ee y+ CQy- rc, y+ cian Cy 


_ (ay! 
~ 615! 


(C) 2-C,+ 2 +P +2". “ foe 2 G0 


11 
34-1 
are 
(D) The coefficient of x’ in the expansion of 1 +(1+x)+ 
(1+ xy+(1+x)+--+(1+x)" is "Cy. 


(where C,="C.) 


Matrix-Match Type Questions 


In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
Column IJ are labeled as (A), (B), (C) and (D), while those 
in Column II are labeled as (p), (q), (), (s) and (t). Any 
given statement in Column I can have correct matching 
with one or more statements in Column II. The appropriate 
bubbles corresponding to the answers to these questions 
have to be darkened as illustrated in the following example. 


Example: If the correct matches are (A) — (p), (s);(B) > 
(q), (s), (t); (C) > (1); (D) > (1), (t) ; that is if the matches 
are (A) > (p) and (s); (B) > (q), (s) and (1); (C) > (n); 
and (D) > (1), (t); then the correct darkening of bubbles 
will look as follows: 


GEZe 
Q 


0.90 BD Ss 


1. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If the middle term 10C 
in the expansion of (p) 1 as 
[yfx/3 + (V13/2x7)]° is axX, 
then a= 
(B) The term independent 
of x in the expansion of (q) C,x 5184 
[x/3 + (V3/2x7)]” is 
(C) The term independent z 
of x in the expansion of (r) Cs 
[2x°— (3/x°)]° is 32 


(D) The coefficient of the middle @) ox". 
term in the expansion of 
[2x°— (3/x°)]” is b, then b is 


Comprehension-Type Questions 


1. Let C,,C, C,,...,C, be binomial coefficients in the 
expansion of (1+ x)". 


Answer the following questions: 
(i) (C,+ C,+ C++ + C, P= 
(A) 27°+1 
(B) 14+7°C,+"C,+---+"C,, 
(C) 2-1 
(D) "C, 47°C, + °"C, +++ +°"C), 


2. Match the items in Column I with those in Column II 


Column I 


(A) The coefficient of x 
in the expansion of 
(1—-2x°+ 3x°)[1 + (1/x)f is 


(B) The coefficient of x° 
in the expansion of 
(1+ x + 2x°)[2x’— (1/3x)P is 


(C) The coefficient of x° in the 
expansion of (1+ x+x°)’ is 

(D) If (1+ x-2x’) 
=1+ax+ax°+--+a4,x", then 


Ant A+ Ag+ Agt Ayt Ayy= 


Gy 2-2 ,& Cc 


a sciass 1)’ n 
So eo 


(A) : 


+4 


(n+ 1)(n+ 2)(n + 3)(n + 4) 


(B) (n+2)(n . 3)(n+ 4) 


(C)0 


(D) (n+1)(n : 2)(n + 3) 


Column IT 


(p) 378 


(q) 154 


(r) 31 


(s) -224/24 
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(iii) -C,+ C,+ 3-C,+ 5-C,+---+ (2n-1)-C,= 
(A) n-2"" (B) (n-1)2"" 
(C) n-2" (D) (n—-1)2" 
2. (Note: This question may be attempted after studying 
integration): 
Let (1+ x)"=C,+ C\x+ Cx°+-+-+C,x" and [i xax = 
[1/(r + 1)](b"— a’*'). Using this information, answer 


the following questions: 


ce Cc 
(i) — 4+ 4+ Steet = 
1 2 3 n+1 
on 1 ontl 1 gnths 1 D4. 1 
A B C D 
( ae B) n+1 ©) n+1 ( vad 


Assertion—Reasoning Type Questions 


Statement I and Statement I are given in each of the 
questions in this section. Your answers should be as per the 
following pattern: 


(A) If both Statements I and II are correct and II is a 
correct reason for I 


(B) If both Statements I and II are correct and II is 
not a correct reason for I 


(C) If Statement I is correct and Statement II is false. 
(D) If Statement I is false and Statement IJ is correct. 


n-1 fe 
1. Statement I: Lere, di 


SCC, 2 
Statement II: "C,+"C,y_,= "PC, 
2. Statement I: If sin’ @ is expressed as a series of sines 
of multiples of 0, then the coefficient of sin 50 is 7/64. 


Statement II: If x =cos@+ isin@, then 
Poe | 
Xx“ +—-=2cos K@ 
x 


and x + =2 isin KO 
x 


where K is a positive integer. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 


(ii) 2-C,+ 27-2422 40-042" Vie 
n+1 
3"-1 3"4+1 
(A) n+1 (B) n+1 
Biel bp 1 antl = 1 
(C) n+1 (D) n+1 
Ce LC. ic C 
C-—+4 oa, _1y' no 
my 2 3 ( ea 
pet 
(A) 0 (B) 
1 1 
ie D) ———__— 
( rad ( he DOD 


. Statement I: If 


n 2 n 
(1+ xy'=Cj+ Cx+O.x°+---+C,x 
= Cyx7+ Cx" 14+ Cx 7 $- +C 


then 


> r(n-NC=n PAC, 

r=0 
Statement II: "C, ="C,_, and the derivative of (x + 
a)" =n(x+a)""". 


. Statement I: If is a positive integer, then in the expa- 


nsion of (1 + x)", the coefficients of (r + 1)th, (r + 2)th, 
and (r+ 3)th terms are in G.P. 


Statement II: Three non-zero numbers a, b and c are 
in GP if and only if ac=b’. 


. Statement I: No three consecutive coefficients in the 


expansion of (1+ x)” are in HP. 


Statement II: Non-zero numbers a, b and c are in HP 
if 1/a, 1/b and 1/c are in AP. 


the question number Y is 246, then the bubbles under Y 
labeled as 2, 4, 6 are to be darkened. 


3. If 32 cos 0=a, cos 60 + a, cos 40 + a, cos 20 + a,, then 
a, is equal to 


4. If 256 sin’@- cos’ @= a, sin 96+ a, sin 70+ a, sin 59+ 
a, sin@, then a, is equal to 


5. The digit at the unit’s place in the number 177"°+ 
{iS 700 is 


©|©/Q/@|©|@/@|©|O/E| x 
©|@|Q/@|©|@|©|@|O/e| < 
©|@/Q/©|O©|@/@|@|O/E|N 
©|@/Q/©|@/@|©|©/|O/O|s 


1. If the second term in the expansion of (4/x + xVx)" is 
lava then “Ca "C= .__s 


2. If Pand Q are, respectively, the sum of even and odd 


terms in the expansion of (x + a)", then (x + a)” — 
(x — a) =k PQ where kis__. 


| 


Single Correct Choice Type Questions 


1. (D) 13. (A) 
2. (B) 14. (A) 
3. (D) 15. (D) 
4. (B) 16. (D) 
5. (D) 17. (A) 
6. (C) 18. (B) 
2.) 19. (A) 
8. (C) 20. (A) 
9. (C) 21. (D) 

10. (C) a2. (C) 

11. (B) 23. (A) 

12. (C) 24. (C) 


Multiple Correct Choice Type Questions 


4, (A), (0), (D) 5. (A), (B), (C), (D) 
2. (A), (B), (D) 6. (A), (B), (C), (D) 
3. (A), (B),(C) 7. (A), (©), (D) 

4. (A), (B),(C), (D) 


Matrix-Match Type Questions 
1. (A)> (1), (B)> (p), (> (q), (D) > (s) 2. (A)>(q), (>), (>), M- 


Comprehension-Type Questions 


1. @)(B), Gi) (A), Git) (D) 2. (i)(B), (ai) (D), (ati) (C) 
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Assertion-Reasoning Type Questions 
4. (A) 
B (A) 
3. (A) 


Integer Answer Type Questions 


1.4 
2. 4 
3. 10 


Matrices, Determinants and 
System of Equations 


m-by-n matrix 


Contents 


8.1 Matrices 
8.2 Determinants 
8.3 System of Equations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Matrices; A matrix (plural 
matrices) is a rectangular array 
of numbers. Matrices are a key 
tool in linear algebra. One 
use of matrices is to represent 
linear transformations. 


Determinants: The determin- 
ant is a special number associ- 
ated with any square matrix. 
The fundamental geometric 
meaning of a determinant is a 
scale factor for measure when 
the matrix is regarded as a 
linear transformation. 


Chapter 8 | Matrices, Determinants and System of Equations 


The theory of matrices plays an important role in almost all branches of Mathematics and other subjects. A very important 
application of matrices is to find solutions of system of linear equations. Let us consider a simple situation where three stu- 
dents Ram, Rahim and Robert have appeared for class tests in four subjects English, Mathematics, Physics and Chemistry 
and the marks obtained by each of them in these subjects are given in a tabular form given below. 


English Mathematics Physics Chemistry 


Ram 80 86 78 75 
Rahim 75 84 72 68 
Robert 78 68 74 78 


This also can be represented by an array of numbers without drawing lines and not writing the names of the 
subjects on the top row and the names of the students on the left most column, as given below. 


80 86 78 75 
75 84 72 68 
78 68 74 78 


The brackets given on the left end and right end do not convey any meaning but just improve the presentation style. 
The first horizontal line of numbers shows the marks obtained by Ram in English, Mathematics, Physics and Chemistry, 
respectively. Similarly the second and third horizontal lines show the same for Rahim and Robert, respectively. The 
first vertical line of numbers shows the marks obtained in English by Ram, Rahim and Robert. The second, third and 
fourth vertical lines show the same for Mathematics, Physics and Chemistry, respectively. 

The horizontal lines are called rows and the vertical lines are called columns. The rows are numbered from top to 
bottom. The top row is called the first row and the subsequent rows are called second row, third row, etc. The columns 
are numbered from left to right. The left most column is called the first column and the subsequent columns are called 
second column, third column, etc. 

In this chapter, we make a detailed study of matrices whose entries are real or complex numbers. 


8.1 | Matrices 


In this section we shall give a formal definition of a matrix and discuss various types of matrices and their properties. 


DEFINITION 8.1 Matrix, Rows, Columns, Order An ordered rectangular array of real or complex numbers 
or functions or of any kind of expressions is called a matrix. The horizontal lines in the 
array are called rows and the vertical lines are called columns. If there are m rows and n 
columns in a matrix A, then A is called an m x n matrix or an “m by n” matrix or a matrix 
of order m Xn. 


DEFINITION 8.2 Elements or Entries The numbers or functions or expressions in a matrix A are called 
“elements” or “entries” of A. If A is m xX n matrix, then there are m rows of elements and 
ncolumns of elements. In each row of an m x n matrix there are exactly nm elements and in each 
column there are exactly m elements. 


Examples 
(1) Consider the matrix Then A is a3 x 4 matrix, since there are 3 rows and 
4 columns in A. Here 
2 34 1 : : 
2 3 4 1 is the first row 
ore ae 1 2 1 3. isth d 
2 - is the second row 


5 3 2 —-4 is the third row 


2 1 3 2 
—1} is the first column 3 1 0 
5 (2) 5 - is a4 x 3 matrix, since there are 4 rows 
~ and 3 columns. 
; 1 2,4 
2 | is the second column | 3 3 
3 _ 
(3) 2 -1 3)/isa2x3 matrix, since there are 2 rows 
4] 1-4 0 2] and3 columns. 
1} is the third column 2 _ 
2| (4) lo : is a2 x2 matrix. 
1] (5) [2] isa 1x 1 matrix. 
3 | is the fourth column 
-4 | 


In general, an m Xx n matrix is of the form 


a, Ay Ain, 
a a a 
21 22, 2n 
A=| | 
Ant An a Ginn 


where each a, is a number or a function or an expression. The entries in the ith row are 


G15 jn 5 +++ G, 


in 


and the entries in the jth column are 
Aj» qj» aaa Qj 


for 1<i<mand1<j<n. The variable a, stands for the entry which is common for the th row and jth column. For 
simplicity, we write 


A = (a, \ oe or A = (a;) or A = [| sen 


to denote an m Xn matrix whose entry in the ith row and jth column is a;. For convenience, a, is called the ith entry 


ij 
of the matrix A =(q,). Further m x nis called the order of A. 


DEFINITION 8.3 Equality of Matrices Two matrices are said to be equal if they are of the same order and for 
any i and j, the jth entries of the two matrices are same. In other words, if A =(a,) isan mxn 
matrix and B=(b,) isa p xq matrix, then we say that A and B are equal and write A = B if 
m=p,n=qand a,=b, forall l<i<sm=pand1isj<n=q. 


Note: A 2 x 3 matrix can never be equal to a 3 x 2 matrix, since their orders are different. For example 


21 i 
ee ee 

x 2 
1 ol la 400 
) 


DEFINITION 8.4 Square Matrix An m xn matrix is said to be a square matrix if m =n, that is, the number of 
rows is equal to the number of columns. 
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Example 
The matrices are square matrices. If A is an n Xn matrix, then we say 
5 that A is a square matrix of order n. 
1 -1 ‘ 
[2], and -1 
0 2 i 


DEFINITION 8.5 Let A=(qa,) be an m xn matrix. A is called a vertical matrix if m>n and a horizontal matrix 
ifm <n. 


Examples 
a3. Al, — 2 1 
(1) is a horizontal matrix, since the columns . . ae 
1 0 -l (2) |3 0] isa vertical matrix, since the rows are more 
are more in number than rows. 1 {| in number than the columns. 


Recall that, if the rows and columns are equal in number, then the matrix is called the square matrix. Note that any 
matrix must be either a square matrix or a vertical matrix or a horizontal matrix. 


DEFINITION 8.6 Row Matrix and Column Matrix A matrix is called a row matrix if it has only one row and is 
called a column matrix if it has only one column. 


Example 
2 
The matrix [2 3 1] is a row matrix and the matrix | 1] is a column matrix. 
—2 


DEFINITION 8.7 Zero Matrix A matrix is called a zero matrix or null matrix if all its entries are zero. A zero 
matrix is usually denoted by O, without mentioning its order and is to be understood as per 
the context. 


Example 


. 0 0 0 0 0 : 
The matrices [0], 00 and 000 are all zero matrices. 


DEFINITION 8.8 Diagonal of a Matrix Let A =(a,) be a square matrix of order n, that is A is a n x n matrix. 
Then the elements 


a, Ay, A335 -+++5 Aim 


are called the diagonal elements and the line along which these elements lie is called the 
principal diagonal or main diagonal or simply the diagonal of the matrix. 


4, Ay 43 iy 
G, Gy thy Ayn, 
A=| 43 Gy) 3 As, 
L an 2 Ag Gin | 
Example 
12 23 O 
1,0 are the diagonal elements in| 1 4 and 2,1,-1 are the diagonal elements in| 1 1 —-2). 
4 0 -l 


DEFINITION 8.9 Diagonal Matrix A square matrix A=(a,) is said to be a diagonal matrix if a,=0 for all 
i#j, that is, except those in the diagonal of A, all the entries in A are zeros. Note that the 
diagonal elements need not be zeros. 


Examples 
0 0 3 0 0 O 
(1) is a diagonal matrix. 
0 2 20 O 01 0 =O 
(2)|0 1 O} and 00 a 9 [are diagonal matrices. 
0 0 -1 2 
00 0 -2 


Note that the zero matrix of order n x nis also a diagonal matrix for any n. 

DEFINITION 8.10 Scalar Matrix A diagonal matrix A =(q;,) is called a scalar matrix if a, =a, for all i and j, 
that is,a matrix A =(q,) is a scalar matrix if all the diagonal elements are equal and the other 
elements are zeros. 

If ais any real or complex number and zn is any positive integer, then define 


a ifi=j 
a= 2 
0 ifi#] 


for any 1 <i, j <n Then (a,) is a scalar matrix 


a0: 0 
Oa: 0 
0 0 a 


and any scalar matrix is of this form. 


DEFINITION 8.11 Identity Matrix A scalar matrix is called the identity matrix or a unit matrix if each of the 
diagonal element is the number 1. That is, a square matrix A=(a,) of order n is called the 
identity matrix of order n if 
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lL wi=j 
a= : 
O ifi¥] 
for all 1 <i, j <n. The identity matrix of order n is denoted by J, The identity or unit matrix 


I, of order n will be simply called the identity and denoted by J when there is no ambiguity 
about n. 


Example 
ti 0.06 
Lb ho 
fa11) pee L=|0 1 0 pa ee 
ee OE Na oP oe eee oe i L1G 
001 
0001 


DEFINITION 8.12 Triangular Matrices A square matrix A = (a, ) is called an upper triangular matrix if 
a,=0 for all i> j A=(a,) is called a lower triangular matrix if 


a,;=9 foralli<j 


Example 
Upper Triangular Matrices Lower Triangular Matrices 
1 23 -2 4 00 0 
—2 3 0 0 
1 2 0-2 0 4 2 O 2 00 0 
: -1} and ; 2 1 O} and 
0 -1 0 05 3 1 -1 3 2 5 O 
4 -1 0 2 
0 OO -1 -1 03 -9 


Note that a square matrix is both upper and lower triangular matrix if and only it is a diagonal matrix. 


DEFINITION 8.13 Addition of Matrices Let A =(a,) and B =(b,) be matrices of order m x n. Then, we define 


A+B=(a,+b,) foralll<i<m and 1<j<n 

That is, the ijth entry in A + Bis the sum of the ijth entries in A and B. A + Bis called the sum 

of A and B and the operation + is called the addition of matrices. 
Note that the addition is defined among matrices of the same order. For any m xn matrix A=(q,), we defined an 
mxXn matrix —A by 

-A= (-a,) 
and for any m xn matrices A and B, we write, as usual, A — B for 
A+(-B)= (4; ~ b;) 

where A =(a,) and B=(b,). 


Recall that two matrices A =(q,) and B=(b,) are said to equal if A and B are of the same order, say m x n and 
a, =b, for alll <i<mand1<j<n 


Example eal 


If 


then find out A +B. 


Solution: We have 


1-1 2 4 [ 2+1 O+(¢1) 14+2 344 
and B=|-2 3 1 2), A+Bz=|1+(-2) -1+3 241 142 
A Qe =A. 3 | 3+4 (-2)+0 44+(-4) 2+(-3) 

;3 -13 7 

=|-1 23 3 

| 7 -2 0 -1 


We shall use this technique in proving the following, in which all matrices are considered to be over real or complex 


numbers. 


THEOREM 8.1 


PROOF 


Let A=(a,), B=(b;) and C =(c,) be matrices of order m x n. Then the following are true. 


. Associative law for addition: A+(B+C)=(A+ B)+C. 
. Commutative law for addition: A+ B=B+A. 


1 
2 
3. A+O=A, where O is the mx n zero matrix and is called the additive identity. 
4. 
5 
6 
1 


A+(—A) =O. Here —A is called the additive inverse of A. 


. Cancellation laws for addition: A+ B= A+C=> B=CandB+A=C+A> B=C. 
. There exists unique matrix D such that A+ D= B. 


. For any 1<i<mand1<j<n, 


ijthentry in A+(B+C)=a,+ (b+ <¢,) 
=(a,+b,;)+0¢, (since + is associative for numbers) 
=ijthentry in (A+ B)+C 
Therefore A+(B+C)=(A+B)+C. 


. For any 1<i<mand1<j<n, 


ithentry in A+ B=a,+b, 
=b,+aq, (since + is commutative for numbers) 
=ithentry in B+ A 
Therefore A+ B=B+A. 
A+O=(a,) + (0) 
= (a, +0) 
=(a,;)=A 
A+ (-A)=(q,) + (~<a) 

= (a; +(-a,)) 
=)=0 
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5. Suppose that A+ B= A+C.Then, for any 1<i<m and1sj<n, 
qa, + b, =ijthentry in A+B 
=ithentry in A+C 
ee 
Hence b, =c,. Therefore B = (b,) = (c,) =C. Also 
B+A=C+ASA+B=A+C 
= B=C [by(2)] 
6. Put D= B- A.Then 
A+D=A+(B-A)=(B-A)+A=B+(-A+A)=B+O=B B 
DEFINITION 8.14 A real or complex number is called a scalar. For any matrix A = (qa, ) of numbers and for any 


scalar k, we define the matrix kA as the one whose ijth entry is obtained by multiplying the 
ijthentry of A by k, that is 


kA = (ka; ) 
Example 
If then 
1 2 -3 4 8 -12 
0 9 4 0 36 16 
A= : 4A= 
5 -6 7 20 -24 28 
8 -5 2 32 -20 8 


Hereon, all matrices are assumed to be with entries as real or complex numbers and we would not specify this any further. 


THEOREM 8.2) Let A=(a,)and B=(b,) be mxn matrices and s and ¢ be scalars. Then the following properties 
are satisfied: 


1. (A+ B)=sA+s5B 

.(s+thA=sA+tAa 

. S(tA) =(st)A = t(sA) 

. (—s)A =—(sSA) = s(-A) 

0A =O (0 on the left side is the scalar zero and O on the right is the zero matrix) 
6. sO=O 

ProoF| Letl<i<mand1l<j<na. 
1. ijthentry in s(A + B)=s(a, + b,) 


wm Ww N 


= sa, + sb; 
=ithentry in sA+sB 
Therefore, s(A + B)=sA+sB. 
2. ijthentry in (s+ 1)A=(s+2)a, 
= Sa, + ta; 
=ijthentry in sA4+tA 
Therefore, (s+ t)A=sA+ta. 


3. s(ta,) = (sta; = (ts)a, = t(sa,). Therefore, s(tA) = (st)A = t(sA). 
4, (—s)a, = —(sa, ) = s(—a, ). Therefore, (—s)A = —(sA) = s(—A). 


5. and 6. Since 0-4, =0=s-0, therefore OA = O=s0. Oo 
Example Ea 
Let A and B be 2 x 2 matrices. Find A and B such that Similarly, by using 
9 4 17-1 
3A+2B= 2A+5B= 
> 4 . | 6 4 
17 -1 we get that 
and BARI) 6 Ag 17 =2a,, + 5b, (8.5) 
-1=2 5b 8.6 
Solution: Let eae ee) 
6 = 2a,, + 5b), (8.7) 
Ae b | and B= i - =-15=20,, +5b (8.8) 
a dy b, by» * ci 
By solving Eqs. (8.1) and (8.5), we can find a,, and b,, 
Then, from the hypothesis, as a,, = 1 and b,, = 3. Similarly, by solving Eqs. (8.2) 
and (8.6), Eqs. (8.3) and (8.7), and Eqs. (8.4) and (8.8), 
2 | afi 4 by, by we get 
=3A+2B=3 +2 g 
-2 -6 G, dy by, by» _ _ 
4,=2 and b,=-1 
shee eee a, =—2 and b= 2 
3a, +2b, 3a, +2by and a,=0 and b,=-3 
and therefore, by equating the corresponding ijthentries | Therefore 
on both sides, we get os 12 ae 3-1 
9=3a,,+2b,, (8.1) = 5 ip el 
4=3a,,+2b,, (8.2) 
—2 =3a,,+25,, (8.3) 
—6 = 3a,, + 2b,, (8.4) 
Example Ea 
Evaluate the following: cos’ @ cos 6 sin ‘ 
[cos@ sin@] . [sin@ -cos@ ~|-cos@sin@ — cos’é 
cos @ : +sin @ : 
|-sin@ cos @| |cos@ sind sin? @ —sin @ cos ’ 
F . . 2 
Solution: We have sin @ cos 0 si'@ 
[cos@ sin@] . [sin@ —cos@ cos’ @ + sin’ 6 0 
cos@|, +sin@ : = 2 9 
|-sin@ cos @ | |cos@ sin@ 0 cos 8+ sin’ 8 


fil 0)_, 
|e al? 
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Example | 8.4 | 


Compute the matrix X, if it is given that 2X + 3A =3B, 3([3 5 1-1 
om 109 
1 -l 3.5 r 

A-l, ; and B-| : sale~t a=(=1) 
2|4-0 6-2 
Solution: Suppose that 2X +3A=3B. Then 2X =3B- 3/2 6 
3A =3(B — A). Therefore 5 4 tl 
X= =[B —Al |e 3 
[6 6 


In the following, we define the product AB of two matrices A and B only when the number of columns in A is equal 
to the number of rows in B. 


DEFINITION 8.15 Multiplication of Matrices Let A be an m x n matrix and B ann x p matrix. If A = (a,) and 
B= (b,), then the product AB is defined as the m x p matrix (c,), where 


in ny 


n 
Cj = ¥ 4,5; ee a, + G,,b, ,+ + 4,,D 
r=1 


foralll<i<mand1<j<p. 


Example Ee 


Let A be a4 x3 matrix and B be a3 x 2 matrix given by Cyy = AyD, + AyD, + a)3Dyy 
23 -1 =1x(-3)+0x4+4x1 
10 4 oe =-3+0+4=1 
A= and B=|-1 4 
0 2 -2 3 4 Cy = AyD, + Ab, + Aysdy, 
3 1 2 =0x2+2x(-1)+(-2)(3) 
Find the product AB. ao 


Coy = Ay, Dy + Ay Dyy + O53 Bry 


Solution: We get the product AB as a 4x2 matrix =0x(-3)+2x4+(-2)x1 


given by 
AB=(c,) =0+8-2=6 
C4 = AyD, + Ayydy, + Aygds, 
where c, = YY a,b, for all 1 <i<s4and1<j<2 and =(-3)2+ (-1)+2x3 
A = (a,) and B = (b,). Now =-6-1+6=-1 
Cy, = 4,,D,, + a,b), + a,3b3, Cay = AyyDyy + Aygbyy + Ayzbyp 
=2x2+3x(-1)+(-1)x3 =(-3)(-3)+1x4+2x1 
-4-3-3=2 =9+44+2=15 
Cy = 4D.) + Ady + Azbx Therefore 
=2x(-3)+3x4+(-)l 
=-64+12-1=5 —2 05 
14 
Cy) = by, + Anybdy + Ayzbr, AB=(c,)= 
=1x2+0x(-1)+44+3 =. 
-1 15 


=2+0+12=14 


Note: The ijthentry in the product AB is simply obtained by multiplying the ith row of A and jthcolumn of B. Note 
that the ithrow of A and jth column of B are both n-tuples 


b, 
d |? 

(4, 4, G3... a9 G,,) an. . 

ni 


respectively and the ijthentry in AB is the sum of the products a,, b,,, a,, b a, by. 


Lj ain “27923 4, nj* 


THEOREM 8.3) Let A=(a,) be an m Xn matrix, B=(b,) an nx p matrix and C =(c,)a p x q matrix. Then 


A(BC) =(AB)C 


ProoF| Note that BC is an n x q matrix and AB is an mx p matrix. Let BC = (d,), for 1<i<n,1<j<q, 
and AB=(u,), for 1<i<m,1<j< p. Then 


Pp 
d, = by b,c, (8.9) 

al 
and u;, = a..C. (8.10) 


Both A(BC) and (AB)C are m x q matrices. For any 1<i< mand1<j<q, 


ijthentry of A(BC) = ¥ a,d 


t=1 


=> ' “| [by Eq. (8.9)] 


= -¥ > (4, b,G;) 
p(n 
= bz [s a,b, Gi 
r= fs 


Dp 

= x U,, Gi 
=ithentry in(AB)C [by Eq. (8.10)] 

Thus (AB)C =(AB)C. a 


We have proved earlier that A+B=B+A for any isnot commutative. In fact,if A-B is defined, then B-A 
matrices A and B of the same order; that is the addition may not be defined. 
is commutative. However, the multiplication of matrices 
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Consider the following examples. 


Examples 


(1) Let A be a3 x2 matrix and B a2 x4 matrix. Then (2) Even if A-B and B-A are defined, they may not be 


A-B is defined, since the number of columns in A is of same order. For example, let A be a 2x3 matrix 
2 which is same as the number of rows in B. However and B be a3 x 2 matrix. Then A: B and B.-A are both 
B.A is not defined, since the number of columns in defined. However, A-B is a 2x2 matrix and B-A is 
B(=4) is not equal to the number of rows in A (= 3). 3 x3 matrix. 


Even if A-B and B.-A are defined and of same order, A-B and B-A may not be equal matrices. 


Example | 8.6 | 


Let Solution: We have 
1 O 2 1 1-2 + 0(-1) 1-1+0-0 2 1 
A= and B= A:-B= = 
. =) = 224A) 2414(-10)| 1s 2 


Show that A-B and B-A may not be equal matrices. 


2-14+1-2 2-0+1(-1) 4 7 
and B-A= = 


(ii+o2 Cios0e) i-4 6 


Therefore A-B4A-B. 


THEOREM 8.4] Let A and B be any matrices. Then AB and BA are both defined and are of same order if and only 
if both A and B are square matrices of same order. 


ProoF| Let A be anm xn matrix and B bea p x q matrix. Suppose that A- Band B-A are defined and of 
same order. Then n= p and qg=™m. Also, A-B is of order mx q and B.-A is of order p x n. Since 
A-B and B.-A are of same order, we have m= p and q =n. Thus 


m=q=n and p=n=q 


Therefore, A and B are square matrices of same order m x m. Converse is clear. BH 


Examples 


(1) If Ais a3 x 4 matrix and B is 4 x 3 matrix, then A-B (2) If A and B are square matrices each of order 3 x3, 
is defined and is a matrix of order 3 x 3. Also, B- A is then AB and BA defined and each of them is of 
defined and is a matrix of order 4 x 4. order 3 x 3. 


THEOREM 8.5] The multiplication of matrices is distributive over addition in the following sense. 
1. If A is an m Xn matrix and B and C are n x p matrices, then 


A(B+C)=A:B+A-C 
2. If A and B are m x n matrices and C is an 1 x p matrix, then 
(A+ B)C=AC+ BC 
ProoF| Let A=(a,),B=(b,) and C =(c,). 


1. Suppose that A is of order m xn and B and C are of order nx p. Then A(B + C) and A-B+ 
A-C are both of order m x p. For any 1<i<mand1<j<p, 


ith entry in A(B+ C)= > G,,(b, + ¢,) 


r=1 


=ith entry in A-B+ A-C 
Therefore, A(B + C)= AB+ AC. Note that we have used the fact that the multiplication of 
numbers is distributive over addition of numbers. 


2. This can be proved on similar lines. | 


In Definition 8.15, we have defined the multiplication of a matrix by a scalar. A scalar (i.e., a real or complex number) 
can be identified with a scalar matrix (see Definition 8.10) and the scalar multiplication of a matrix A is actually a 
multiplication of A with a scalar matrix, as we see below. 


THEOREM 8.6| Let A be an mx nmatrix and k ascalar. Then BA =kA= AC, where B is the m x m scalar matrix 
and Cis the n x nscalar matrix with k as diagonal entries. 


ProoF| Let B be the mx m diagonal matrix 


k 0 0 0 
0 k O 0 
10 0 O k | 
and C be the n x n diagonal matrix 
[k 0 0 0| 
0 k O 0 
10 0 O -: ki] 


Then BA, kA and AC are all mx n matrices. For any 1<i<mand1<j<vn, 


ijthentry in BA = ES b,4,, = ka, 
r=1 


where B=(b,) and b,=k if i# j and b, =O if i#j. Therefore BA=kA. Similarly AC=kA. & 


Coro.tary 8.1) If A is any m x nsquare matrix and k is an n x nscalar matrix, then A-k =k: A. 


The converse of this is proved in the following, that is, we prove next that the scalar matrices are the only matrices 
which commute with all similar matrices (i.e., matrices of same order). 


THEOREM 8.7] Let A be ann xn square matrix such that AB = BA for all nxn matrices B. Then A is a scalar 
matrix. 


ProoF| Let A= (a,). We shall prove that a, =a, for all 1 <i,j <n and a,=0 for all 1 <i#j<n. Let 1 <i, 
j<nbe fixed and define B = (b,) by 


_ {i if sstandt=j 
“10 otherwise 


Then, since AB = BA, by taking ijthentries both in AB and BA, we get that 


n n 
Py Gb, = > ba, 
r=1 r=1 
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THEOREM 8.8 


PROOF 


Coro.tary 8.2 


By substituting for b,, and b,,, we get 


i 


Therefore, all the diagonal elements in A are same. Also, let 1 <i# j <n and define C =(c,,) as 
_ fl ifs=j=t 
“10 ifsej or t¥#] 
Again, from AC = CA, we get that 


Substituting for both sides, we have a, =0 (c, =0 for all r, since i # j). Thus, a, =0 for alli # j and 
hence A is a scalar matrix of order n x n. Oo 


Let A = (a,) be an m X n matrix and J, 
tively. Then 


and /, be unit matrices of order m x m and n X n, respec- 


m 


[, A=A=AI, 


Note that /,, is the square matrix of order m x m in which each of the diagonal entries is 1 and all 
the non-diagonal entries are 0; that is, 


where 
1 iwi=j 
ej = ‘ 
O ifi#] 
Now, for any 1<i<mand1<j<vn, the ijthentry of J, Ais 


ve a,=a, (since e, =0 for all r #7) 


ir ij 
r=1 


Therefore /,,-A= A. Similarly A-[, = A. Oo 


If A is square matrix of order nx n,then [,-A=A=A-I,. 


DEFINITION 8.16 Recall from Definition 8.11 that the matrix J, is called the identity matrix or unit matrix order n. 


In view of Corollary 8.2, [, is also called the multiplicative identity of order n. When there is 
no ambiguity about n, J, is simply denoted by J and one has to take the order of J depending 


on the context where it is used. 


When we multiply a matrix A with J, from right or left, A is duplicated. If we multiply A with the zero matrix, we get 
the zero matrix as in the case of number systems. 


THEOREM 8.9) Let A be an m Xn matrix and O,, and O, be zero matrices of order m x m and n x n respectively. 


m 


Then 
0, A= Onyen = AO 


m n 


where O,,,,, is the zero matrix of order m x n. 


ProoF| Recall that O,, is a square matrix of order m x m in which all the entries are zero. Now, consider 
O,,,A=(O,,+0,,)A 
=O, A+O,,A_ [by part (2) of Theorem 8.5] 
Therefore, we have 
O, A+0,A=0,A=0,A+0O 


m mxn 


[by part (3) of Theorem 8.1] 
By the cancellation law [part (5) of Theorem 8.1], we get 


O, A = Onn 
Similar arguments yield 
AO, = Os a 


THEOREM 8.10] Let A be mxXn matrix and B and C be nx p matrices. Then the following hold: 
1. A(-B) =-(AB) =(-A)B 
2. A(B-C)=AB-AC 
3. (A- D)B= AB - DB for any m Xn matrix D. 


ProoF} 1. Consider the zero matrix Oi Then, we have 


AB+ A(-B)=A[B+(-B)] [by part (1), Theorem 8.5] 
=A-0,,, [by part (4), Theorem 8.1] 
= Onxp [by Theorem 8.9] 


= AB+ [-(AB)] [by part (4), Theorem 8.1] 
By the cancellation law [part (5), Theorem 8.1], we get that 
A(-B) =-(AB) 
Similar argument gives us that (-A)B=-(AB). 
2. We have 
A(B-C)= A[B + (-C)] 
= AB+ A(-C) 
= AB+(-AC)=AB- AC 
3. We have 
(A- D)B=[A+(-D)|B 
= AB+(-D)B 
= AB+(—DB)=AB- DB H 


Unlike in the number system, product of two non-zero matrices can be zero. Consider the following example. 


Example | 8.7 | 


Let A and B be non-zero matrices given by Solution: We have 


a=) | sat B-| 2 a dps 2x2+2(-2) 2(-2)+2-2 ” 0 0 
2 2 3 2 “eo 9) O-D) 2 O)" Or 0 
Show that AB and BA are zero matrices. and 


paa[rron 224-2) fe 1] 


(-2)2+2x2 (-2)24+2x2 0 0 
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Further, for two matrices A and B, it is quite possible that AB = 0 without BA being zero. In the following we have 
such an instant. 


Example ea) 


Let A and B be 2 x 2 matrices given by and 
0 1 1 1 1 11/0 1 1041-0 1141-1 0 2 
A= and B= B-A= = = 
01 0 0 0 O;0 1 0:0+0-0 0-1+0-1 0 0 
Find out AB and BA. Are these zero matrices? Therefore A-B=Oand B-A#O. 


Solution: We have 
Woe 0 1)[1 1]_[0-1+1-0 0-1+1-0] [fo 0 
“10. ANO° 01-6144). C1410) 10 6 


DEFINITION 8.17 Let A be a square matrix of order m x m. For any non-negative integer n, define A” recur- 
sively as follows: 


i. ifn=0 
A= n-1 7 
A’-A ifn>0 


Note that 


Al=A.A=I,-A=A; A =A A=A-A; A?=A?-A=(A-A)-A; ete. 


m 


Also A’, A’, ... are defined only when A is a square matrix. 


Example Esa 


Let A be a scalar matrix - & O 
a 0 0 S10 gO 
0a 0 oC 0 « 
0 0 a 
Infact, for any n = 0, 
where a is a given scalar. Then, find A* and A”. 
a 0 0 
Solution: For given A we have A'=(al,)'=a'lL,=|0 a’ 0 
3 3 
A’ =(al,)-(a1,) =a(1,-a)l, 0 0 a 


=aal,)J,=a I, 


Example 


For a non-zero square matrix A and a positive integer n, ; 2 4 2 4 
A" may be zero, but A may not be zero. For example, Then A’ = 
consider 


2.2441) 


2-4 + 4(—2) 


_ 7 0 0 
-|, 1)2+(-2)(-1) (-1)-4 + (-2)( »FLo i 


THEOREM 8.11 


PROOF 


Let A and B be square matrices of order m x m and sa scalar. Then the following hold good: 


SAAN Ss wWNE 


. For any integer n 20, (sA)' =s" A" 
. (A+ BY =A?+AB+ BA+ B 


(A- BY =A4’?- AB- BA+ B 


. (A+ B)(A- B)= A°- AB+ BA- B’ 
. If AB= BA, then (A + B)(A- B)= A?- BP 


Ae A’ _ Ae 
(A’" ) = AU 


. (A+ BY =A+ A B+ ABA+ BAB+BA+AB+BA +B 


9. If AB= BA, then (A+ BY = A°+ 3A4°B+ 3AB’+ B 


The proofs of (1), (6) and (7) are by induction. The others are straightforward verifications and 
are left to the reader. o 


DEFINITION 8.18 Let f(x)=q,+a,x +4,x +---a,x" be a polynomial in the indeterminate x and the coefficients 


a;s be scalars. Then, for any m x m matrix A, we define 
f(A)=q+a4At+aA +--+4,A" 


where each a, is treated as the scalar matrix of order m X min which each diagonal entry is a, 
and the other entries are 0. Note that f(A) is again an m x m matrix. f(A) is said to be a matrix 


polynomial. 


Example 


For any square matrix A and a scalar s 


(s+ Av=S"C AM? 


r=0 


This is a matrix polynomial and is equal to f(A) where 


n 


f(x) =(s+x)"= > Oar ak 


r=0 


Example 


The product of any two diagonal (scalar) matrices of the 
same order is again a diagonal (scalar) matrix. 
If A = (a,) and B = (b,) are diagonal matrices of 
order 7 x n, then 
a,=0=b, foralllsi#jsn 


The ijth entry in the product AB is 
. a,b, iki=j 

¥ 4,5; =4,b, = pot fs 

4 O ifi4j 


Therefore, except the diagonal entries, all the other 
entries in AB are zero. Therefore AB is a diagonal matrix. 
If A and B are scalar matrices, then 

a.=b. 


,,=b, and b,=b, foralllsi,j<n 


and hence a,b,=a,-b, and this shows that AB is also a 


scalar matrix. 
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Example | 8.10 | 


Solve the matrix equation 


XA=B 


1 2 2 1 
A= and B= 
> sf am 8[1 | 


Solution: Since A and B are 2 x2 matrices, to satisfy 
the equation XA = B, X also must be a 2 x 2 matrix. Let 


ear 


From XA = B, we have 


where 


at+2b 2a+3b| |2 1 
c+2d 2c+3d} [1 3 
Equating the corresponding entries on both sides, we 
have 
at+2b=2; c+2d=1; 2a+3b=1; 2c+3d=3 


Solving these, we get that a=—4,b=3,c=3andd=-1. 
Therefore 


Example Ea 


Let A be the matrix 


a 
a 
a 
a 


Prove that 


qr} qr-t qr! qr! 

qr! qr! qr} qr! 
ad ee si ff at 

4” 4" 4" 4” 


qr} qr} qr} qr! 
for any positive integer n. 


Solution: We shall use induction on n. If n=1, it is clear. 
Let m> 1 and assume that result is true for n =m — 1.Then 


aaaalii1ititi 
At = AA = aaaaj\i1i11 
aaaalii1ititi 
la aaajjl 111 
[4a 4a 4a 4a 
4a 4a 4a 4a 2 
= (where a= 4") 
4a 4a 4a 4a 
4a 4a 4a 4a 
rant qn-| qr-1 qn} 
qn! qn! qn! qin! 
~ qm gm-l gmt gmt 


[4”"" qin-1 4n-! ql 


Example past) 


Two persons X and Y wanted to purchase onions, 
tomatoes and potatoes for each of their families. The 
quantities in kilograms of each of the items required by 
X and Y are given in the table below: 


| Onions Tomatoes Potatoes 
xX 12 6 6 
ng 10 4 5 


There are two markets in the town, market I and market II. 
The costs per kilogram of each item in the two markets are 
given in rupees in the table in the right column: 


| MarketI Market II 


Onions 10 9 
Tomatoes 6 7 
Potatoes 8 9 


Prepare a comparison table, showing the probable expen- 
ditures of the persons X and Y in the two markets I, 
and IT, and their preferences of I and II. It is given that 
they can go to only one market each. 


Solution: Let A be the person-item matrix, that is 


12 6 6 
A= 
fr 4 | 


and B be the item—market matrix, that is be a 
10 9 164 163 
B=|6 7 Therefore the required table is 
8 9 
| MarketI Market II 
We have to compute person—market matrix, that is, we xX Rs. 204 Rs. 204 
have to calculate the product A-B. Now A is a2 x3 matrix Y 164 163 


(2 person — 3 items) and B is a3 x 2 matrix (3 items — 2 


markets) and therefore A-B is a2 x2 matrix (2 person—2 Then X understands that both markets are equally prefe- 
markets) given by rable, while Y decides to go to market II, when it is given 


Te 1210466468 12:946:7469 
~|10-:10+4-64+5-8 10:94+4-7+5-9 


that the qualities are same in markets I and I. 


DEFINITION 8.19 _ For any matrix A, the transpose of A is defined to be the matrix obtained by interchanging 
the rows and columns in A. The transpose of A is denoted by A’ or A’. If A=(a,) isan mxn 


matrix, then the transpose A’ is an n x m matrix given by 
+ ee , 
AT = (aj) 


where a; = a;. That is, the ijth entry in A becomes the jithentry in A‘. 


Examples 
; 1 3 2 3 4 
1) If A= ~~, then AT=/| 2 -1 = a. 
; 4 7 as @) If A= , then AT 
. 2 6 5 
Oe. al 


THEOREM 8.12) Let A and B be mxXn matrices and s a scalar. Then 
1. (A+B) =A +B 
2. (sA)'=s-A™ 
3, (-A)'=-A™ 


2 -4 1 2 
=|3 -2 6 -3 
4 3 5 -1 


ProoF| Let A = (a,) and B = (b,). Then, A, B and A + B are matrices of order mxn and therefore 
A‘, B', A'+ B' and (A+ B)' are all n x m matrices. For any 1<i<nand1< j<m, ijthentry in 


(A+ B)' = jithentry in A+B 
=a, + bj, 
= ijthentry in A‘ + ijthentry in B’ 
= ijthentry in A’ + B* 
Therefore 


(A+B) =A'+B 


Similarly, we can prove that (sA)' = s-A" and deduce, by taking s =—1, that (—A)" =—A’. a 


Example | 8-13) 


Consider the following matrices: 2 3 
A = 


1 apt 23 
a emcee a, 
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Compute A’, B', A’+ B', A+ Band(A+B)'. Therefore 
Solution: We have 1 -6 
(A+By=| 5 0 
2 =A af +2 a 6 
A'=| 3 -1| and BT=/ 2 1 
1 5 3 4 Also 
Now [ 2+(-1) -4+(-2) 
A'+B'=| 342 -14+1 
yee e 2+(-1) 34+2 1+(-3) | 14+(-3) 544 
-4+(-2) -1+1 5+4 - 
1 -6 
-| oe 5 =| 5 0/=(A+B) 
-6 O 9 |-2 9 


THEOREM 8.13) Let A be an mXn matrix and B an nx p matrix. Then 
(AB)' = B"- A" 


ProoF| First note that AB is defined, since A and B are of order mx nandn x p, respectively, and that 
AB is of order mx p and hence (AB)' is of order p x m. Also, since B' and A’ are of order 
pXnand nx m, respectively; B'- A" is defined and is of order p x m. Therefore (AB)' and B’ A’ 
are both of order p x m. For any 1<i< pand1< j<mwwe have 


ijth entry in(AB)' = jithentry in AB 
= oy a,,,; 
r=1 
== >» bj; “Gi, 
r=1 
=3 ba, [where A"=(a/) and BT=(6f) 
r=1 


= ijthentry in B'- A* 
Thus (AB)' = B’- A’. : 


Example | 8.14 | 


Consider the following matrices: ape 5 -5 7 
A ak. A oe 
Ba Tl see Bale th, 0 
“i t @ ag) ee a, 
3-2 -1 (AB)'=|-5 3 
7 7 
Compute A‘, B', A'-B", A-Band(AB)’. 
Also 
Solution: Since A and B are of order 2 x 3 and3 x 3, 
respectively, AB is defined and is of order 2 x 3. We have 8-643 —-44+8-6 5 2 
2 -1 4 2 3 B’ A"=|-64+3-2 3-444]=|/-5 3 
A™=|-3 4] and B™=/-3 -1 -2 2+6-1 -1-8+2 oy 


Example Ee 


Recall Example 8.12 where two persons X and Y wanted = 12 10 
to purchase the items onions, tomatoes and potatoes — pr, yr _ 10 6 8 6 4 
in markets I or II. The matrix A is given as the person— 9 7 9 
item matrix and B as the item—market matrix. Instead, - 6 5 
suppose we are given the item—person matrix and the [10-12+6-6+8-6 10:10+6-4+8-5 
market—-item matrix. Then we have the following tables. | 04247-6406 910474405 
| xX Y 7 204 a =(A-By' 
Onions 12 10 [204 163 
TOMES The required table is 
Potatoes 6 5 
| xX Y 
| Onions Tomatoes Potatoes Market I 204 164 
Market I 10 6 8 Market II | 204 163 
Market II 9 yi 9 


These are simply A‘ and B', respectively. B" is a 2 x 3 
matrix and A’ is the 3x2 matrix. If we take product 
B' . A’, then we get the market-person matrix. Now 


DEFINITION 8.20 A matrix A is said to be symmetric if it is equal to its transpose, that is, A= A‘. If A= (a,), 
then A is called symmetric if a, =a, for all i and j. Note that if A is an m x n matrix, then A 
is an n X m matrix and therefore A can be symmetric only if A is a square matrix. 


Examples 
ee . : : (2) om is not a symmetric matrix 
(1) |2 -1 4] is asymmetric matrix, because when we 4 3 
0 4 3 2 3 
interchange the rows and columns, we get the same _— (3) 4 5 4 is not symmetric, since a symmetric 
matrix. 


matrix is necessarily a square matrix. 


1. The zero matrix of order nxn and the identity 2. Any diagonal matrix is always symmetric. 
matrix are both symmetric matrices. 


Note that a square matrix is symmetric if and only if the entries on the lower side of the diagonal are precisely the 
reflections of those on the upper side of in the diagonal as shown in Figure 8.1. 


FIGURE 8.1 Symmetric square matrix. 
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DEFINITION 8.21 


Examples 


(1) The matrix 7 


A is skew-symmetric if and only if A=—- A’. 


A square matrix A = (q,) is said to skew-symmetric if 4; =—4, for all i and j. In other words, 


23 4 1 3 4 
0 1 -3}, . _ |-2 3), : 
is skew-symmetric. (2) The matrix is not skew-symmetric 
ee a “3 -1 0 2) since Gh, F—-Ay. 
3 1 O -4 -3 —2 0 


In the following we derive certain important properties of symmetric matrices and skew-symmetric matrices. 


THEOREM 8.14 


PROOF 


Let A and B be any n x n square matrices. 

1. If A and B are symmetric, then so is A + B. 

2. If A and B are skew-symmetric, then so is A+ B. 

3. If AB= BA and A and B are symmetric (skew-symmetric), then AB is symmetric. 
4. If A is symmetric (skew-symmetric), then so is sA for any scalar s. 


Recall that A is symmetric if and only if A = A‘ and that A is skew-symmetric if and only if A = 
1. Suppose that A and B are symmetric. Then, by Theorem 8.12, we have 
(A+ B)'=A'tB'=A+B 
and therefore A + B is also symmetric. 
2. If A and B are skew-symmetric matrices, then 
(A+ B)'=A'+ B'=-AzB=-(At+ B) 
and therefore A+ B is skew-symmetric. 
3. Case I: Suppose A and B are symmetric and AB = BA. Then 
(AB)'=B' A'=B-A=AB 
and therefore AB is symmetric. 
Case II: If A and B are skew-symmetric and AB = BA, then 
(AB)' = B* A’ =(-B)(-A) = BA= AB 
and therefore AB is symmetric. 
4. Case I: If A is symmetric and s is a scalar, then 
(sA)'=sA™=sA 


and hence sA is symmetric. 
Case II: If A is skew-symmetric, then 


(sA)' = sA™ =s(—A) =-(sA) 


and hence sA is skew-symmetric. 


—A’. 


Note that, if A and B are skew-symmetric and AB = BA, then AB is not a skew-symmetric; however, AB is symmetric. 
In this context, we have the following. 


THEOREM 8.15 


Let A and B be square matrices of same order such that AB = BA. If one of A and B is symmetric 


and the other is skew-symmetric, then AB is skew-symmetric. 


ProoF]| Suppose that A is symmetric and B is skew-symmetric (there is no loss of generality, since 
AB = BA).Then 


(AB)! = B'A™ = (-B)A =-(BA) = -(AB) 


and therefore AB is skew-symmetric. B 


THEOREM 8.16) Let A be a square matrix. Then A is symmetric (skew-symmetric) if and only if A‘ is symmetric 
(skew-symmetric). 


ProoF| This follows from the fact that (A’)' = A. Also since A is symmetric 


A=A'=> Ab=A=(A')’ 
and A=-A'= A’=-A=+A'J’ | 


THEOREM 8.17) If A is askew-symmetric matrix, then all the diagonal entries in A are zero. 


ProoF| Let A= (a,) be a skew-symmetric matrix. Then a, = —a,; for all i and j. In particular, a, =—a,, and 
hence 2a,,=0 or a,,=0 for all i. Therefore all the diagonal entries a,, are zero. a 


Note: The converse of Theorem 8.17 is not true. For example the matrix 


is not skew-symmetric. 


THEOREM 8.18] For any square matrix A, A + A’ is symmetric and A — A' is skew-symmetric. 


ProoF| Let A be a square matrix. Then 
(A+ A’) =A'+(AT)!=A'+A=AtA™ 
and hence A + A' is symmetric. Also, 
(A-A*)=[A+(-A)P 
=A (AY aA +A) 
= A’ +(-A) 
= A'- A=-(A- A’) 


Therefore A — A‘ is skew-symmetric. o 


THEOREM 8.19} Any square matrix can be uniquely expressed as a sum of a symmetric matrix and a skew- 
symmetric matrix. 


ProoF| Let A be any square matrix. Then, by Theorem 8.18, A + A’ is symmetric and A — A‘ is skew- 
symmetric. Also, by part (4) of Theorem 8.14 we have 


5(A + A’) is symmetric 


and 5(A — A") is skew-symmetric 
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THEOREM 8.20 


PROOF 


Now, we have 
1 tT,1 T 
A=5(A+Al)+5(A- 4’) (8.11) 
To prove the uniqueness of this expression, let A = B + C, where B is a symmetric matrix and C is 
a skew-symmetric matrix. Then 


A+A'=(B+C)+(B+C)' 
=B+C+B+C 
=B+C+B-C 
=2B 


and therefore 
i) T 
B=—(A+A ) 
2 
Also, 


A-A'=(B+C)-(B+C)' 
=B+C-(B'+C') 


=B+C-(B-C) 
=2C 
and therefore 
Ca (Ae A‘) 
2 


Thus, Eq. (8.11) is an unique expression of A as a sum of a symmetric matrix and a skew-symmetric 
matrix. Oo 


Let A and B be symmetric matrices of the same order. Then the following hold: 
1. A” is symmetric for all positive integers n. 
2. AB is symmetric if and only if AB = BA. 
3. AB + BA is symmetric. 
4. AB — BA is skew-symmetric. 
1. For any positive integer n, 
(A°y'=(A-» AJ = Al Al = A--A=A" 
and therefore A” is symmetric. 
2. AB is symmetric = (AB)' = AB 
© B'A'=AB 
= BA=AB 
3. (AB+ BA)' =(AB)' +(BA)' 
= B'A'+ A'B" 
=BA+AB=AB+BA 
Therefore AB + BA is symmetric. 
4, (AB- BA)' =(AB)' —(BA)" 
— BTAT— ATBY 
= BA- AB=-(AB- BA) 
Therefore AB — BA is skew-symmetric. o 


THEOREM 8.21] For any square matrix A, AA’ and A’A are both symmetric. 
PrRooF| We have 
(AA’)'=(A')' AT = AA 
and (AA)! =A'(A)J'=A'A 
Therefore AA’ and A'A are both symmetric. | 


Example pares 


Express the matrix A asasum of asymmetric matrixand Again 
a skew-symmetric matrix. 


2-2 3-(-1) 1-5 [Oo 4 -4 
ne a A-A‘=|-1-3 -2-(-2) 4-(-3)]=|-4 0 7 
Sl oe S24 a5) 4 er 
» 3. =) 
Solution: To do this, we should compute 0 2 -2 
1 1 1 TT) 7 
z(At A’) and z(A-4") z(A-A )=/-2 0 > (8.13) 
-7 
Now transpose of A is given by 2 cy 0 
2-1 5 By Theorem 8.19 and using Eqs. (8.12) and (8.13) we 
A'=|3 -2 -3 have 
pb oe 2 A=3(A+ A") +5(A-A") 
For A", first row of A becomes the first column of A‘, the 
ith row of A becomes the ith column of A’. Now [ 7 
2 i 3 0 2 -2 
2+2 3+(-1) 1+5 4 2 6 1 7 
A+A'=|-14+3 -24+(-2) 44+(-3) |=/2 -4 1 =|1 -2 air -2 0 3 
S+1 =-34+4 <=54(5)| [6 1 =10 1 _7 
3 = = 2— 0 
7 = L 2 J 2 
2 1 3 symmetric skew-symmetric 
1 1 
~(A+A")=|1 -2) = 8.12 
3(A+ A") 5 (8.12) 
Sas 
L 2 J 
Example 
Let A and B be square matrices of same order. If B is = ABA’ 
symmetric (skew-symmetric), then so is ABA’. That is Re nee ete . 
oe re _|ABA’_ if Bis symmetric 
(ABA) =(A') BA - | A(-B)A™ if Bis skew-symmetric =— ABA™ 


DEFINITION 8.22 A square matrix A is said to be an orthogonal matrix if A'- A= I, where I is the identity 
matrix of order same as that of A. 
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Example | 8.17 | 


Prove that the following matrices are orthogonal: 4 
— — I 


cosa@ —sing 0 1 
(1) A= 


—sin co F ‘ 
es iat Therefore, A is an orthogonal matrix. 


(2) Let 
(2) a=| 


sing cosa 
-—cosa@ sina sin@ cos | 


Solution: —cosa sing 


(1) Consider the matrix Then 


cosa sin a 


-—sing cosa 


A sina —cosa 
cosa sing 


Then and 
7_|Ccos@ —sin a : sin’ @ + cos’ a sin @ cos @ — cos @ sin a 
sing cosa A A= : : , 2.54 
cos & sin @ — sin @ cos & cos a + sin’ 
and 1 0 
= = I 
2 a) ' : 0 1 
. cos’ a + sin’ a COs @ Sin & — sin & Cos O& 
A’-A= 
sin &@ cos @— cosa sina sin?a@ + cos?a Therefore, A is an orthogonal matrix. 
Example | 8.18 | 8 
Let 2a 0 0 
0 2b c¢ =|0 6b 0 
A=|a b -c 0. Be 
a —-b ¢ 


A is orthogonal if and only if 
Find the values of a, b and c such that A is an orthogonal 


: 1 0 0 
matrix. r 
A A=I=|0 1 0 
Solution: For the given matrix we have 0 0 1 
0 a a that is, 
A'=|2b b -b 
1 il 1 
a=+—~, b=+— and c=+——= 
c -c C¢ 5) 6 3 


Multiplying A‘ with A we get 


A'A 
[(O+@ (0-2b + ab (0-c—ca 
+a) — ab) + ca) 
_|(2b-0+ ba = [2b-2b+b-b [2b-c + b(-c) 
7 ~ ba) + (-b)(-b)] + (-b)c] 
[c-0+(-c)a [2b-c+(-c)b [c’ + (-c)(-c) 
l +c-al +c(-b)] +c] | 


DEFINITION 8.23 The following operations on matrices are called elementary transformations or elementary 
operations: 


1. The interchange of any two rows (or columns). 


2. The multiplication of any row (or column) by a non-zero scalar. 


3. The addition to the entries of a row (or column) the corresponding entries of any other 
row (or column) multiplied by a non-zero scalar. 


There are totally six types of elementary transformations on a matrix, three types are due to rows and three types due 
to columns. An elementary transformation is called a row transformation or a column transformation according as it 
applies to rows or columns, respectively. We follow a fixed notation to describe these six elementary transformations 
as detailed below. 


1. We denote the elementary transformations of interchanging the ith row and jth row by R, <> R,. For example, for 
a matrix 


23 1 4 
A=|-1 2 -3 2 
3 4 2 1 


applying the elementary transformation R, © R,, that is, interchanging the second row and third row, we get the 
matrix 


23 1 4 
3 4 2 1 
-1 2 -3 2 


2. The elementary transformation of interchanging the ith column and jth column is denoted by C, <> C;. For example, 
by applying the transformation C, © C, to the matrix A given above we get the matrix 


1 3 2 4 
—3 2 -1 2 
2 4 3 1 


3. The elementary transformation of multiplying the entries in the ith row by a non-zero scalar s is denoted by R, > sR. 
For example, application of the transformation R, > 2R, to the matrix 


23 1 4 


A=|-1 2 -3 2 
3 4 2 1 


gives us the matrix 
23 1 4 
-1 2 -3 2 
6 8 4 2 


4. The elementary transformation of multiplying the entries of the ith column by a non-zero scalar s is denoted by 
C, © sC,. For example, the application at C, << 2C, to the matrix A given above gives us the matrix 


o 2 94: 4) [2 3 2 a 
ml 2-863). Visa BD 6-2 
3.4 22 1] |3 4 4 1 
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5. The transformation of adding to the entries in ith row, the corresponding entries of the jth row multiplied by a non- 
zero scalar s is denoted by R, > RK, + sR,. For example, when we apply the transformation R, > R, + 3K, to the matrix 


23 14 
Az=/|-1 2 -3 2 
3.4 2 1 
we get the matrix 
2 3 1 4 23 1 4 
-14+3-2 243-3 -34+3-1 2+3-4/=|5 11 0 14 
3 4 2 1 3.4 2 1 


6. Lastly, the transformation of adding to the entries in ith column, the corresponding entries in the jth column 
multiplied by a non-zero scalar s is denoted by C, > C,+ sC;. For example, the application of C, > C, + 3C, to the 
matrix A in (5) gives us the matrix 


2 343-2 1 4 2 9 1 4 
-1 24+3(-1) -3 2}=]-1 -1 -3 2 
3 4433 2 I 2 IB? 221 


DEFINITION 8.24 Let A and B be two matrices of the same order and et be an elementary transformation 
(i.e., ef is any six transformations described above). Then we write A —“> B to denote 
that B is obtained by applying the elementary transformation et to A. For example 


RoR: 
Aaa BR 


denotes that B is obtained by interchanging the ith row and jth row in A. It can be easily seen that 
A—*+ Bimplies B—2> A 
where fis another elementary transformation, which may be called the inverse transformation of et. 


For example, R, > R; (or C,< C,) is inverse of itself. R, — (1/s)R, [C, > (1/s)C] is the inverse of R, > sR,(C, > sC,). 
Also, R, > R, + sR; is the inverse of R, > R, + (-s)R, and C, > C, + sC, is the inverse of C, > C, + (-s)C;. In other words, 
the inverse of an elementary transformation is again an elementary transformation. 


DEFINITION 8.25 A square matrix A is said to be an elementary row (column) matrix if it is obtained by apply- 
ing an elementary row (column) transformation to the identity matrix J, that is, J —> A. 


Examples 
(1) The matrix (2) Let 
1 0 0 00 1 
0 0 1 E=|0 1 0 
0 10 1 0 0 
is an elementary matrix, since it is obtained by inter- Then EF is an elementary column matrix, since 
changing the second and third rows in the identity j ene od 
matrix (3) Let 
1 0 0 
Ga 1 0 3 
i E=|0 1 0 
00 1 


Then J °°" _. F and hence E is an elementary 1 00 1 0 
column matrix. (4) |0 1 0|—=*5)0 4 6 
0 0 1 0 0 1 


and therefore this is an elementary row matrix. 


The following theorem is a straightforward verification and is left for the reader. 


Try it out 2 


THEOREM 8.22] Let A and B square matrices of same order. 
1. For any elementary row transformation ert, A—— B if and only if EA = B, where E is 


ert 


the elementary matrix for which 1 ——> E. 
2. For any elementary column transformation ect, A—“— B if and only if B= AE, where E 


ect 


is the elementary matrix for which [ ——> E. y 
Examples 
(1) Let (2) Let 
3 1 4 3 1 4 1 2 3 1 11 3 
A=|2 3 -2) and B=|2 3 -2 A=|4 5 6] and B=|4 23 6 
-1 —2 -3 3.4 -7 7 8 9 7 35 9 
Then A —-*"* > B and Then A—-?"*"_5 B and 
3 1 4 10 0);;3 1 4 1 113 1 2 3)]/1 0 O 
B=|2 3 -2}=|0 1 O|/2 3 -2\|=EA B=|4 23 6/=/4 5 6]/0 1 O|J=A-E 
3.4 -7 0 2 1j\/-1 —2 -3 7 35 9 7 8 91/0 3 1 
where where 


100 100 
E=|0 1 0| and J=|0 1 0/222" ,F 
021 


100 
E=|0 1 0| and [—@@™ fF 
001 Oo 3.1 


DEFINITION 8.26 ‘Twomatrices A and B of same order are said to be similar or equivalent if one can be obtained 
from the other by applying a finite number of elementary transformations. If A and B are 
similar or equivalent, we denote this by A ~ B. 


In other words A ~ B if there exist finite number of matrices a B,,..., B, = B such that 
Bom Bia a Rah aR RS SB 
where f,, f,,..., f, are some elementary transformations. We assume the validity of the following theorem without 


going to the intracacies of the proof. 


THEOREM 8.23) Being similar is an equivalence relation on the class of all matrices, that is, for any matrices A, B 
and C, the following hold: 
1. A~A 


2. A~BandB~C>A~C 
3. A~BS>B~A 
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Examples 
3 5 9 [1 0 4] 
(1) Let A=|2 6 4]. Then eee 3/3 1 12 
12 3 LO Oo 14 
[3 5 0 [1 0 4] 
A C33065,-3C, 76 2 Ri, Rs +2R, 3112 
[1 4 0 [6 2 25| 
3 5 0 [7 2 29 
—RmeRk .}_1 1 2 es 15 12 |= A, say. 
[1 4 0 [6 2 25] 
35 0 Therefore J, ~ A. 
RyRy +Ry . 
SS 0. 5. =2 (3) Consider 
Eo 0 7 2 29 1 0 4 
lf 10 A=|3 1 12) "5/3 1 12 
BPR JQ 5 2 6 2 25 6 2 25 
[1 4 0 l1 0 4 
mo) 1 0 Ry R3-2R, 3 1 12 
R;>Ry-2R, 0 5 -2 |.0 0 1 
| -3 2 0 i 0 0] 
C33C3-4C 
Sue, ‘TD L © 0 
2 ats! 3 00 1| 
—— | 0 0 -2]=B(say) L 
—-3 2 O 1 0 01 
Ry>Ry-3R, 
Therefore A ~ B. >}0 1 Oj=4, 
lo o 1 
1 0 0 1 0 0 
(2) 4.=|0 1 0 2 Be BPR 13> 4. 6 Therefore A ~ J. 
0 0 1 00 1 


DEFINITION 8.27 A square matrix A of order n is said to be invertible or non-singular if there exists a square 
matrix B of order n such that 


AB=1,=BA 


where J, is the identity matrix of order n, B is called inverse of A and is denoted by A™. 


THEOREM 8.24) For any n Xn matrix A, there is atmost one inverse of A. 
Proor| Suppose that B and C are inverses of A. Then AB=/,= BA and AC =1,=CA. Now, 
B=1,B=(CA)B=C(AB)=CI,=C 


Therefore B = C or there is atmost one inverse of A. B 


Example 
Let 
1 0 0 
2 -1 3 -7 -9 10 El: 4 OSH 
A=|-5 3 1] and B=|-12 -15 17 001 
3 2 1 1 -1l 
Then Similarly, BA =1,= AB. Therefore A is invertible and 
A =B, 
AB 
[[2(-7) + (-1)(-12)  [2(-9) + (-1)(-15) [2:10 + (-1)17_ ] 
+ 3-1] + 3-1] + 3(-1)] 
[(—5)(—7) + 3(-12) - [(-5) (—9) + 3(-15)- [(-5)-10 + 3-17 
= +1-1] +1-]] + 1(-1)] 
[(—3)(—7) + 2(-12)  [(—3)(-9) + 2(-15)  [(—3)-10 + 2-17 
| + 3-1] +1-1] +3(-))] | 


Before going to find an algorithm to find the inverse, if it exists, of a square matrix, we have the following. 


THEOREM 8.25] Let A and B be square matrices of the same order. 


1. For any elementary row transformation f, 
f(AB) = f(A) B 
2. For any elementary column transformation g 
8(AB) = A-g(B) 
ProoF| 1. By part (1) of Theorem 8.22, we have 
f(AB) = E(AB) =(EA)B = f(A)B 
where FE = f(J). 
2. Again by part (2) of Theorem 8.22, we have 


g(AB) =(AB)E = A(BE) = Ag(B) 
where E = g(/) a 


THEOREM 8.26) Let A and B be invertible square matrices of the same order. Then AB is invertible and 
(AB)'=B"'-A' 
ProoF]| WehaveA-A'=]=A™'-Aand BB'=I1=B'B.Now 


(AB)(B'A") = A(BB")A™= AIA1= AA7=1 
and (B'A")(AB) = B'(A7A)B= BUIB= B“B=1 
and hence AB is invertible and (AB)'= B' A". ia 


In the following, we prove that, for any invertible matrix, the operations of taking transpose and inverse commute with 
each other. 
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THEOREM 8.27 


PROOF 


THEOREM 8.28 


PROOF 


THEOREM 8.29 


PROOF 


THEOREM 8.30 


PROOF 


A square matrix A is invertible if and only if its transpose is invertible and, in this case 
(AT y = (A" ie 


That is, the transpose of the inverse of A is the inverse of transpose of A. 


Suppose that A is invertible. Then 
A-A'=I=A"':A 
Taking transposes, we get 
(A')' A’ =(AA'Y=P=I=(A'AS =A (AY 


Therefore, A‘ is invertible and its inverse is (A')' and therefore (A')'=(A”)'. The converse 
follows from the facts that (A')' = A and (A) = A. r | 


Every elementary matrix is invertible. 


First recall, from the discussion made after Definition 8.24, that any elementary row (or 
column) transformation has an inverse which is again an elementary row (respectively column) 
transformation. If F is an elementary matrix of order n Xx n, then 


B=) 


for a suitable elementary row (or column) transformation f, where / is the identity matrix of order n. 
Then f is also an elementary row (or column) transformation. Let 


F=f"(1) 

Suppose that fis an elementary row transformation. Then, by part (1) of Theorem 8.25, we have 
B-F=fU)FafUF)SfPys fF @)=2 

and FE=f'\(DE=f"(E)=f'\(E)=f'(¢()=1 

If fis a column transformation, again by part (2) of Theorem 8.25, we have 
E-F=E-f'()=f((ED=f"()=f (f(D)=1 

and F-E=F-fU)=fD=f@)=fF W)=1 

Thus EF = / = FE and hence EF is invertible and Fis the inverse of E. a 


Let A be an invertible matrix. Then in each row (and in each column) there is atleast one non-zero entry. 


Let A=(a,) and A‘ =(b,). Then, for each i, the ith diagonal entry (i.e., iithentry) in A- A“ (=/) 
is 1 and hence 


Therefore a, #0 for some r (otherwise, the above sum becomes 0). Similarly, for each j, 


a,#0 forsomer a 


Let A be a square matrix of order n. Then A is invertible if and only if A and J, are similar. 


Suppose that A and /, are similar. Then there exist finite number of matrices B,, B,,..., B,, =, 
such that 


A fi B, h B, & sha Jn-1 B Jn B, = i. 


m-1 


where each f,is either an elementary row transformation or an elementary column transformation. 
Then, by Theorem 8.22, 


B=RB., or B=B,C 


for each i, where R is an elementary row matrix or Cis an elementary column matrix, according 
as whether f, is a row transformation or column transformation, respectively. Therefore, there 
exists elementary row matrices R,, R,,..., R, and elementary column matrices C,, C,,...,C, such 
that 


[L=(R, 8: R)A(C C.-C), s+t=m 


Put R=R,R,--- Rand C=C,C,---C,. Then, by Theorems 8.28 and 8.26, R and C are invertible 
matrices and J, = RAC. Hence 


A=R°LC’=R'C  =(CRY" 


Thus, A is invertible. 

Conversely, suppose that A is invertible and let A=(q,). If a,,=0, then some entry, say a, 
in the first column of A, is non-zero and we interchange the first row and ith row, by apply- 
ing the row transformation R, © R, to get a matrix whose (1-1)th entry is not zero. Then, by 
applying the transformation R, > (1/a,,)R,, we get a matrix whose (1-1)thentry is 1. Then apply 
R, > R,-4,R,, R; > R,;-@,R,,...,R, > R,-4,,R, successively to get a matrix whose (1-1)th 
entry is 1 and the other entries in the first column are zeroes. Next, in the resulting matrix, consider 
second diagonal element (i.e., (2-2)th entry). For some r22,a,,#0 (see the following remark) 
and then exchange the rth row with the second row. (2-2)th entry is not zero. Make it 1 by applying 
a row transformation and then make a,,=0 for all r #2. Now take up (3-3)th element and make 
it 1 and other 73th elements (r # 3) zeroes. We can continue the process until we get /,. We thus 
have a sequence 


A A A A ee A 


of elementary row operations. Therefore A and J, are similar. Oo 


The reader is advised to go through Examples 8.19 and 8.20 to get a better understanding of the above proof. 


Remark: Let A=(a,) be ann xn invertible matrix and 1 <r <n satisfying the following: 


a4,=1 foralli<r 
a, =0 forall l<i<n,andi#j<r 


Then there exists i2r such that a, #0. For, suppose that a, =0 for all i= 7. Consider 


C,9C-a,,C, C.3C,-a Cy 


C96 -41, G1 
fi I fey HS 


A A, 


Now A and A, are similar and hence A, is similar to [, so that A, is also invertible. But the rthcolumn of A, contains 
only zeroes, which is a contradiction to Theorem 8.29. Therefore a, #0 for some 72 r. 


Coro.ttary 8.3} Let A and B be similar square matrices of the same order. Then A is invertible if and only B is 
invertible. 


ProoF| Since A~ B, we have A~I,<= B~I,. Now, we can use the above theorem to get the required 
result. a 


Note that, in the second part of the proof of Theorem 8.30, we have reduced a given invertible matrix to J, by using 
certain row transformations only. A similar procedure can be followed using the column transformations only. 
Therefore, we have the following. 
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Coro.tary 8.4} Any invertible matrix can be expressed as a product of finite number of elementary row matrices 
as well as a product of finite number of elementary column matrices. 


Example | 8.19 | 


Consider the matrix [ -22] 
gS at DD ae 
3 4 5 ROR SR | 13 
=5 =2> 1 17 
Reduce it to J, using elementary row transformations. 0 0 = 
34 
Solution: We have r ; : 
1 3 1 r 111 
2 3.1 RoR, 2 2 1 0 “47 
2 
A=|-3 4 5;——|-3 4°55 B 
-5 -—2 1 -5 -2 1 -|0 1 —= 
L 17 
r —12 
i 2. = 00 —* 
2 2 I 17 | 
RyRy +3R, 17. 13 = 4 
me co 
L-5 2 1 7 W 
ss ia are 13 
r 3 417 —————-10 1 = 
y 2 = 17 
7: 2 [0 0 1] 
Ry Rs +5R, 17. 13 
a ee lr ={1 
2 2 1 0 — 
0 at 7 R2R-ER, 17 
[2 2] “310 0 
7 7 [0 O 1 
_—s : 
2 2 u, |1 0 0 
R ZR 13 ROR +R 
uy 01 — 0 1 =1, 
17 
11 7 Lo ° 
Q— + 
L 2 2) 
io = 
34 
ROR 2 
———]0 1 = 
17 
p22 2 
be. 2 2 | 


Example | 8.20 | 


Reduce the matrix given in Example 8.19 to J, using 3 1 
column transformations only. fe eee al : 272 

A=|-3 4 5|—— > eo ae 
Solution: We have -5 -2 1 5 2 1 


i 
i G2 
3 2 G396,-2G 1 0 0 
Gna 6 17 0 1 =O 
ae ee ie ee 
2 _52 I-24 
~5» UH, 17 17 34 
L~ 2 : 
2 7 me 1 0 0 
91-76 17 13 32 iu | 
ay fart ae ay 7 17 | 
i 7 
oi | 
~ ~ 1 1 0 0 
= = Q7G-46 
0 10 
i Oo © 
G36, 13 ae 0 1 
17 2 a 17 | 
ws 2 
5 it 7 C30 +=2G 1 
i 7 2] 0 =f, 
7 2 10 0 
1 0 0 
CQ 3C,+30, 0 1 13 
P 
2 U7 
Lie ie 


In the above discussion, we have given a procedure to reduce an invertible matrix into the identity matrix using only 
the row transformations (only the column transformations). This can be used as an algorithm to find the inverse of a 
given invertible matrix. 


8.1.1 Algorithm to Find Inverse Using Only the Row Transformations (Gauss-Jordan Method) 


Let A be an invertible matrix of order n x n. Then we get matrices A,, A,,..., A,= 7, and elementary row transforma- 
tions f,, £,..., f, such that 


A=) A 4 Se 2 dS AST 
Then J =A,=f(A_,)=(f:-f.,)(4A..)-- =A, f(A). IER, R,..., R, are elementary row matrices correspond- 
ing to f,, f,..., f, respectively, then 
[L=R-R RA 
and therefore R, R,_,--- R, is the inverse of A. Note that this is same as f (J) f_,(J)--- f.Z). 


Ss 


This procedure can be easily remembered by the following method. Consider the equation 
A=I,A 
Apply successively f,, f,..., f, to get 
f(A)= fUA)= fA 
AAA) = LGMA) = EG) A 


T=Gfa WA)= Ghar BAD A 
Therefore (f,f_,--- 6£,)() is the inverse of A. 
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Example | 8.21 | 


Find the inverse of the matrix 10-1 2 1 0 
012 0 2/= 0 O|A [by RFR] 

A=|1 2 3 pe AM ee 

3 1 1 L2 2 2 


cn) 
| 
ra 
| 
N 
= 


by using elementary row transformations. 
1 Oj=|-4 3 -1JA (by R, > R,-2R,) 


Solution: We have A = IA. That is 00 1 ao 2 1 
(oO 1 2] [1 0 O] oe ee 
12 3/=|/0 1 O|A fi 1 1] 
13 1 1] [0 0 1 POO i, 2 2 2 
; — ; 01 O/=|-4 3 -1]A (byROR-R) 
12 3) |0 1 0 001 a 
0 1 2}=|1 0 O|A (by ROR) 12 2 2] 
11} jo 01 
[3 ! L Therefore 
1 2 3] fo 10 i at 4 
0 1 2|= 0 O/A (by R, > R,-3R) 5 5. = 
{0 -5 -8| [0 -3 1 At=|-4 3 -1 
[1 0 -1] [-2 0] ae 
a a 
0 1 2|=| 1 O OJA (byR>R,-2R) 
jo -5 -8| | 0 -3 1] 
{: i 1) 2 0] 
01 2|=| 1 0 O|A (byR OR +5R) 
00 2} [5-31 


8.1.2 Algorithm to Find Inverse Using Only the Column Transformations 


Let A be an invertible matrix of order n x n. Then by Corollary 8.4, we get matrices B,, B,,..., B. =I, and elementary 
column transformations g,, g,,...,g, such that 


&i &2 83 &. &r- &r 
A 3p 4 hs BF ep RST 


Then 1,=B=¢(B_,)=¢(g_(B_.)) =" =(¢ 8, °° & (A). If CG, C,...,C, are elementary column matrices corre- 
sponding to g,, g,..., g, respectively, then 


B= ¢(B_.) = 8 (B.D = Bg) = BAG, 
for all 1 <i<r(where J =/, and B,= A). Therefore 
I = B. = BG, = B_LC_LG cll ACC, or Cc 


and hence C, C, ---C, is the inverse of A. This procedure can be easily remembered as follows. Let us consider the 
equation 
A=Al 
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Apply g,, %..--, g. successively to get 


g (A) = Ag, (1) = AC, = ACI 
&(g,(A)) = AC g, (1) = ACC, = ACCT 


T= 84° @(A)=AGG:-C 


and hence C, C,--: C, is the inverse of A. 


Example 3-22) 


Find the inverse of the matrix given in Example 8.21 by i 1 
using elementary column transformations. 100 “2 1 2 
1 
0 OJ=A} 1 0 -1 by C, > =C 
Solution: We have A = Al where ( y ae) 
poe 00 = 
0 1 2 L 2 
A=|/1 2 3 r 
$4 4 ae 
i! 0 - 2 
Sawe have 0 1 O/=A;} 1 3 -1}] (byC,>C,-3C,) 
: _ _ n -5 0 3 1 
012 100 C= 5 
1 2 3/=Aj]O 1 0 | 
1 1 1 
pil boa Loo fra 3 
1 0 010 0 1 O/=A/-4 3 -1] (byC>C,+5C,) 
2 1 =A/1 0 0} (byC, oC) 0 0 5 3 1 
[11 3 1] [0 0 1{ l2 2 2 
10 0] [9 1 0 Therefore 
2 1 -1/=A/1 0 -2] (byC,>C,-2C) 111 
13-1} |o0 1 5° o- 9 
10 0) [24 oO] A‘=|-4 3 -l 
0 1 -1/=A] 1 0 -2| (byC,>3C,-2C) 5.3 1 
S21) | Go 4] | 2 
1 0 O| f-2 1 1] 
0 1 O/=A} 1 O -2} (byC,3C,+C,) 
ee | 1, Qe . a) 


The process of finding the inverse of A by the elementary column transformations, as demonstrated in Example 8.22, 
is abstracted in the following. 


8.2 Determinants 


Let us recall that a system of two equations in two unknowns, for example, 
1X, + AX, =, 
A,X, + dX, = b, 


has a unique solution if a,,a,, — @,a,, # 0. This system of equations can be expressed in matrix form as 


mE] 
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If the 2 x 2 matrix on the left side is invertible, then we can multiply the above matrix equation by the inverse of this 
matrix on the left side to get that 
-1 
* | _ i *] | 
x4 a, Ay b, 


The existence of the inverse of this 2 x 2 matrix depends on whether the number a,,a,, — a,,a,, is non-zero. This number 
is known as the determinant of the matrix. In this section, we shall define the concept of the determinant of any square 
matrix and study its properties. As usual we take matrices over real or complex numbers only. 


DEFINITION 8.28 Let A be a square matrix of order n x n. Then the determinant of A, which is denoted by | A| 
or det A, is defined inductively as follows. 


1. IfAisa1x 1 matrix,say A=[a,,], then 


det A=a,, 
2. If A is a 2 x 2 matrix, say 


al | 
G, A) 


det A = 4,4, — a4) 
3. If A is a 3 x3 matrix, say 


then we define 


G4, Ayr 43 
A= (a; ) =|%, G4 43 
4, Ay 4, 


then det A is defined as 


a,, det i la, det] la, ces | 
a, Ag a, 3 a3, Ay 


4. In general, let A =(a,) be an n x n matrix, say 


G4 4 43 7 Gy 
ae ie 2 7 se es 
any An2 an3 a Onin 


For any 1<i,j <n, let B; be the matrix of order (n—1) x(n—1) obtained from A by 
deleting the ith row and jth column. Then determinant of A is given by 


det A=} (-1)'"'a,, det B,, =a, det B, — a, det B, +---+(-1)"*"a,, det B,, 


j=l 


Example | 8.23 | 


Find the determinant of the following matrices: 21 3 


2 (2) A=|-3 4 -2 
ay =|, 4 12 1 


Solution: 


(1) For the given matrix, the determinant is 
det A=1-4-3.2=4-6=-2 


(2) For the given matrix, the determinant can be calcu- 
lated as 


4 -2 -3 -2 -3 4 
B= a. i ,By= a 4 and B,= 12 


(B,, is obtained from A by deleting first row and 
first column, B,, is obtained by deleting first row and 


8.2 | Determinants 


second column from A and B,, is obtained by delet- 
ing first row and third column from A.) Now 
det A =(-1)'*'a,, det B,, + (-1)'**a, det B,, 
+ (-1)'*a, det B,; 
= 2(4-1- 2(-2)) - 1-(-3-1- (-2)(-1)) 
+ 3(-3-2 — (-1)4) 
=2(4+ 4) -—(—3-2)+ 3(-6+ 4) 
=16+5-6=15 


Notation 8.1] Forasquare matrix A=(a,), we write |A| or |a,| also for the det A. For example, if 


then 


2 3.4 
A=| 1 2 3 
A a. 3 
2. 3.4 


detA=| 1 2 3/=|A| 


eA i) 


1. The determinant is defined only for a square matrix. 


2. For any square matrix A =(q,)and1<i,j <n, let B, 
be the matrix obtained from A by deleting the ithrow 
and jthcolumn in A. Then, it can be proved that 


det A =} (-1)'" a, det B, = }' (-1)'*a, det B, 
j=l =il 


Example 
Let 
2 1 3 
A=|-3 4 -2 
-1 2 1 
Then 
2 —-3 -l 
A'=|1 4 
3-2 


and its determinant is given by 


4 2 


|A™|=2 a 2 
ae | 3° 1 


cop 4 
+(- 
3 -2 


That is, the determinant will remain the same on 
expanding it along any row or any column. 


3. In particular, | A|=|A"|; that is, the determinant of a 
square matrix A is same as that of its transpose. 


= 2(4 —(-4)) + 3(1 - 6) — (-2 - 12) 
=16-15+14 
=15=|A| [see part (2), Example 8.23] 
Also, expanding det A along the second column of A we get 
(-1)'*?-1-(—3 — 2) + (-1)**?-4-(2 + 3) + (-1)°?-2-(-4 + 9) 
=-(-5) + 20-10=15=|A| 
Again, expanding det A along the third row we get 
(-1)°*! (-1) (-2 - 12) + (-1)"?-2-(-4 + 9) 
+(-1)**-1-(8 + 3) 
=14-104+11=15=|A| 
The reader can check that det A‘ =—40 = det A [part (3), 
Example 8.23]. 
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8.2.1 Evaluation of the Determinant of a 3 x 3 Matrix (Sarrus Diagram) 


Let 
4, 4 43 
A= (4; ) =|4%, 4 43 
43, A, As; 
Then 


| A] = (3453 — @y0h3) = Ay (Gy Ayy — Ay Qy3) + 3 (A) — Gy Qy ) 
= Ay Ay Ay + yy Ay) Ay + Ay3Ay) Ay) — (Ay Ayn; + Ay, Ag3 + A,305)4, ) 


There is an easy of way of remembering this to evaluate the determinant of A. Write down the columns of the matrix A. 
Write down the first and the second columns on the right side and draw broken lines as shown in Figure 8.2. Put + sign 
before the products of the triplets on the downward arrows and — sign before the products of the triplets on the upward 
arrows. The diagram in Figure 8.2 is called the Sarrus diagram. 


44 4p RY AD 
41 (41 493 404 Aap 


431 432 433 31 a2 


S “ 
AY, =i 4 


FIGURE 8.2 Sarrus diagram. 


Example | 8.24 | 


Let Solution: 
i & o 4 2 3 4. 2 
A=|1 -3 0 NX Os 
—2 5 2 F xX 
~2 5 


Find the determinant of A by using the Sarrus diagram. oe 
FIGURE 8.3 Sarrus diagram for Example 8.24. 
From Figure 8.3 we have 
| A| = 4(—3)2 + 2-0(-2) + 3-1-5 
(—2)(—3)3 — 5-0-4-— 2-1-2 
=-24+0+15-18-0-4=-31 


In the following theorems, we state certain properties of determinants of matrices. The reader is advised to assume 
these for the present and verify these in simpler cases of 2 x 2 and 3 x3 matrices. Let us begin with the following 
definition. 


DEFINITION 8.29 Let A=(q,) be a square matrix of order n x n. For any 1 <i, j <n, let M, be the determinant 
of the (n — 1) x (n—- 1) matrix obtained from A by deleting the ith row and jth column in A. 
Note that the ith row is one in which a, occurs and the jth column is one in which a, occurs. 
Then M, is called the minor of a,. There will be n’ number of minors corresponding to an 
n Xn matrix, for each entry in the matrix. If A is 3 x 3 matrix then there will be 9 minors 
associated with A. 


8.2 | Determinants 


Example | 8.25 | 


Find the minors M,,, M,, and M,, of the following matrix: 1 3 
uly 4-74 
43 2 ~ 
A=|5 1 3 5 3 
Solution: The minors associated with the given matrix 4 3 
are: My=[ 5|=-6 


+ Try it out Find all the minors of the matrix A given in Example 8.25. 


DEFINITION 8.30 Let A=(a,) be an nx nmatrix. For any 1 <i, j <n the cofactor of a, is defined by (-1)" M, 


where M,, is the minor of a,; that is, the determinant of the (n — 1) x (n — 1) matrix obtained 
from A by deleting the ith row and jth column in A, multiplied by (—1)"’. The cofactor of a, 
is denoted by A, and is given by 


Cofactor of a, = A, = (-1)*'M, 


8.2.2 Formula for Determinant in Cofactors 


Let A=(a,) be ann xn matrix. Then 


det A=|Al= )a,4, foranylsi<n 


j=l 
=)'a,A, foranyl<j<n 
i=1 


That is, 
| A|= A, Ay, + Ay Ayn + 005+ A, Ayn = Ay + Oy Agi +215 +H, Ady 


Example } 8.26 | 


Find the cofactors of the following matrices: (2) For the given matrix, the cofactors are 
3 2 2 6 4 6 
1 A = =f 1+1 =F: -(_ 1+2 _ 
4 2 3 1 
23 4 Ay= ("|_| i|-2: Ay= (If -9 
(2) A=| 42 6 - 
ip 1 me eee, 
“1 0 -3 Ay = (-17 ; 1 4 =-5; A,= 1y ° -1 J =-3 
Solution: 3 1 21 
Ay, = (-1)™" | =16; Ay = Cy | aoe 
(1) For the given matrix, the cofactors are 2 6 A SM 


2 3 


Ay = (-1)""4= 4; Ay =(-1)-1=-1 A, =(-1y" ig 


Ay =(-1)"".2=-2; Ay=(-1""-3=3 


: 
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THEOREM 8.31 


PROOF 


Coro.tary 8.5 


PROOF 


Examples 


(1) Let 


Then |A| = 0, since first and third rows in A are iden- 


Let A =(a,) be an n x n matrix. Let B be the matrix obtained by interchanging two rows (or column) 
in A. Then | B| =—| Al. 


We shall verify the theorem in special case when n = 3. Let 
Gy, Ay Ay 43, Ax az 
A=|4, 4 G,] and B=la, ay a); 
43, Ax 433 Gy, Ay Ay 
Now B is obtained from A by applying the fundamental row transformation R, © R,. Then 
| Bl = 45,(€y,443 — Ay)4y3) — Ayy(Gy14y3 — Ay ,4p3) + Ay3(y,4y9 — 44,49) 
= A371 3 — A314 1903 — A399, 13 + A394 1An3 + A3344)4 1) — A330 1,495 
= —Ay,(Ay)A33 — Ay7A3) + Ayy(Ay1 433 — A34p3) — A43(Aq1 43 — 4314p) 


=-|A| 


Similar proof works for interchanging two columns. Qo 


Let A be an nxn matrix in which any two rows (or two columns) are identical. Then |A| = 0. 
Let ith and kth rows in A be identical and B be the matrix obtained from A by interchanging the 
ith row and kth row, that is A — 48 Then, by Theorem 8.31 

| A] =—|B| 


But, since the ith and kth rows are identical, A = B, and hence |A| = |B|. Therefore |A| = 0. Similarly 
when two columns are identical, | A | = 0. a 


Then A aes B. We have 


12 3 |A|=1(1-2- 4-3) -3(2:2 -3-3) + 4(2-4-3-1) 
A=|3 1 4 =-10+15+20 =25 

123 |B) =4(0+3 =4¢ 2) =3(3 3-2-2) 413-4 2-4) 

=-20-15+10=—25 


tical. We can check this, by actual evaluation of | A |: Therefore |A| = |B]. 


| A| =1(1-3 — 2-4) — 2(3-3 — 1-4) + 3(3-2 — 1-1) 
=-5-10+15=0 


(2) Let 


13 4 43 1 
A=|2 1 3] and B=|3 1 2 
3 4 2 2 4 3 


THEOREM 8.32 


Let A =(a,) be a square matrix of order n x n and s a scalar (i.e., s is a real or complex number). 
Let B be the matrix obtained from A by multiplying all the entries in a row (or a column) by s. 
That is, for some 1 < k <n, if 

Ry sR Cp sCy 


A—— B or A———B 
then |B|=s|A|. 
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ProoF| Suppose that A Ac“, B. Let us evaluate the determinant of B along the kthrow of B. Note 
that, for any 1 <j <n, the kjthcofactor of B (i.e., the cofactor of the kjth entry in B) is same as that 


of A. Now, 
|Bl= > sa,;- By 
j=l 
= say: Ary 
j=l 
=o Saye, ]=siA 
j=l @ 
Example | 8.27 | 
Let = 4(-2 + 3)-3(-1- 6) +2(1+4) 
43 2 =4+214+10=35 
A=| 1 2 -3| and A—“-“5B |B| = 4[8(-1) -1(-12)] - 3[ 4(-1) 
29. 4. 21 —(—2)(-12)]+2[4-1-(2)8] 


= 4(-8 + 12) -3(-4-24) + 2(4 + 16) 


Find B, |A|, |B] and s such that |B] = s| A]. = 16484 440=140 


Solution: By hypothesis we get This gives 
a 8. 6 |B|=140=4.35=4|A| 
B=| 4 8 -12 
Therefore s = 4. 
—2 1 -l 


Now 


|A]= 4[2(-1) -1(-3)] - 311-D) 
~(-2)(-3)] + 2[1-1-(-2)2] 


Coro.ttary 8.6] For any square matrix A of order n x n and for any scalar s, 


|sA|=s"|A| 


THEOREM 8.33] Let A =(a,) be a square matrix of order n x n. For a fixed k, let each entry in the kthrow of A be 
a sum of two terms b,, and c,,, that is, 


a,=b,+¢,; foreachl<j<n 
Let B=(b,) and C = (c,), where 
b,=a,=c, for allizk 
Then |A| = |B| +|C]. 
ProoF| Without loss of generality we can assume that k = 1 we are given that 


Bytey Dytey + Dy t+ Cy, 
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Try it out 
ILeti 


Show that 


Also, verify that 


by Diy Di, 
B= Ay, Ag A>, 
Lan a,2 Ann | 
Cy Ci Cin 
om Ay, Any a>, 
Lain ano os Ain | 


Let us evaluate the determinants along the first rows. Note that, for any 1 <j<n, A,,=B,=C 
that is, 


ip 
(1j)th cofactor of A = (1/)th cofactor of B = (1j)th cofactor of C 
Therefore 


|A|= YG, + G;) Ay 


j= 


n n 
= Vb jAy + Gj Ay 
i= jal 


n n 
=) 5,3; + L4G, 
i= jal 


=|Bl+I|C| iz 


2+3 445 14+3 
A 2) 6 —4 
-3 —4 -2 


5} j2 4 5) |3 4°55 
6/=|1 —3 64/2 —3 6 
1) |4 —2 iW |5 =—2 1 


Coro.iary 8.7 


PROOF 


The value of the determinant of a matrix does not change when any row (or column) is multi- 
RR, +sR, 


plied by a scalar s and then added to any other row (or column); that is, if A Bor 
AO. B then |A|=|BI. 
Let A—""_5 Band A= (a,). Then 
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Gy, +53, Ajyt+ Sy ++ A+ 503, 
ay, ay, A, 
B= a3, a3, a, 
Gy 4,2 Gy 
By Theorem 8.33, 
SQ3, SQyy +++ SQ, 
4, 4) a1, 
ae - 4, Ay Q2,, 
[B|= . i a +) 43, sy a3, 
an An Gin 
Qn Gp Gin 
a3, a ay, 
4, Ay 4, 
=|Al+s]a, a +: a,| (by Theorem 8.32) 
a1 a2 ~~ Gin 
=|A|+s-0=|A| (-. the first and third rows are identical) o 
Example | 8.28 | 
Let Determinant of B is 
432 |B| = 4(10-5 — 2.3) - 3[14-5 — (-1)3] + 2[14-2 — (-1)10] 
Az=l2 1 -3) and A—2®22@2" .B =4x 44-3x 7342 x 38 =33 
-1 2 5 Now 
Find out B and show that |B| = |A|. | A| = 4[1-5 - 2(-3)] —3[2-5 — (-1)(-3)] + 2[2-2 - (-D1] 
Solution: By hypothesis we get B as SSE eit) Neen 
4 3 2 4 3 2 Therefore 
B=|24+3-4 143-3 -34+3-2]/=/14 10 3 |B| =|A| 
-1 2 5 -1 2 5 


Example Ee 


Let A be a3 x3 matrix, in which each rowisin geometric Solution: We have 
progression. That is, 


1 or Pr 1rr 1lrr 
a ar ar |A|=alb bs bs*|=ab\l s s|=abc)l s s° 
2 
A=|b bs bs c ct ce c ct ce 1¢e 
c ct ct’ 
1 r r 


(applying R, > R, - R, 
=abc\0 s-r s°—r|and R, > R, — R, and 
0 t-r £—F/| using Theorem 8.32) 


Then show that | A| =abc(r — s)(s —t)(t-r). 
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lor Pr 1 s+r 
=abc(s—r)(t—r) 
=abc(s—r)|(0 1  s+r} (by Theorem 8.32) 1 ¢t+r 
oor Foe =abe(s—r)(t—n)[ttr—(s+r)] 
Le =abc(s—r)(t—r)(t—s) 
=abc(s—r)(t—r)|0 1 s+r = abc(r — s)(s— t)(t—r) 
O 1 t+r 


Example | 8.30 | 


Let a, b,c be in AP. Evaluate the determinant of x+1 x+2 xt+a 


xt+1 x+2 x+a |A|=| 1 1 b-a 
A=|x+2 x+3 x+b 2 2 c-a 


x+3 x+4 x+e 
x+1 x+2 x+a 


Solution: Since a, b,c are in AP, b —-a=c —b or 2b= =2} 1 1 d |=0 (since R,= R,) 
a+c. Let dbe the common difference b-—a=c-—b. By first 1 1 d 
applying R, > R, — R,and then R, > R,—- R, we get 


Let us recall that, for any square matrix A = (a,), the ijth minor is defined as the determinant of the matrix obtained by 
deleting the ith row and the jth column from A. It is denoted by M,. Also, the (ij)th cofactor is defined as (-1)'’M,, and 
is denoted by A, Further recall that the determinant of A is defined by 


|A| > > a, A, = BY (-1)"! a,;M; 
j=l j=l 
for any 1<i<nand1<j<n. 
DEFINITION 8.31 Let A=(a,) be a square matrix. Then adjoint of A is defined as the transpose of the matrix 
(A,), where A,,is the ijth cofactor in A. The adjoint of A is denoted by adjoint A or adj A. The 


ijth entry in adj A is the jith cofactor in A. 


Note that adj A is also a square matrix whose order is same as that of A. 


Example aa | 


Find adj A where A is given by A, =( ry P 2|_ 8 An=( rye |4 9 =f 
43 2 aa a?) i 3/2) 
A=| 3 1 -2 4 3 
A = -1 343 ee 
-1 2 -4 e-caly jes 
Solution: The cofactors of A are Therefore 
1 <2 —) 0 14 7) [oO 16 -8 
Ay =(-1)" =0; Ay =(-1)” =/4 i 
2 -4 —-1 -4 adj A=| 16 -14 -11} =|14 -14 14 
3 1 a: 2 -8 14 -5 7 -11 -5 
A = = 143 =7; = —1 241 =16 
seen t Aci) | 
“sia 2 al 4 3 
An=(-1") 4-4 A=") 3-11 
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THEOREM 8.34] Let A be a square matrix of order n. Then 
A-(adj A) = (adj A): A =|A| J, 


ProoF| Let A=(a,) and A, be the cofactor of a,. Then, it can be verified that, for any 1 <i,k <n, 


a |A| ifi=k 
Yu = 0 ifi 
ia ifi#xk 


We have 
A A 
Ay Ayo Ain] a i Pa i 
12 22 32 12 
adjA=|o" “2 7 ny 
4, ' A : 7 A, A, n A,, Bs 
Therefore 
|A| 0 0O 0 
0 |A| O ... O 
A-adjA=|0 0O |A| ... O J=|AI-Z, 
0 0 0... JAI 
Similarly, (adj A)-A =|A|-J,. oH 
+ Try it out Verify Theorem 8.34 by considering a 3 x 3 matrix. ) 


Coro.tAry 8.8| A square matrix A is invertible if and only if the determinant |A| is non-zero and, in this case, 


1 
A‘ =— (adj A) 
| A| 
Proor| If |A|=0, then by Theorem 8.34, we have (adj A)-A =O, the zero matrix. Therefore, we cannot 
find a matrix B such that AB=TJ, (otherwise adj A= O and A=QO) and so A is not invertible. 


Conversely, if |A| #0, then 
1 : 1 ; 
fe adj A}A == ae adj A] 
| A| | Al 


Hence A is invertible and 


1 


At=— 
| A| 


(adj A) . 


Let us recall that an invertible matrix is also called a non-singular matrix. A matrix which is not invertible is called a 
singular matrix. From the above result, a matrix is non-singular if and only if its determinant is non-zero. The following 
theorem is stated without proof, as it is beyond the scope of this book. However, the reader can assume this and use 
it freely in any instance. 
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THEOREM 8.35 


Coro.Liary 8.9 


PROOF 


Coro.tary 8.10 


PROOF 


THEOREM 8.36 


PROOF 


PROOF 


THEOREM 8.37 


THEOREM 8.38 


PROOF 


For any square matrices A and B of the same order 
|AB|=|A]|B 


That is, the determinant of the product is equal to the product of the determinants. o 


Let A and B be square matrices of the same order. Then the product AB is non-singular if and 
only if both A and B are non-singular. 


Since |A| and |B| are real numbers, we have 
|AB|=|A||B|40<e|A]#0 and |B\|40 


and the result follows from Corollary 8.8. a 


A square matrix is non-singular if and only if its transpose is non-singular. 


Let A be a square matrix and A‘ be its transpose. Then, we know that |A| =|A"| [see part (4), 
Quick Look 3]. Therefore A is non-singular if and only if A‘ is non-singular. im 


Let A be a non-singular matrix. Then A is symmetric if and only if A” is symmetric. 


Recall that a square matrix is called symmetric if it is equal to its transpose. By Theorem 8.27, we 
have (A')' =(A™)". Therefore 


A is symmetric @ A= A‘ 
Se A! = (A’y"* = (A')t 


© A‘ is symmetric i] 


Let A be a skew-symmetric matrix of order n, where n is an odd integer. Then A is singular, that 
is, its determinant is zero and hence A is not invertible. 


Since A is skew-symmetric, we have 


Av A 
Therefore, 
-|A|=(-1)" |A| (since 7 is odd) 
=|-A\ 
=|A"|=|A| 
and hence |A|+|A|=0so that |A|=0. Therefore, A is singular and hence not invertible. a 


Let A be a non-singular matrix of order n. Then 
|adj A|=|Al"" 
and hence adj A is non-singular. 
In Theorem 8.34, we have proved that 
A-(adj A)=|A| J, 


Note that | A|/, is the scalar matrix, in which each of the diagonal entries is |A| and each of the 
non-diagonal entries is zero. Now, by Theorem 8.35, 
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| Al |adj A| =|A(adj A)| 
=||AlZ] 
=(at 


and, since | A| # 0, it follows that 
|adj AJ=|A|"’#0 (since |A| #0) 


and therefore adj A is non-singular. H 


Try it out 
Prove that |adj A|=|A|"" is also true, even if |A|=0. 
Hint: When |A| = 0, then |adj A| =0. 


THEOREM 8.39} Let A be a non-singular matrix of order n, where n = 2. Then 


adj (adj A)=|A|"?-A 


Proor| Put B=adj A. By Theorem 8.34, 
B (adj B) =|B| 1,=|Al"" J, 


Therefore, 
A: B(adj B) = A(\Al""I,)=|A|"" (AZ, =|Al"" A 
Also 
| Al I, (adj B) = A-(adj A)-(adj B) 
= AB(adj B) 
=|A|"* A 
Therefore, adj (adj A) = adj B=|A|"*-A. E 


THEOREM 8.40] Let A be a non-singular matrix of order m and B and C any square matrices of order n. Then 


AB=AC=>B=C (left cancellation law) 
BA=CA>B=C (right cancellation law) 


PrRoor| We have 
AB= AC = A'(AB)=A™(AC) 
= (A™A)B=(A'A)C 
=>1,B=1,C 
=B=C 
Similarly, by multiplying with A“ on the right side, we get 
BA=CA=> B=C a 


THEOREM 8.41] Let A and B be non-singular matrices of same order n. Then 


adj (AB) = (adj B) (adj A) 
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ProoF] Recall that AB is non-singular and (AB)' = B' A‘. Now, consider 
(AB) (adj B)(adj A) = A(B-adj B) (adj A) 
= A(|B|-I,)(adj A) (by Theorem 8.34) 
=|B|(A I,)(adj A) 
=|B|(A-adj A) 
=|BI|AlZ, 
=|Al|Bl JZ, 
=|AB| 1, 
=(AB)[adj(AB)] (by Theorem 8.34) 
Since AB is non-singular, by Theorem 8.40, we get that 
(adj B) (adj A) = adj(AB) Ho 


THEOREM 8.42] Let A be non-singular matrix of order n. Then 
(adj A)" = adj (A") 
That is, the transpose of the adjoint is the adjoint of the transpose. 
ProoF} Since |A‘|=|A| #0, A’ and A are both invertible. Consider 
(adj A)"- A’ =(A-adj A)" 
=(|AlZ,)° 
=|Al Zz" 
=lAls, 
=|A"lI, 
= (adj A‘): A" 
Therefore, by the right cancellation law, 


(adj A)" = adj (A‘) | 


THEOREM 8.43] Let A bea non-singular matrix of order n. Then A is symmetric if and only if adj A is symmetric. 
ProoF| We have 
A is symmetric > A'=A 
= adj(A')=adj A 
= (adj A)" =adj A 
= adj A is symmetric 
Conversely, 
adj A is symmetric = adj(adj A) is symmetric 
=|A["*-Aissymmetric (by Theorem 8.39) 


= A is symmetric a 


If B is symmetric, then s B is also symmetric for any non-zero scalar s. Recall that, for any real number s, the scalar 
matrix, in which each diagonal entry is s and each of the other entries is zero, is also denoted by s. By writing s A, we 
mean the product of the scalar matrix s with the matrix A. For example, if 
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23 1 
A=|-2 1 -3 
-1 2 4 


then 


s 0 0], 2 3 1 
sA=|0 s OV -2 1 -3 
0 O s|j-l1 2 4 


Also, s A is the matrix in which each entry is obtained by multiplying the corresponding entry in A with s. If A is a 
non-singular matrix of order n, then sA is also non-singular for any non-zero scalar s and |s A|= s"| A], since the deter- 
minant of a scalar matrix s is equal to s”. Infact, the determinant of a diagonal matrix or a triangular matrix is equal to 
the product of the diagonal entries. 


THEOREM 8.44) Let f(x)=a,+a,x+a,x° +--+ +a,” be a polynomial in x, where dp, a,,4,, ..., a, are real numbers, 
such that a, #0. If A is a non-singular matrix such that f(A) = 0, then 


-1 
A'=—(a,+@A+a@At+--+4,A"") 
a 
ProoF]| Let A be a non-singular matrix and f(A) = 0. That is, 
a+4A+aA+--+4,A"'=0 
By multiplying both sides with A™, we get that 
qA'+aAA'+aA°A'+---+a,A"-A'=0 


Therefore 
pe ee eee ee 
a ia 
Example ese 
Find real numbers a and b such that a+bA+A°=O a+3b+11 2b+8 
ae -| b+4 eee 
de 3.2 
“lh 41 Therefore, 
Also find At. a+3b4+11=0;2b+8=0 
b+4=0;a+b+3=0 
Solution: First 
Solving these we get b =—4 and a=1. Therefore 
A=AA-|> “|? 4 1-4A+ A’=0 
mere Na a, ead 
188290 62424) fii 2 Be REE SY 
Tesi Tei e 3 This gives the inverse as 


Now, suppose that a and b are real numbers such that a ae f y A -| 1 5] 
0=a+bA+A 0 4 1 1 -1 3 


dle ole 


Chapter 8 | Matrices, Determinants and System of Equations 
Example Ea 


Find adj A,|A| and A” where Therefore, 


3 2 T aq 7 
A = adj A = A, Ay = 1 1 _ 1 2 
11 Ay, Abs —2 3 =] 3 
Solution: For the given matrix, we have 


1 -2 
yee A)= 
| A|=3-1-2-1=140 | A| = 


Therefore, A is non-singular. The cofactors for A are 
A, =(-1""-1=1, A, = (1) -1=-1 
Ay = ("2 =-2; Ay = (-1"?-3=3 


To find the inverse of a square matrix A, or to express A” in terms of A, the concept of a characteristic polynomial of 
a Square matrix and the much known Cayley—Hamilton Theorem are useful, especially for 2 x 2 and 3 x 3 matrices. Let 
us begin with a definition. 


DEFINITION 8.32 _ If Ais asquare matrix and /is the corresponding unit matrix, then the polynomial |A — x/| in 
x is called characteristic polynomial of A and the equation |A — x/| = 0 is called the character- 
istic equation of the matrix A. 


Example } 8.34 | 


Find the characteristic polynomial and characteristic so that 
equation of 


cops 2)(x+1)-1=-x-3 
— = = _— + a — —_ — 
2 1 x i ated (x -—2)(x +1) x -x 
1 -1 

° is the characteristic polynomial of A and its characteristic 
Solution: equation is 
Let 

Az 2 1 x -x-3=0 
1 -1 


Example | 8.35 | 


Find the characteristic polynomial and characteristic =(1-x)[(2- x)(3 -—x)—0]+ 10+ 1) + 2(2- x) 
equation for A given by =(1-x)(2-x)(3-x)+(5-2x) 
1 -1 2 =(1—x)(6-5x+4x°)+5-2x 
A=|0 2 1 =-x°+6x°-13x4+11 
-1 0 3 


This is the characteristic polynomial of A and its charac- 


Solution? We have teristic equation is x’ — 6x + 13x -11=0. 


|A-xI|=| 0 2-x 1 


The following theorem is stated without proof as it is not necessary for a student of plus two class. However, the 
student can assume this and use it freely whenever it is needed. 
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THEOREM 8.45] Every square matrix satisfies its characteristic equation; that is, if A is a square matrix of order 
(CayLeY—| nand 


HAMILTON) 2 
f(x)=|A-xll=aq+ax+ax°+---+a,x"=0 
is its characteristic equation, then 
f(A) =a@1,+aq4A+aA +--+4,A"=0 
Also if a, #0, then 
-1 
A‘t=—(al+aA+a,A+--+4,A"") 
af 
Note that A™ exists if and only if the constant term of the characteristic of A is non-zero. a 
Example (8.86: 
Show that the matrix A satisfies its characteristic equa- Also 
tion and hence find A“, where 
5 5 1 2 1| |-3 O 
x 1 (Aaa =A=3= = - 
Ax 1 2 1 -1 0 -3 
1 -1 
5-2-3 1-1+0 0 0 
Solution: The characteristic equation of the given oateg Ge pos le o 
matrix is x° — x - 3=0 (see Example 8.34). That is 
Aja <3 Therefore, A satisfies its characteristic equation and 
Now &- A=31 = At=—(A-1) 


ett alt at 2 


A few more examples of this type are discussed in worked-out problems. It is better for the reader to know few more 
kinds of matrices as discussed next. 


DEFINITION 8.33 A square matrix A is called idempotent matrix if A* = A. 


Example e370) 


Show that the matrix A is idempotent [ 442-4 -4-64+8 -8-8412 
2 -2 -4 =|-2-3+4 24+9-8 4412-12 
A=|-1 3 4 | 2+2-3 -2-6+6 -4-8+9 
mee [2 -2 -4 
Solution: By definition,a matrixisidempotentif A’ = A. =/-l1 3 4 |=A 
Now | 1-2 -3 


22 Ale = of 
A=|-1 3 4]/-1 3 4 
1 <2 =3i|4 <2 =3 


Therefore, A is an idempotent matrix. 


DEFINITION 8.34 A square matrix A is called nilpotent matrix if there exists a positive integer m such that A” 
is a zero matrix. Among such positive integers m, the least positive one is called the index of 
the nilpotent matrix. 
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Examples 
0 1 (2) Every zero square matrix is a nilpotent matrix of 
(1) 00 is a nilpotent matrix of index 2. index 1. 


DEFINITION 8.35 A square matrix A is called involutary if A’ is equal to unit matrix of same order. Note that 
a square matrix A is involutary if and only if A’ = A. 


Examples 


0 1 (2) Every unit matrix is involutary. 
(1) 1 0 is an involutary matrix. 


DEFINITION 8.36 A square matrix A is said to be periodic matrix, if A‘*'= A for some positive integer k. If k 
is the least positive integer such that A‘*'= A, then k is called the period of A. 


Example } 8.38 | 


Show that A is periodic matrix and find its period. ‘ F ‘I: ie 7 
A = — = =f. 
aan) 0 -i|[0 -i 0 -1 . 
A-[j ] (where i= ./-1) 
-i 


Solution: For the given matrix we have 


Therefore A* = J, and A’ = A. Hence A isa periodic matrix 
of period 4. 
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In this section, we shall apply the results on matrices and determinants in solving systems of linear equations. In 
particular, we derive certain conditions on the coefficients for the system of equations to have a unique solution. 


DEFINITION 8.37 Anequation of the form 
Q,;X,+4,X,+--+a,x,=b 


where @,,4@,...,a, and b are real numbers and x,, x,,..., x, are unknowns, is called linear 
equation in n unknowns. Also n linear equations in n unknowns of the form 
A,X, + AyX, +--+ +4,,X,= 5, 


Ay X + AyX, +++ 45,X, =, 


aX) a 42% psoas GinXy a b, 


is a called a system of linear equations in n unknowns. The above system of linear equations 
can be expressed in the form of a matrix equation as 
AX=B 


where A the n xn matrix and X and B are the n x 1 matrices given by 
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A, Ay a, x; b, 

Ay, yy Ayn, xX, b, 
A= , X= and B=| : 

a1 4,2 an Din xX, b, 


Recall that AX is the product of the square matrix A of order n Xn and the matrix X of order n x 1. Therefore both 
AX and B are n x1 matrices. The equation AX = B means that the corresponding entries in the matrices AX and B 
are equal; that is, foreach 1 <i<n, 


4X, t+ GX. +--+ 4,,%, =D, 


A and B are given matrices and we have to find X satisfying AX = B. The matrix A is called the coefficient matrix. 


DEFINITION 8.38 Let AX=B be asystem of n linear equations in n unknowns given by 
A,X, + A,X, +++4,,x, =, 


Ay X, + AyX, + +++ + A,X, =D, 


OX, + QyyXy ++ +4,,x,=b 


monn 


If b, =b,=---=b,=0, then the system is called a system of homogenous linear equations. If 
atleast one b,#0, then the system is called a non-homogenous system of linear equations. 
A solution of the system AX = B is defined to be an n-tuple (a, ,,..., @%,) of real numbers 
which satisfy each of the above equations; that is, 


4,0, + 4,,0,++:-+a,,0,,=b, foralllsi<n 


inn 


DEFINITION 8.39 Asystem AX = B of linear equations is said to be consistent if there exists a solution for the 
system; otherwise the system is called inconsistent. 


8.3.1 Crammer’s Rule 


THEOREM 8.46] Let AX=B bea system of n linear equations in n unknowns. If A is a non-singular matrix, then 
(CRAMMER’S| the system is consistent and has a unique solution. 
RuLe) 


PRooF}| Let 
Ay ,X, + A,X) +++ +4,,x, = 5, 


AyyXy + AyyXy + +++ + A,X, =D, 


MX, + AyXo+++++4,,X, = 5 


mn n 


be a system of linear equations. Let 
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G4, A «+ Gy x b, 

ard Xx. 
Aes a, Ay Dy, we : aad Bel 
Any an2 a Gin xX, b, 


Then AX = B represents the given system of linear equations in m unknowns x,, X,, ..., X,. Suppose 
that A is non-singular; that is, A has a multiplicative inverse A‘. Now, 


XeLX=(A AX=A (AX)EREA B 
and hence (x,, x,,...,x,) isa solution of AX = B. Further, 


A, Ay, As, oan, An b, 


adjA),, 1/4. An Ay -- Ay |] & 
|A| Dy: 


x=A"B=[ = 
| A| 


A, A,, A,, mies Ay b, 
where A,, is the ijth cofactor of the matrix A. This implies 


“DA, “DA, 
xX, = xX, = pee X= 
' ay ar 


iM: 
— | 
= 


One can observe that Yn is the determinant of the matrix obtained from the matrix A 


by replacing its kth column with B. If we denote this determinant obtained by replacing the kth 
column of A by B with A,, then 


Thus 
A A, A, 
—— = X= 

|A| |A| |A| 


xX, = 


which shows that the solution X is unique because X¥ = A™'B always satisfies the equation 
AX=B. o 


Example Eee 


Find the solution of the system of equations x+ y+ 


16 1 
Z=6,x-y+z=2,2x+ y—z=1 using Crammer’s rule. Aa OD 1 /Sdee~ tee =2) Hi =4)= 12 
Solution: Here the coefficient matrix is given by 21-1 
A=|1 -1 1) and B=|2), X=/y A,=|1 -1 2/=1(-1-2)-101-4) + 6(1+2)=18 
2 1 -l 1 z 2 1 1 
Now 
|A|=1(1-1)-1(-1- 2) +10. +2) =6 40 Therefore by Crammer’s rule 
Hence A is non-singular and the system willhave unique —_ A, _6 Ly A, _122 a and = A; _ 18 _ 3 
solution. Also |A| 6 |A| |A| 6 
6 1 1 is the solution. 
A,=|2 -1 =6(1-1)-1(-2-1) + 1(2+ 1) =6 
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8.3.2 Gauss—Jordan Method 


Now we are going to discuss another method of solving the equation AX = B by applying elementary row operations on A, 
where A is a non-singular matrix and B is a column matrix, and same operations on B. The equation will be reduced to the 
form LX = D, where /is the unit matrix of the same order as A and D is acolumn matrix whose elements are d,, d,,..., d,. So 
x,=d,,x,=d,,...,x, =, is the solution. This method of finding the solution of AX = B (| A|#0) is called Gauss—Jordan 
method. In this method, we use the following theorem which is stated and whose proof is beyond the scope of this book. 


THEOREM 8.47} Solution of the equation AX = B will not be altered by applying elementary row operations on 


the equation. 


Example | 8.40 | 


Using Gauss—Jordan method, solve the equations r 


x+2z=2, y+z=3 and 2x+y=1 10 2 2 A 
20: 1 1/\¥S)9 [R-zR] 

Solution: The matrix equation is 001 6 5 

10 2 2] x LS 

0 1 1|X=]3], where X=] y -: 

210} [1 Z ae 5 | (R~R,-2R, and 

= 4 ee ~10 1 O;|X=} 3-= 

10 2 2 001 5 Ko 1) 

01 11X=| 3) (24R=2R) 6 

|o 1-4; = |-3] L 3 

[1 0 2) [2] Therefore, the solution is 

~0 1 1|x=|3| (R~R-R) a a re 

[o 0 -s} | -6| te eee = 


8.3.3 Consistent and Inconsistent Systems 


Illustration 
The discussion till now provides the reader the technique of solving the equation AX = B when A is non-singular 
matrix (i.e., |A| #0). 
If | A] =0, then the system may have or may not have solution. 
1. If the system has no solution, then it is called inconsistent system. 
2. Ifit has solution, the system is called consistent system. 
Let us consider the system 
AX=B (8.14) 

where | A|=0. 

Applying series of elementary row operations simultaneously on both sides of Eq. (8.14), suppose at a stage, we 
obtain zero row (i.e., all elements of the row are zeros) in the transformed matrix of A and the corresponding element 
in the transformed form of B is non-zero, then the system is inconsistent otherwise it is consistent. When the system is 


consistent, then we rewrite the equivalent system and express x, y, z in terms of a parameter(s) which shows that the 
system has infinite number of solutions. This process will be explained by the following examples. 


Example | 8.41 | 


Check if the following system of equations is consistent Xt+ytz=l1, x+2y+4z=3 and x+4y+10z=9 
or inconsistent. 
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Solution: The matrix equation representing the system is | The system is inconsistent because 0x + Oy + 0z =2. Note 


2 a3 that, here 
111 1 
= 111 
el = 1(20 — 16) -1(10 — 4) + 1(4 -2) 
14 10] [9 |A|=|1 2 snare 
rd 1 1] r1] 1 4 10 
0 1 3)X=|2] (R,~R- Rand R,~ R,- R) That is, in this case | A| = 0 and the system is inconsistent. 
[0 3 9| [8 | 
me asi ry 
0 1 3/X=|2] (R,~R,-3R,) 
[0 O O} | 2 | 
Example | 8.42 | 
Consider the following system of equations. Check for 1107) rq 
consistency of this system x+y+z=1, x+2y+4z=2, 01 3\x=l1 
x+4y+10z=4. _ 
0 0 0] | 0 | 
Solution: The matrix equation representing the system is 10 2] rol 
111 1 O 1 3)/X=|1}) (R~R-R) 
t 2 Alize 00 Of |0| 
A AO . Therefore we get 
Proceeding in similar fashion as in Example 8. 41 we get x—2z=0,y+3z=1 
111 1 This is a system of two equations in three variables. Let 
z=k,so that x =2k, y=1- 3k. Therefore x = 2k, y =1—3k 
Sela and z=k is a solution for all real values of k. Hence the 
03 9 3 system has infinite number of solutions. Here also | A| = 0. 


Examples 8. 41 and 8. 42 revealed that AX = B is inconsistent in one case whereas it is consistent in other case. In both 
cases, the coefficient matrix is singular. 


8.3.4 Homogenous System of Equations 


Now let us turn our attention to homogenous system of equations which are given below. If a,(1 <i, j <7) are real, 
then the system of equations 


AyjX,+ A,X, +++++ a,x, =0 
Ay X, + AyX, + +++ + A,X, =0 


AyX,+ A,X, +++ 4,,x, =0 


mn on 


is called a homogenous system of n equations in n variables x,, x,,..., x,. If 
Oi, Og ase Qi, 
AS 4x, yg Ay, 
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then the matrix equation representing the above system of equations is AX = O, where 


and O is O,,,, zero matrix. Note that x,=0, x,=0,...,x,=0 is always a solution of the system and this solution is 
called trivial solution of the system. Any solution in which at least one x, # 0 is called non-trivial solution or non-zero 
solution. 


THEOREM 8.48) If A is a non-singular matrix with real entries, then XY = O is the only solution of AX = O. If X is a 
non-zero solution, then A is a singular matrix. 


ProoF| Suppose A is non-singular matrix so that A” exists. Therefore 
AX =O= A'(AX)=O 
= (A‘A)X =O 
=>X=0O 


Now suppose X = X, is a non-zero solution. If A is non-singular, then A7'(AX,) = O and hence 
X, = O which is a contradiction. Hence A must be singular matrix. oH 


In solving AX = O, we employ the same technique as in the case of AX = B which is explained in illustration in 
Section 8.3.3. 


Example | 8.43 | 


Find the solution of the system of equations i, 10 
X+3y-—2z=0, 2x-y+4z=0 and x-1ly+14z=0 7 
-8 
Solution: The matrix equation representing the given es ca pre AGP ere 
system is 00 0 
pS Therefore 
2 -1 4)X=0O 
jl -11 14] ee 70 and y-ez=0 
7 zs 7 7 
3-2 a 
0 -7 8|X=O (R,~R-2R,and R,~R,-R) If we put z=k, then the solution is 
[O -14 16| x= Pk y= Sk e=k 
3 -2| 
0 -7 8|X=O (R,~R,-2R,) 
Oo. ie 0H] 
1 3 -2] 
-8 -1 
0 1 —|xX=O ~— 
7X9 (8-78) 
00 O| 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. Let 


2 
a-| b | 
—a —ab 


where ab + 0. Then 


(A)AZ=A (B)A?=O (C)A=I (D)A=A 
Solution: We have 
i [ab Bb llab PB 
|-a’ -ab||-a° -ab 
7 [ab ab ab’ — ab° 
[-a@bt+ab -@P+ah 
ro O 
= — O 
lo 0 
Answer: (B) 
2. Let 
7 0 —tan@/2 (zn) 
“ltane/2 0 a 
cos@ -sin@ 1 0 
B=| . ee 
sin@ cos@ 0 1 
Then the matrix J+ A is equal to 
(A) - A)B (B) (I- A)’B 
+ — 
(C) (I+ A)’B (D) (- Ay’ 
Solution: Put tan(6/2) =a so that 
l-a@ -2a 
l+a l+a@ 
B = 
2a 1l-a@ 
l+a lt+a@ 
Therefore 
l-a@ -2a 
(I a-| | al|l+a@ l+a@ 
~[-a 1j} 2a 1-@ 
lt+ad 1+a@ 
l-d@ 2@ -2a_ a(l-a’) 
2: + 2 2 + 2 
: l+a l+a l+a l+a 
~|-a(l-a@) 2a 2a =81-a@ 
[ liad l+a l+ad lta 


ei 
= =I+A 
a 1l 
Answer: (A) 
3. If 
3 -4||x 2 3 
1 2 |/y|} {11 
then 
(A) x=3,y=5 (B) x=4, y=3 
(C) x=4,y=5 (D) x=5, y=3 
Solution: We have 


ates Hbeed 
11 1 2\y x+2y 
Therefore we get 
3x-4y=3 and x+2y=11 
Solving these equations, we have x = 5 and y=3. 
Answer: (D) 


Al eb and = -2x+3 
=|4 5| = f(x) =x°-2x+ 


then f(A) is 


2 ®t 6 OL «| Old 


Solution: We have f(A) = A°—2A +3/ where 


lo 


Now 


A= 


-2A= 


[3 0 
are 


Substituting these in the equation for f(A) we get 


aye 30 -4 
Answer: (C) 
5. Let 
111 
A=/1 11 
111 
and n be a positive integer. Then 
aa qn qn 
A" = qt qe qn 
ea baa qe 
where A equals 
(A) 2 (B)3 (C)9 (D) 6 
Solution: For the given matrix A we have 
1 1 1}1 11 3.3.3 a ae? ae 
WS 1 Tt £ 2jS\3 2 Seis" 3> 3a" 
1 1 1}j1 11 33.3 a oS Oa 
Also 
[3i-1 31 3h 
A = gil a ars 
ail 3U1 301 
Therefore for n= 1,2 
[rl gr nal 
A" = gr get ae 
Buel Buel ane 
is true. Assume that 
[3-1 ginel Bias il 
A” = gn-1 gual amal 
aust, gn ant 
Then 
[at ak ant] 1 1 1 
Am! = A” A = gn Buel ans) 1 1 1 
Kane gna Sa 1 1 1 
[3. eae 2 ats 2: grt 
= 2. gmat 3. qn-1 2. gna! 
joa 2.amel 2.3mal 


Worked-Out Problems 


Answer: (B) 


Bm 3” 3” 
3” 3” 3” 
i 3” 3” 
Hence by induction, 
grt anol grt 
A = gr gr gr 
anal anal anal 
6. If 
3 24/1 
[1 x 1} 2 5 1)/2/=O 
15 3 2\|x 
then value of x is 
(A) —2 or -14 (B) 2 or —4 
(C) 2 or -14 (D) 2 or 14 
Solution: We have 
1 3 2) 1 [14+6+2x 
[1 x Ij 2 5 1) 2};=[1 x 1] 24+10+%x 
15 3 2\|x [15+6+2x 
[2x+7 
=[1 x J} x+12 
| 24421 


By hypothesis (2x + 7) + x(x + 12)+ (2x + 21)=0 
(2x +7) +(x? + 12x) +2x+21=0 
x + 16x +28=0 
(x + 2)(x + 14) =0 


x=-2 or -14 
Answer: (A) 
7. Let 
i 12 2 
A=-=|2 1 -2 
3 
x 2 y 
If AA'=J,, then 
(A) x=2, y=-l (B) x=2, y=1 
(C) x=-2, y=-1 (D) x=-2, y=1 


Solution: For the given matrix A we have 


te eae ee 
AAT=5|2 1-212 1 2 


x 2 yi|]2 -2 y 
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| +444 24+2-4 x+44+2y] Therefore 
=—| 24+2-4 44+1+4 pines! [O+4yv42 O+2¥-2 0-2y~+2 
[x+4+2y 2x+2-2y xv+4+y | =|0+2y-2 +y42 e-y-2 
es = |O-2y¥ +z cay =z ¥+V¥427 


9 0 x+2y+4 
1 7 2 2 2 2 2 2 
a 0 9 2x-2y+2 4y +z 2y-2Zz —2y +z 
|xt2y+4 Qx-Qy42 2747744 | =| 2y-7¢ w+ytr x-y-z7 
[2% +2 v-y-2 P+y~te 
Now But it is given that AA‘ = J, therefore 
[ 1 0 (x+2y+4)/9 10 0 
AA’ = 0 1 (2x-2y+2)/9 AA‘=|0 1 0 
00 1 


| (Qx+2y+4)/9 (2x-2y+2)/9 (x°+y' +4)/9 


r Solving we get [taking (2-2)th entry] 


1 0 0 
Pat 1.6 x+ytre=l 
[0 0 1 Answer: (B) 
Solving we get 9. If 
x+2y+4=0 (8.15) alt 
c l-a 
2x-2y+2=0 (8.16) 
is idempotent matrix and be = 1/4 then the value of ais 
x+y+4=9 (8.17) (A) 1 (B) -1 (C) 1/2 (4p 
From Eqs. (8.15) and (8.16), we get x =-2, y=-1.These Solution: If A is idempotent matrix then A’ = A. This 
values also satisfy Eq. (8.17). implies 
Answer: (C) a+be b _[a bd 
c  be+(1-ay} |e 1-a 
8. If x, y, z are real and 
i. by. @ Solving we get 
Az=|x y -z a+bc=a and bc+(1-ay=1-a 
x -y Z Using bc = 1/4 we get 
is such that AA’ = J, then a+ 1_ a 
4 
(A)xty+z=1 
(B)xr+ytz7=1 Gaels 
1 
(C)xtyt+zaxyz a= 
(D) x+y +2’ =2xyz 
Answer: (C) 
Solution: For the given matrix A we have 
fo # 3 10. If 
A =|2y yw =¥ |; Her 1) 
| z-z 2 2 1) {0 1 
fae-3 ij then 
. 7% en (A) B=B (B) B=1 
AA =|x y -z]|/2y y -y 


Solution: Let 


so that 


ole able a(S ata 


Solving we get 


a+1=1 
b=0 
C= 2 
d+1=1 
So 
a=0, b=0, c=2, d=0 
Therefore 


0 0 
B= and B’=O 
2 0 


Answer: (C) 
Note: One can observe that 
1 0 1 0 0 0 
B = — = 
2 1 0 1 2 0 
11. If 
3-2 3 3 
x Xx 
3 0O =|3x 3x 
2 a|-? *4 |10 10 
then the integral part of x + y is 
(A) 3 (B) 2 (C)4 (D)1 
Solution: We have 
3x-—2y 3x-2y 3. 3 
3x 3x =|3x 3x 
2x+4y 2x+4y 10 10 
Solving we get 
3x -2y=3 (8.18) 
2x + 4y=10 (8.19) 


Solving Eqs. (8.18) and (8.19), we get x = 2, y = 3/2. 
Therefore 


7 41 

xt y=ra3 = 
ag 
Hence, the integral part of x + y=3. 


Answer: (A) 


Worked-Out Problems 1421s 


12. If a non-zero square matrix of order 3 x 3 commutes 
with every square matrix of order 3 x 3, then the 


matrix is necessarily 
(A) a scalar matrix (B) a unit matrix 


(C) an idempotent matrix (D) a nilpotent matrix 


Solution: Let 


4, Ay, 4 
A=|4, G 4; 
a, a, 43 


and suppose A commutes with every matrix of 3 x 3 
order. Choose 


0 
0 
b; 


3 


where b,, b, and b, are distinct. The (i, j)th element of 
AB = b,a,, whereas (i, j)th element of BA = b; a,, Now 


AB=BA= b,a,=b,a, 


=>a,=Owheni#j (.b #5, fori# j) 


Therefore 
a, 0 O 
A=|0 a, 0O 
0 O a, 
Again choose 
d, d, ad; 
D= dy d, dy, 
ds, dsy dy; 
where d, # 0 for 1 <i,j <3. Again 
AD = DA = 4,4, = 4,4; > 4; = 4G; Cs d,# 0) 
Therefore 
Ay, = Ay = A33 
and hence A is a scalar matrix. 
Answer: (A) 


Note: For more general case, the reader is advised to see 
Theorem 8.7 


13. If 


then the value of a for which A’ = B is 


(A) 1 (B) -1 (C) no real value (D) 4 
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Solution: 


1 0 a olla 0 2 

5 1 1 iyi 1 a+1 1 
Therefore a = 1 and a+ 1 =5 which are inconsistent. 
Hence there is no real value of a. 


We have from the hypothesis that 


Answer: (C) 


14. If Aisasquare matrix such that A*=O,then/+A+A° 
(J is the corresponding unit matrix) is 


(A) I+A (B) (I+ A)! 
(C)I-A (D) (I- Ay" 
Solution: We have 


(I-A) I+ A+A’)=I1-A?=I 
Therefore 
I+A+A’=(1-A)' 
Answer: (D) 


15. If the product of the matrices 


fo ilo tho bef fo © 


then n is equal to 


(A) 27 (B) 26 (C) 376 (D) 378 


We have 


fo tho irl alr[o 1] 
fo fo allo Shela 72" 


By induction, 


Solution: 


Again 


Therefore 


=378 or 


mre n(n+1)=27x 28 


Hence n=27 
Answer: (A) 


16. If Pis a2 x2 matrix satisfying the relation 


2 1] |3 2) [2 4 
P = 
5 2lls [3 
then P is equal to 
1[—48 25 1| 48 -25 
(A) — (B) — 
19| 70 —42 19|-70 42 
-1{ 38 -25] 
Cc) — 
19 . 42 


Solution: Let 


1/48 25 
(D) 55 70 42 


so that 


Now by hypothesis 


2 4 4|2 4], 
APB= =>P=A B 
3 -1 3 -1 


“pls als als 


_1f 2 -1][26 -8 
~19/-3 24,4 9 


_ 


1 [ 48 -25 
~ 19/-70 42 
Answer: (B) 
17. If 
2x ah 1 0 
A= and A = 
XG xX -1 2 
then x is equal to 
(A) 2 (B) 1/2 (C) 1 (D) 3 
Solution: We know that AA” = J. Hence 


2x O}/ 1 O} |1 0 
x xfl-1 2] ]0 1 
2x O/} |1 0 
0 2x} |0 1 
This gives x = 1/2. 
Answer: (B) 


18. Let w #1 bea cube root of unity and 
A — 
0 w 
Then A” is equal to 


(A) A (B) A? (C) A? (D) 3A 


Solution: For the given matrix, we have 


el” Ol[w O]_ w 0 
{0 wllO wl |O w 
lw? 0 |[w 

al" Al 
L W Ww 

_[w 0 

| 0 w 


ot, 
{0 1 


Aro ( A si yp I A 


Answer: (C) 


19. The number of idempotent diagonal matrices of 
3 x 3 order is 


(A) 8 (B)2 (C6 (D) infinite 


Solution: Let 


Now 


Solving we get 


Answer: (A) 


20. Let A be a non-singular square matrix. If B is a 
square matrix such that B = —A”'BA, then the matrix 
(A + B)’ is equal to 
(A)A+B (B) A’? + B? 
We have 
AB =-AA™'BA =-BA 


AB+BA=O 


(C)O (D)I 


Solution: 


Worked-Out Problems 


Now 
(A+ BY =A’°+AB+BA+B=A+0+B=A+B 
Answer: (B) 


21. If A and B are square matrices of same order such 
that A + B = AB, then 


(A) A+B=-BA (B) A-B=BA 
(C) AB=BA (D) A- B=0 
Solution: We have 


A+B=AB=> AB-A-B+I=1 
= (I- A)(I- B)=1 


= I-A is invertible and its inverse is ]— B 


Therefore 
(I- B)\U-A)=I 
I-B-A+BA=I 
A+B=BA 
AB=A+B=BA 
Answer: (C) 
22. Let 
2 3 -1 2 2 -1 
Az=|-1 4|],B=| 3 1] and C=/ 2 3 
1 0 5 4 -4 
If 
7 -l 
A-B+xC=!| 0 9 
-12 -2 
then the value of x is 
(A) -2 (B)3 (C) -3 (D) 2 
Solution: By hypothesis 
7 -1 34+2x 1-x 
0 9)/=A-B+xC=|-4+2x 34+3x 
-12 -2 -4-4x -44+x 
Therefore 
34+2x=7; 1-x=-1; -4+2x=0 
34+3x=9; -4-4x=-12; -4+x=-2 
Solving any one gives x = 2. 
Answer: (D) 
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23. If /, m and n are positive real numbers and the 
matrix 


is such that AA‘ = J (unit matrix), then the ordered 
triple (/, m,n) may be 


nea) Gra) 
(Gre) eee) 


Solution: We have for the given matrix that 
[0 2m n 0 1 I 
AA'=|1 m -n\||}2m m —-m 
|\2 = on n —-n on 
[ 4n24+ nr? 2m — n° 2m + n° 
=|2nt-nw P+rttn P-m-n 
Imt+n P-m-n P+m4+r? 


But AA’ =, that is 


An’ + n° 2m — -2n +n 1 0 0 
IwW-n P+mt+n P-m-n|=|0 1 0 
-2n+n P-m-w P+ +h 0 0 1 
Solving this we get 

4m’? +n =1 (8.18) 

2m’ —n’=0 (8.19) 

2m’ + n° =0 (8.20) 

P+mt+n=l1 (8.21) 

P-m-rn=0 (8.22) 


Adding Eqs. (8.18) and (8.19) we get 


+1 
6m =1>m=—= 


V6 
Adding Eqs. (8.21) and (8.22) we get 


+ 
7) en ee ae 


v2 
Equation (8.18) — Eq. (8.19) + Eq. (8.20) gives 


aod 


= 


3n’ =1>n= 


Answer: (D) 


24. Let A, B and C be square matrices of order 3 x 3. If 
A is invertible and (A — B)C = BA, then 
(A) C(A-B)=A"B (B) C(A - B)=BA™ 
(C) (A-B)C=A'B (D) all the above 
Solution: We have 
(A- B)C = BA'=> AC - BC=BA" 
=> AC - BC-BA'+ AA'=I (unit 
matrix) 
=>(A-B)C+(A-B)A'=I1 
=>(A-B)(C+A")=I 
Therefore, C + A” is the inverse of A — B. This implies 


(C+A')(A-B)=I 
C(A-B)=I-A'A+A'B 
C(A-B)=A'B 

Answer: (A) 


25. If 


a 2 : 
A= and |A*|=125 
2.0 


then @ is equal to 


(A) +3 (B) +2 (C) +5 (D) 0 

Solution: By hypothesis 
125=|A’|=|AP =(@- 4) 
Hence a&° —-4=5 => a=43. 
Answer: (A) 
26. If 
3 -4 
A = 
Ho] 

then | An" | an 4 | A™| — 

(A) -3 (B) 0 (C)9 (D) -9 
Solution: We have that |A|=—3+4=1.Therefore 


[Am | 4 LA = | A|?°—4 |AP= 1 = 4 = me) 
Answer: (A) 


27. Let A be 3 x3 matrix such that A* = @A, where a #1. 
Then, the matrix A = J is 


(A) non-singular 

(B) idempotent 

(C) nilpotent matrix 
(D) symmetric matrix 


Let B=A+J/.Then 
A=(B-IY 
aA=(B-If=B-3B°+3B-1 
B-3B’+3B-I1=aA=a(B-1) 
B-3B+3B-aB=(1-a)I 
(B’-3B+(3-a)I)B=(1-a)I 


Solution: 


This gives 


det [B’ - 3B + (3-a)I]det B=(1- a) #0 


Hence det B #0. This implies B = A + J is non-singular. 
Answer: (A) 


28. A and B are different square matrices of same order 
such that A* = B’ and A’B = B*A.Then 


(A) A* + B’ is singular matrix 
(B) A’ + B’ is non-singular 
(C) A’ + B’ is idempotent 
(D) A’ — B’ is symmetric 
Solution: We know that 
(A? + B’)(A — B) = A?— A°B + B°A - B= O 
If A* + B’ is non-singular, then 
(A? + B’)"(A? + B’)(A — B) =0 
Therefore, A — B = O or A = B, which is a contradiction. 
Hence A’ + B’ must be singular matrix. 


Answer: (A) 
29. If 
Ja 1 
= S i 4 
Pel. 2 .A-| and Q=PAP™ 
1 3 0 1 
2 2 


and X = P'Q””” P, then X is equal to 


(A) ‘ +2010V3 


8015 
2010 


4— 2010/5 
2010 2- 
4 a 2010 
24/3 1 
oa or - v3 7 


1 2010 
Chan 


Worked-Out Problems 


It can be seen that P’ =P" 
O= PAP" = 


Solution: 


PAP" = P'Q= AP" 


Now 
X _ P'Q?p _ PoP 
_ (POOP a A(P"O"’P) 
= A(P“Q)Q”* . P = wr OoO'P 


Finally 
AeA PR Pea (8.23) 
Now 
R 1 tit 4 [1 2 
{0 1{/0 1} [0 1 
v= f-1[t 2 Pe ae 
{0 1{[0 1} |o 1 
By induction we can see that 
lon 
A’ = 
0 1 
Therefore 
ya An 1 2010 
0 1 
Answer: (D) 


30. The number of real roots of the equation 


aax 
b x b=0 


Xx X X 


where a and b are distinct non-zero real numbers, is 
(A)2 (B) 3 (C)1 (D) 0 


Solution: Clearly x = 0 is a root. When x =a, first and 
third rows are identical and when x = b, the second and 
third rows are identical. Therefore x = 0, a, b are the 
roots. 


Answer: (B) 
31. Ifn=3 is even and 
(n-2) C2 (n-2) Cs (n-2) c 
A= -3 iL il 
2 -1 0) 
then > (-2)'A, is 
r=2 
(A) 2n-1 (B)2n+1 (C)2n (D) 3” 


Solution: We have 


A=", + fee oar 4 Pe: 
Shiela ge Oe i Oe aa 9 
= ae Oe +4 oN 
= "C, 


Therefore we get 


n 


D2, = HOY", 


r=2 
="C,-2?-"C,-2°+"C,-2*-- (-2)'"C, 
20-97-14", 2 


=(-1)"-1+2n 
=2n ("1 is even) 
Answer: (C) 
32. Let 
wy x ¥ 
hele of 2a 
y Qxy x 


Then A is equal to 

(A) Ge +y’y (B) Ge +y") 

(C)-G? +y’/’ (D) -G@*+y’)’ 
Solution: Adding R, and R, to R, and taking (x + y)’ 
common from R,, we get 


1 1 1 
A=(xt+y) |e y  2xy 
yo 2x 2 
1 0 0 
by C,-C 
=(xty)l |x? y-x  2xy-x wee G 
‘ ; + .» jandC,—G) 
y 2xy-yo x-y 


=(+ 9) [--y¥) -y@y-2) 22-9] 

== (x+ ye - vf + 4xty = Quy? 7) 4°97] 
=—-(xt yY[(x+ yl —2xyQ' ty) + 7y'] 
=-(x+ yY [QP + ¥)—xyf 


a -(x° +4 yy 
Answer: (D) 
33. If 
a be ac+c 
a +ab b ac |=ma"b"c" 
ab b’+be Cc 


Solution: 
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then m+n value is 


(A)4 (B) 6 (C)8 


a Cc 


(D)7 


Let A be the given determinant. Taking a, b,c 
common from C,, C, and C,, respectively, we get 


at+c 


A=abcla+b b a 
b bt+c Cc 


Now the column operation C,—(C, + C,) gives 


a c 0 
A=|a+b  b  —2b) (abc) 
b b+c —2b 
a c 60 
=(abc)(-2b)ja+b b 1 
b b+e 1 
=-—2b(abc)[a(b- b—c)-—c(a+ b-b)] 
=-—2b(abc)(—2ac) 
=40 BC 
Answer: (B) 
34. If 
a-b-c 2a 2a 
A=| 2b b-c-a 2b 
2c 2c c-a-b 
then A is equal to 


(A) (a+b+cy 

(B) (a+ b+c)(a—b)(b-c)(c-a) 
(C) (a +b’ +’)(ab + be + ca) 
(D) (a+ b+cy 


Solution: 


By the operations C, — C, and C, — C, and 


taking a+ b +c common from C, and C, we get 


-1 0 2a 
A=(at+b+cy|1 -1 2b 
0 1 c-a-b 
1 0 
35. Let A=/0 1 1 
0 -2 4 
If 


=(a+b+cy 


Answer: (D) 


At = 2 (A+ xA + yl) 


Worked-Out Problems 


where x, y are scalars and J is 3 x 3 unit matrix, then =(1-x)[x° -5x4+ 6] 
x, y are, respectively, ae ee 
(A) -11,6 (B) -6, 11 
(C) 6,11 (D) -6,-11 By Caley—Hamilton theorem f(A) = O. Hence 
Solution: We have det A=4+2=6. Identify A with —A’+6A’-11A+6=0 
ab ¢ a(A°-6A+11)A=1 
% by G 1 
a, bh G A= ¢(A’- 6A + UI) 
and represent the cofactors of a,, b,, c,, respectively, with a= 0, Yat 


Boh see CT Merci 36. The parameter on which the determinant of the foll- 


A,=4+2=6, B,=-(0-0)=0, C,=0 owing matrix does not depend is 
A,=-(0-0)=0, B,=4, C,=-(-2-0)=2 1 z Fe 
AN m=’ ot A=|cos(p—d)x cos px cos(p+d)x 
Therefore sin(p—d)x sin px sin(p+d)x 
oe 2 (A) a (B) p (C)d (D) x 
—— dj A) = : 0 4 -1 
~ det A (adj.A) = 6 7 Solution: Add C,- (2 cosdx)C, to C,. Using 
02 1 
cos(A + B) + cos(A — B)=2 cos A cos B 
ee and sin(A + B)+sin(A — B)=2 sin A cosB 
1 O}}1 O Of} 1 0 0 we have 
A= 0 1 IJ= -1 5 hans A ‘ 
-2 allo -2 4] |o -10 14 sir aad . 
det A= 0 cos px cos(p+d)x 
So by hypothesis 0 sinpx sin(p+d)x 
; 6 0 0 i =(1+a@ —2acosdx) [sin(p + d)xcos px 
—|}0 4 -1|=A‘'=—(A’?4+xA+ yl) ; 
6 6 —cos(p + d)xsin px] 
02 1 
= 2 ; _ 
ey 0 0 =(1+ a —2acosdx)sin(p + d—- p)x 
a7) -l4+x4y 5+x = (1+ a —2acosdx) sin dx 
0 -10-2x 14+4x+y which does not contain the parameter p. 
Comparing the two sides we get poner te) 


x+y=5; 54+x=-1; -10-2x=2; 144+4x+y=1 37. Let 


From the first two equations, we get x =—6, y= 11, which 


2ax 2ax-1 2ax+b+1 
also satisfy the other two equations. f(x) = b pad -{ 
Answer: (B) 2(ax+b) 2(ax+b)+1 2ax+b 
Second Method (Easy Method): Consider the character- 
istic polynomial of the matrix A, which is where a and b are real constants and a #0, then f (x) 
equals 
1-x 0 0 Cu eaas ee? ez" (D) 2x+b 
f(x)=| 0 1-x 1 2a a 2a a 


0 = we 
* Solution: Substracting R, + 2R, from R, (i.e., R; > R,- 
=(1-x)[(.-x)(4-x) +2] R, —2R,) we have 


2ax 2ax-1 2ax+b+1 
f(x)=|b b+ = 
0 0 1 
Simplifying we get 
f(x) = 2ax(b + 1) —b(@ax - 1) =2ax + b 
Therefore 


x= 


f= (-a#0) 
a 
Answer: (C) 
38. If 
1 x x+1 
f(x)=| 2x x(x - 1) x(x +1) 


3x(x-1) x(x-1)(x-2) (x-Dx(x+1) 


Then f (2010) is equal to 


(A) 1 (B) 2010 (C) 2009 (D) 0 
Solution: Using the column operation C,-(C,+C,) 
we get 

1 x 0 
f(x)=| 2x x(x -1) 0 


3x(x-1) x(x-1)(x-2) 0 
Therefore f(x) =0 for all real x. Hence 


f(2010) =0 
Answer: (D) 


39. The system of equations x — ky — z=0,kx-y-—z=0, 
x + y —z=0 has a non-zero solution. Then possible 
values of k are 
(A) -1,2 (B) 1,2 


(C) 0,1 (yet 


Solution: If A is a square matrix and X is a column 
matrix, then the matrix equation AX = 0 has non-zero 
solution if det A is equal to zero. Therefore 


1 -k -1 
k -1 -1)=0 
1 1 -1 


11+1)+k(-k+1)-1(k+1)=0 


-ke+1=05k=+1 
Answer: (D) 


40. The number of values of k for which the system of 
equations 


(k+1)x+8y=4k 
kx +(k+3)y=3k-1 
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has infinitely many solutions, is (are) 
(A) 0 (B) 1 (C)2 
Solution: For a system of non-homogenous equations 
to have infinitely many solution, the determinant of the 
coefficient matrix is necessarily be zero. That is 
(k + 1)(k+3)-8k=0 
k’-4k+3=0 
(k -1)(k -3)=0 


(Dye 


(1) When k = 1, the system reduces to one equation 
which is x + 4y = 2 and has infinitely many solutions. 

(2) When x = 3, the system will be x + 2y =3 and x+ 
2y = 3/8 and hence is inconsistent. 


Answer: (B) 


41. Consider 


2x—yt2z=2, x-2yt+z=-4, x+y+Az=4 


Then the value of A such that the given system has 
no solution is: 
(A) 3 


(B) 1 (C)0 


The given system of equations is 


(D) 3 
Solution: 
2 -1 2I//\x 2 
1-2 1||y|=|-4 
1 1 Allz 4 


Using row transformations R, — 2R, and R,— R, we get 
0 3 0 |i x 10 


1-2 1 |lyl=|-4 
0 3 A1llz] | 3 


0 3 0 |ix 10 
Again using R,— R, weget}1 -2 1 |i y|=|-4 
0 0 A-I1])z -2 


If A =1, then the system is equivalent to the system 
3x=10,x-2y+z=-4 and 0x+0y+0z=-2 


which is impossible. Therefore when A=1, the system 
has no solution. 


Answer: (B) 


42. The number of values of A for which the system of 
equation 
3x-y+3z=3, x+2y-—3z=-2, 6x+5y+Az=-3 
has unique solution is 
(A)2 (B) 4 


(C)8 (D) infinite 


Worked-Out Problems 1429, 


Solution: System of non-homogenous equations AX = n n n 
B (A is a square matrix) has unique solution if and only =|n(nt1) Wtnt+1 wtn 
if A is non-singular. Here ; 4 ‘ i 
n n nm+nt+ 
3 -1 3 0 0 
n 
A= 2 -3 
65 2 =|In(n+1) 1 O J=n(n+1)=56=7x8 
n 0 n+1 
Therefore the determinant is Answer: (D) 


det A =3(2A + 15) + 1(A + 18) + 3(5 — 12) = 72 + 42 . . 
44. If x, y, z are positive and none of them is 1, then the 


Now A is non-singular if det A # 0, that is A#-6. value of the following determinant is 
A :(D 
newer Ie) 1 log. y log, z 
43. If log, x 1 log, Z| is 
1 n n log. x log, y 1 
A,=| 2k nw+n+1 wen (A) 1 (B) 0 (C)2 (D) -2 
2k -1 n n+n+1 


Solution: Let A be the given determinant. Then 


and > he = 56, then n is equal to F ine Jee 
(A) 4 (B) 6 (C)8 (D)7 logx log x 
Solution: We have Ae log x 1 log z 
log y log y 
> n n logx logy 1 
e n logz logz 
ies 2k nt+n+1 n+n 
nn i logx logy logz 
- n — log Xx log y log z= 0 
2k-1 1 r 1 1 
Pe eee (log x)(log y)082) |e. tow y log z 


(since all the three rows are the same) 
Answer: (B) 


Multiple Correct Choice Type Questions 


1. If ef? “]° -_[-# oT po 
al? tL g/° = eel ° “|i Offi Of] |o -#?] [0 1 
= 1 0 > ; 0 an = 0 -j 7 | 
rm. all “Pls eFlo | 
where 7° = —1, then LO: Sno ary. 0 -1 
He 1 0 fo 1170 -i] fi 0 
A A= B B= AB= an 
i ie i ek 1 Ole OD) 0 <3 
(C) C= ae (D) AB+BA=O [oO -zl[O 1] [7 0 
“Lo A - BA=| =| _|=-AB 
i O11 O 0 7 


Solution: We have Therefore, AB + BA =0. 


p |! AF i 2 F Answers: (A), (B), (C), (D) 
1 O} 1 O 0 1 


2. Let 
an aa 
f(x)=|2 x 2 
7 6 x 
If x =—9 is a root of f(x) =0, then the other roots are 
(A) 2 (B) 3 (C)7 (D) 6 
Solution: Adding R, and R, to R, we get 


x+9 x+9 x4+9 
f(x)=| 2 x 2 


7 6 x 
1 1 
=(x+9)/2 x 2 
7 6 x 
1 0 0 
=(x+9)[2 x-2 0 
PS). eS 7 


=(x+ 9)(x-2)(x-7) 


Therefore the other roots are 2 and 7 
Answers: (A), (C) 


3. Let A, B, C be square matrices of same order and [ 
the unit matrix of the same order such that A + B + 
C = AB+BC+CA. Consider the following three 
statements. 


(ij) ABC=AC-CA 
(ii) BCA = BA-AB 
(iii) CAB=CB- BC 
Then 
(A) (i) and (ii) equivalent 
(B) (ii) and (iii) are equivalent 
(C) (iii) and (i) are equivalent 
(D) all the three statements are equivalent 


Solution: Assume (i). That is 
ABC =AC- CA (8.24) 


Now 


ABC+A+B+C=(AC-CA)+AB+BC+CA 


=AC+AB+BC 
Therefore 
(A -1) (B-D)(C-D=ABC-(AC+AB+ BC) 
+A+B+C-I 


= ABC-(AC+AB+ BC) 
+AB+BC+CA-I 

=ABC+CA-AC-I 

=-I [by Eq. (8.24)] 
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This implies A — J, B-— J, C— Jare invertible matrices and 
the inverse of C—/ is —(A — 1) (B J). This gives 


(C-1) (A-1(B-N=-I 
CAB-(CA+AB+CB)+A+B+C=0 


CAB-(CA+AB+CB)+AB+BC+CA=0 
CAB =CB- BC 


Therefore (i) => (iii). 
Similarly, by permuting the letters A, B, C, we can 
show that (i), (ii) and (iii) are equivalent statements. 


Answers: (A), (B), (C), (D) 
4. If x is real and 


v+x 2x-1 x43 
A(x)=|3x+1 24+x x -3 
x-3 w4+4 2x 


=QxX'+aXt+axrt+--+axta, 


then 
6 
Ajeet (B) Ya =101 
k=0 
(C) A(-1) =-32 (D) A(1) =121 
Solution: We have 
0 -1 3 
a=A(0)=|1 2 -3 
3 4 O 
=1(0-9)+3(4+ 6) 
=-9+30=21 


Therefore (A) is true. Again 


2 1 4 
¥g,=A=|4 3 -2 
i 25 2 


= 2(6 + 10) — 1(8 — 4) + 4(20 + 6) = 32-4 + 104 = 132 


Therefore 


6 
¥) 4, = 132 - a, =132-21=111 


k=0 


Therefore (B) is true. Now 


0 -3 2 
A(-1)=|-2 3. —4}=3(4- 16) + 2(-10+ 12) 
aa a 22 
=-36+4=-32 


Therefore (C) is true. 
Answers: (A), (B), (C) 


5. Let a,b,c be real numbers and 


1 1 1 1 1 1 
A=|a b cl, A=|b+ce ct+a atb 
abpe bie C+ad @+b 
Then 
(A) A, +A, =0 
(B) A, =A, 


(C) A, =(ab+ be + ca)A, 
(D) A, =A, =(b-c)(c-a)(a—5) 


Solution: We have 
1 0 0 
A,=|a b-a_ c-a 
a b-ad c-a@ 
=(b-a)(2-@) -(c-a)(b- @) 
=(a—b)(c-a)[-(c+a)+(b+a)] 
=(a-b)(b-c)(c-a) 
Also 
1 1 1 
A,=|b+ce ct+a atb 
b+e C+ad a+ 
1 0 0 
=|b+c a-b a-c 
PRE P=aP wee 
=(a-b)(@ -2)-(a- 0a - 8) 


=(a—b)(c—a)[-(c+ a) +(a+t+ b)] 
=(a—b)(b-c)(c-a) 


Therefore A, = A,=(a—)(b-—c)(c—a). So (B) and (D) 
are true. 


Answers: (B), (D) 


6. Let a, b,c be real numbers and 


laa a b+ce @& 1 1 1 
D=|1 b BW}, D,=|b cta Bb), Di=la b c 
lee c atb ¢ cor ¢ 
Then 
(A) D,= D(a+b+c) 
(B) D,=—D, 


(C) -D,=(a+b+c)D,=D, 
(D) D, = D, =(ab + bc + ca)D, 


Worked-Out Problems 


Solution: It is known that D, = (a — b)(b— cc) (c— a). 
Now 
a+b+c b+c @& 
D,=|at+b+c c+a b| (byadding C,toC) 
a+b+c a+b ¢ 


atb+c -a @ 


=latb+c -b b| (byC,-C) 
at+b+ce -c ¢ 
laa 
=-(a+b+c){l b BD l=-(at+b+c)D, 
lee 
1 0 0 
D,=|a b-a_ c-—a} (C,-C,andC,-C,) 
© PL Cog 


=(b-—a)(c’—a’)-(c-a)(b’- a’) 
=(b-a)(c-a)[(C+cat+a)—-(b+ab+a)] 
=(b-—a)(c—a)[(c—b)(c+ b)+a(c—b)] 
=(b-—a)(c—a)(c—b)(a+b+c) 
=(a—b)(b-c)(c-a)(a+b+c) 

=-D, 


This gives D, = —D, = (a+ b+ c)D,. Therefore (B) and 
(C) are true. 
Answers: (B), (C) 


7. If P is any square matrix, then the sum of its prin- 
cipal diagonal elements is called trace of P and is 
denoted by ¢,(P). Let A and B be two square matri- 
ces of same order and ( a scalar. Which of the fol- 
lowing are true? 


(A) (A+ B)=1,(A) +4,(B) 
(C) 4 (AB) =1,(A)r,(B) 


(B) ,(AA) = At,(A) 
(D) ,(AB) =4,(BA) 


Solution: Let A=[q;],,... B =[B; J). Therefore 


L(A + B) = YG; ag b,) = 4 af Yd; 
i=1 i=l i=1 
=1,(A) +1,(B) 
This implies (A) is true. Again 
t,(AA) = by Aa; 
i=1 


= ay. a; = M, (A) 
i=l 


This implies (B) is true. Let AB = [c,,],,,.,, where 


nxn 


Therefore 


Clearly t,(AB) #(t.A)(¢.B). Therefore (A), (B) and (D) 
are true. 
Answers: (A), (B), (D) 


8. Consider the system of equations 3x + my =m and 2x — 
Sy =20.Then 


(A) the system is inconsistent (1.e., has no solution) if 
m= 15/2 


(B) the system has no solution, if 27 =—15 
(C) has unique solution, if m #—15/2 
(D) has solutions with x > 0, y > 0 if and only if 


me [--. = U (30, ©) 


Solution: The given system is equivalent to the matrix 
equation 
3 m m 
xX — 
> “Lo 
where 
x 
al 
y 
If 
2s 
=0 
2 -5 


then m =—15/2 and hence the equations are 
6x-15y=-15 and 2x-Sy=20 
which are inconsistent. Therefore (B) is true. 
If m#-—15/2, by Crammer’s rule, the system has unique 
solution. Therefore (C) is true. 
Now using row operations R, — R,— R, and R, > R, - 
2R,, respectively, we get 


1 m+5 m-— 20 
X= 
as [a 


F +5 


m-— 20 
and X= 
0 -2m-15 —2m+60 
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Therefore 
x+(m+5)y=m-—20 
and —(2m+15)y=60-2m 
Therefore 
_ 2m—60 _ 25m 
2m+15 2m +15 
This gives 
x>0O and y>eome[ =>] U G0.) 


Therefore (D) is true. 
Answers: (B), (C), (D) 


9. It is given that 


+x x+1 x-2 
2x? +3x-1 3x 3x-3/=xA+B 
Vv +2x+3 2x-1 2x -1 


where A and B are determinants of order 3 not involv- 
ing x. Then 


1 1 0 1 -2 
(A) A=|-4 0 0O (B) B=|-4 0 O 
3 -3 3 3 -3 3 
1 1 1 0 1 -2 
(C)A=|4 0 0 (D) B=|-4 0 0 
3 -3 3 3 23 3 
Solution: Let 
+x x+1 <x-2 
A=|2x°+3x-1 3x 3x=3 


v+2x4+3 2x-1 2x -1 


+x x+1 <x-2 
A= -4 0 0 [by R, > RK, -(R, +R) 
¥+2x+3 2x-1 2x-1 
x 
x x+1 x-2 fv oR [A 
A=| -4 0 0 


ey 
Xx 


2x+3 2x-1 2x-1 
x x x and R R+= p | 


x x4+1 x-2 
A=|-4 0 0 
3 -3 3 


(by R, > R,-2R) 


=xA+B 
Answers: (A), (B) 
10. Let 
x 6 -1 
f(x)=| 2 -3x x-3 
—-3 2x x4+2 


and a< B<ybe the roots of f(x) =0.Then 
(A) y=2 

(B) f(x)<0fora<x<B 

(C) f(x) >0 for B<x<y 

(D) f(x) >0 fora<x<B 


Solution: By the row operation R, > R, — R, and 
taking x — 2 common from R,, we get 


Matrix-Match Type Questions 


1. Match the items of Column I with those of Column II. 


Let 
4. 1 2 a B= -1 1 
[3 4] 4 2[2 | 
Column I Column IT 
(A) A+A" ol. | 
(B) (A+B)! ss] 
: 01 
(C) (AB) (r) b i 
are 4 1 
(D) BTA (s) b i 
Solution: 


gle It 31.72 S 
ae -|; ACR |; 4 


Answer: (A) > (q) 


Worked-Out Problems 


1 3 -1 
f(x)=(x-2)} 2 -3x x-3 
—3 2x x+2 
ik 3 -1 
f(x)=(x-2)}0 -3x-6 x-1 
O 2x+9 x-1 
(by R, > R,-2R, R; > R,+ 3R,) 
1 0 0 
f(x)=(x-2)}0 -3x-6 x-1 
0 2x+9 x-1 
(by C, > C,-3C,, C, 9 C,+ C,) 


Therefore 


f(x) = (x - 2)(x - 1)(—5x - 15) 
f(x) =-3(x + 3) (x - 1) (x - 2) 


Hence we get 


a=—3,B=1,y=2 
Answers: (A), (B), (C) 


Ne 3 
“114 
Therefore 
r ay -|° 1 
caus ed a 
Answer: (B) => (r) 
aap" 2 || -1 | ots LO) 1 
© “13 44/2 0] |-3-8 340] |-11 3 


Therefore 


Answer: (C) — (p) 


(D) (AB)' = B'A™ 
Answer: (D) > (p) 


2. Match the items of Column I with those of Column II. 


Column I 


Column IT 


es (p)1 
cos(A-—P) cos(A-—Q) cos(A- R) 
cos(B-P) cos(B-Q) cos(B- R) 
cos(C— P) cos(C-—Q) cos(C — R) 
equals 

(B) If a, B, yare roots of x° + bx +c =0, 

then the value of the determinant 

a py 

BY aQiis 

ya B 


(q)=t 


b+c al 
(C)|c+a 6b 1/is equal to (r) 0 
a+b cl 


(D) If the system of equations (s) -5/3 

X+y=3z,(1+A)x+(2+A)y=8z 
x-(1+A)y=-(A +2) 

has infinitely many solutions, then 

value of A is 


Solution: 
(A) Given determinant is 


cosA sinA 0 cosP sinP 0O 


snB O|x|cosQ sinQ 0/=0x0=0 
sinC 0 cosR sinR O 


cos B 
cosC 


Answer: (A) > (r) 


a+B+y a+Bt+y a+Bt+y 
B ¥ a 
a B 


(B) | 
B 
Y 


io) 
ba 


Rg r 

DR 

ll 
mo 


Y 
0 0 
yY a (-a+B+y=0) 
o 


Answer: (B) > (r) 


(C)|b+c a 1} ja+b+c al 
lj=|a+b+c b 1|=0 
at+b+c cl 


cta bD 
a+b cl 


Answer: (C) > (r) 
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(D) The system has infinitely many solutions 


1 1 -3 
>l/1l+/A 24+A -8 |=0 
1 -(1+A) 2+ 


1 0 0 
=>|1+/ 1 3A-5 
1 -2-A 5+A 


lI 
i) 


Therefore 3? + 2A —5 =0 and hence 


a 
3 


Answer: (D) — (p), (s) 


3. Match the items of Column I with those of Column II. 


Let 
01 41 2 2 0 
S=!1 0 1] and A=|0 2 O 
110 0 0 2 
Column I Column IT 
; of i. 4 
(A) S'= 4 tf 4 
Lt: fa 
fo 11 
(B) 287 = (q)}1 1 1 
[1 2 0 
2 0 0 
(C) 1/2(SA) = (r)}1 1 1 
It -=t. 3 
[2 11 
(D) SAS" = (s)|1 2 1 
la £2 
Solution: 
Oo 1 170 1 «1 211 
(A)S=/1 0 1]/1 0 1/=|1 2 1 
1 1 O11 1 :°0 112 
Answer: (A) > (s) 
-1 1 1 
(B) adjS=| 1 -1 1 
1 1 -1 


Therefore 


Answer: (B) > (p) 


0 1 1/f2 2 0 
(C)ZSA=5]1 0 11/0 2 0 
1 1 O0j/0 0 2 
01 1/1 1 0] fo 11 
bo ile vali aa 
1 1 Of/0 0 1] J1 2 0 
Answer: (C) > (q) 
[Oo 2 2 = ae ae | 
wysasials 2 hed = 
[2 4 0 1-4. =f 
[O42] fat 4 4 
bi ibyy oa 
[1 2 o| [1 1 -1 
[2 0 0 
= oe 
|1 -1 3 


Answer: (D) => (r) 


4. Match the items of Column I with those of Column II. 


Worked-Out Problems 


Solution: 
1 1w 
(A) A=Given determinant=| 1 1 w 
ww il 


0 1w 
AS|, 0 1 wl=(W-w)(w-w) (byC,-C) 
w-ww 1 


=-(w-2w+w’) 


=-[w-2+w’] 
=-[-1-2]=3 
Answer: (A) => (r) 
(B) Given 
0 0 0 
determinant =|b-—c c-—a a-—b|(onadding R,+R, 


c-a a-b b-c to R,) =0 


Answer: (B) > (p) 


(C) Given 
laa 1 a be 
determinant =|1 b Bb /-|1 b ca 
1lce 1 c ab 
laa ; a a. abc 
= 1 b b "abe b b abc 
t ¢ ee) Ole & abe 
laa aati 
=|1 b Bl-|lb B 1/=0 
1 Cc cc 1 


Answer: (C) > (p) 


(D) Given determinant equals 


at+bt+c bt+c 


c+a 


Column I Column IT 
(A) Ifw #1 is a cube root of unity, (p) 0 
then the value of the determinant 
1 ww 
w tow 
ww il 
a b-c c-a 
(B) }b-c c-a a-b (q) 2 
cH a-b b-c 
1 a a-be 
(Cc) |1 8 b’—ca (r) 3 
1 c cC-ab 
a+b b+c cta 
b+c ct+a at+b 
(D) If (s) -3 


cta at+b bt+c 


=k(3abc — a’ — b’ —c’), then k is 


2la+b+c cta atb| (by C,+C,+C,) 
at+b+c a+b bte 
at+b+c -a -b 1 ab 


=2)a+b+c -b -cl=2(a+b+c)|1 b c 
a+b+c -c -a 1 ca 
1 a b 
=2(a+b+c)|0 b-a c-b 
0 c-a a-b 
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=2(a+b+c)[-(a—by —(c—a)(c—b)] 2 -2 -4 
=-2(at+b+o0)[a+b +c —ab—bc-ca] (D) Let Q=| -1 


3. 4 
= 2[3abc — a’ — Bb’ -c’] 1 -2 -3 
Answer: (D) > (q) Naw 
5. Match the items of Column I with those of Column II. [o> <9 <4), @ ~9 ua 
Column I Column II Q@=|-1 3 4//-1 3 4 
‘olumn ‘olumn fee Eee 
7 [ = —-4— —s— 
(A) Let A= | If A*=O,then (p) orthogonal fp ia4 AGS —-B- 8412 
a matrix =|-2-3+4 24+9-8 4+12-12|=Q 
A’ is 


| 2+2-3 -—2-6+6 -4-8+9 
(B) Th re Pe sin 6 
e matrix 


: Answer: (D) = (r) 
—sin®@ cos i . (q) zero matrix 


(C) If A and B are symmetric 


(r) idempotent 6. Match the items of Column I with those of Column II. 
matrices, then AB + BA is matrix 
et: ee Column I Column IT 
(D) The matrix}-1 3 4 |is (s) symmetric (A) The system of equations (p)1 
oe matrix Ax + y+z=0,-x+Ay+z=0, 
Ge: * -—x — y+Az=0 will have non-zero 
solution, if real value of A is 
Solution: (B) In the system of equations given (q) -1 
(A) 4 =O0= det A=0 > ad —be=0 > ad =be in VAY Athen the number of 
lutions i 
Now A satisfies its characteristic equation| A = x/|=0 iiamaaiis 
where / is a 2 x 2 unit matrix. This implies (C) If the system of equations (r) +1 
A -(a+d)A=0 (- ad = bc) A elas ae ra 


has non-zero solution in x, y and z, 
A=(a+d)A then a + b° + c + 2abc is equal to 
(1) Ifa+d=0,then A’ =0. 


(D) If Pis a matrix of order 3 x3 such that (s) 0 
(2) Ifa+d#0, then 


P*P =I (unit matrix of order 3 x 3) 
0=A°=(a+d)A’ andh woe and det P=1 then det (P — J) equals 
=A =(at and hence A° = 


Answer: (A) — (q), (r), (s) 


Solution: 
(B) L (A) The system has non-zero solution, if 
et 
$e cos@ sin@ A 1 1 
~|-sin@ cos@ -1 a 1}=0 
-1 -1 4 
Therefore 
Solving thi t 
pp’ = cos@ sin@||cos@ -sin@| |1 0 Derg te tre 
~|-sin@ cos@||sin@ cos@} |0 1 MH +3)=054=0 


Answer: (A) —> (s) 
Therefore P is orthogonal. 


(B) In the above system, if A= 1, then the matrix 
Answer: (B) > (p) 


A 1 1 
(C) By hypothesis A’ = A and B’ = B. Then -1 4 
(AB+ BA)" =(AB)" +(BA)" “1 -l 4 


= B'A' + A'B' = BA+ AB= AB+ BA is non-singular and hence x =0, y =0, z= 0 is the only 
Hence AB + BA is symmetric. solution. This is called trivial solution. 


Answer: (C) > (s) Answer: (B) > (p) 


(C) The system has non-zero solution. This implies 


-l1 cb 
c -l al=c 
a -l 
1(1-a@) —c(—c — ab) + b(ca + b)=0 


a+b+ce4+2abe=1 
Answer: (C) > (p) 


Comprehension-Type Questions 


1. Passage: If A is a square matrix, then the polynomial 
equation f(x) =|A — x/| =0 is called characteristic equa- 
tion of the matrix A. It is given that every square matrix 
satisfies its characteristic equation, that is f(A) = O. If 


0 1 2 
A=|/1 2 3 
3 1 1. 
then answer the following questions: 
(i) The characteristic equation of the matrix A is 
(A) x - 3x°-8x+2=0 (B) x°+3x°-8x+2=0 
(C) x°4+ 3x°-8x-2=0 (D)x°+3x°+8x+2=0 


(ii) A” is equal to 
-1 


a ow =e ee 

(A) 5 8 -6 2 (B) -5 8 -6 2 

a. Hall a a i 
at cat i af i. St 
(be: <6 2 (D)|-8 6 2 
a a ae . <3 4 


(iii) (A)? equals 


(A) 41+ sats =I (B) -5(A-8A"-31) 


(C) 5(A 4+84°437). (D) 5(A $84A°=37) 


Solution: 
(i) Characteristic equation of A is 


—x 1 2 
1 2-x 3 |=0 
3 1 1-x 


Solving we get 
x[(2 — x)(1— x) -3] -1(1- x — 9) + 201-6 + 3x) =0 
—x[2-3x+x°-3]+8+x+6x-10=0 


Worked-Out Problems 


(D)|P-J1|=|P'\(P-D|=|P'P- P'|=|1-P*| 
=|(I- P)'|+|I- P|=-|P-1| 
Therefore |P-I|=0. 
Answer: (D) —> (s) 


—x0°+3x°4+x4+84+2x+4+6x-10=0 
x - 3x -8x+2=0 
Answer: (A) 


(ii) From the given information 


A’-3A’-8A+2I1=O 


=(4 3A-8I)A=I 
Ata 24 =2A-8i) 


Answer: (B) 


(iii) (A“ a A -3A-8I)A* 
2 


= -3(A =—3f=8A") 
Answer: (B) 


2. Passage: Let A be a3 x3 matrix, 


x b, 
X=/y| and b=|b, 
Zz b, 


Using elementary row operations on the matrix equa- 
tion AX = B, we obtain an equation of the form A’X = 
B’ which is equivalent to the system AX = B. That is 
either both systems are inconsistent or both have the 
same set of solutions in x, y and z. Consider the fol- 
lowing system of equations 

xt+yt+z=6, x+2y+2z=10 and x+2y+dAz=u 
Answer the following questions 


(i) The number of values of A for which the system 
has unique solution is 


(A) only one value 

(B) all real values except two values 
(C) only two real values 

(D) all real values except one value 


(ii) The system has no solution if 
(A) A=2, u#10 
(B) A=3,u=10 
(C) A=-3, u=10 
(D) A4=-3,u=-10 

(iii) The system has infinitely many solutions, if 
(A) 143,410 
(B) A=2,4= 10 
(C) A+3, ¢=10 
(D) 4=0, u=10 

Solution: 
(i) The given system is 


i TL] [ 6 
2 2\|X=|10 


24} LH 


1 
1 
1 
1 
1 
1 


oOo 
oO 


i) 
a 
Il 
& 


R,— R,- R,) 


Let 


then det A = A — 2. Therefore A # 2 => A is non- 
singular matrix and hence 


AX=B=>X=A'B 


is the unique solution. 
Answer: (D) 


(ii) If A =2 and yw #10, then the system reduces to 
x=6, y+z=4, 0x+0y+0z=yn-10#0 


Hence, no solution, if A =2 and uw ¥ 10. 
Answer: (A) 
(iii) For A = 2, = 10; the system has infinite number of 
solutions 
Answer: (B) 
3. Passage: Suppose A is a square matrix of order 3 x 3, 
x 


X =| y| and B is column matrix of 3 x1 order. It is 


z 
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given that, applying elementary row operations on the 
equation AX = B,we get asystem of the form A’X = B’ 
such that both systems are equivalent. Based on this 
information, answer the following questions for the 
equations 


x+yt+z=l1 
x+2y+4z=A 
and x+4y+10z=77 


(i) The system is consistent for 
(A) only one value of A 
(B) only two values of 2 
(C) all real values except two values 
(D) infinite number of values 
(ii) The system is inconsistent for 
(A) only one value of A 
(B) only two values of 2 
(C) only three values of A 
(D) infinite number of values of A 
(iii) When / = 1, solution of the given system is given by 
(A) x=2k +1, y=-3k,z=k 
(B) x=2k, y=-3k+1z=k 
(C) x=k, y=-3k,z=k 
(D) x=2k-1, y=-3k,z=k 


where k is any real number. 


Solution: Given system is 
11 1 1 
12 4|xX=/aA 
1 4 10 v 
111 1 iy RRR 
Of S)es) Gad) 8? / 
. R,—> R,- R,) 
0 3 9 A =1| : : 
1 0 -2 [ 2A 
(by, > R,-R,, 
01 3|X= A-1 
2 R, > R, = 3R,) 
00 O | Av —3A-+ 2 | 
(i) The system is inconsistent if 2 4 1 and 2. 
Answer: (B) 
(ii) The system is consistent, if 2 =1, 2. 
Answer: (D) 


(iii) If A = 1, the given system is equivalent to the system 
x —2z=1, y+ 3z =0 whose solution is x = 2k + 1, 
y=—3k and z=k. 

Answer: (A) 


Assertion—Reasoning Type Questions 


In each of the following, two statements, I and II, are 
given and one of the following four alternatives has to 
be chosen. 


(A) Both I and II are correct and II is a correct reason- 
ing for I. 


(B) Both I and II are correct but II is not a correct rea- 
soning for I. 


(C) Lis true, but II is not true. 
(D) Lis not true, but IJ is true. 


1. Statement I: There exit matrices B and C of order 
2 x 2 with integer elements such that 


B+C= ee 
Q -2 


Statement [: Every square matrix satisfies its charac- 
teristic equation. That is, if A is a square matrix, then 
A satisfies the polynomial equation det (A — x/) = 0 
where /is a unit matrix of same order as that of A. 


Solution: Let 


Therefore 
-l-x 


; Pe 


JA xtl=| 


The characteristic equation is 
f(x) =(14+x)(2+ x)=0 
that is 
f(x) 2x7 +3x+2=0 
Statement II is true by Cayley—Hamilton theorem. 
f(A)=0> A +3A427=0 
= A’+3A°+2A=0 
=>(A+1f-I=A 


Take 


0 1 
B=A+1-| Jana c= 1 
0 -1 

We get A= BP+C*. 

2. Statement I: If 

2 1 3 2 1 0 
A — 

3 2 5 -3 0 1 


then A is equal to 


Worked-Out Problems 


Statement Ik If A and B are square matrices of the 
same order and P, Q are non-singular matrices compat- 
ible for multiplication with A such that PAQ = B, then 
A=P"BO . 


Solution: Clearly Statement II is true. Now let 


Therefore statement I is false. 


3. Statement I: If A and B are square matrices of order 
3 x 3 then adj (AB) = (adj B)(adj A). 


Statement [: For a square matrix of order 3 x 3, 
P(adj P) = (adj P)P =(det P)I 

where / is the third order unit matrix. 

P(adj P) = (adj P)P =(det P)I 


Therefore Statement II is true. Now 


Solution: 


AB(adj B) - (adj A) = A(BadjB )(adj A) 
= A(det B)I(adj A) 
= (det B)A(adj A) 
=(det B)(det A)I 
=[det(AB)|/ 
Similarly (adj B)(adj A)AB = [det (AB) | 


Therefore adj (AB) = (adj B)(adjA). 
Answer: (A) 


4. Statement I If A is a nonsingular matrix, then adj 
(A) = (adj A)". 


Statement I: If P and Q are square matrices then 
adj (PQ) = (adj Q)(adj P). 


Solution: Statement I] is clear from Q3 above. 
Now (adj A) (adj A‘) = adj (A™ A) 

=adj(J)=I1 
Also 


(adj A)(adj A) = adj(AA™) =adj/ =I 
Therefore (adj A) ' = adj(A‘'). 
Answer: (A) 


5. Statement I: Let B be a matrix of 3x3 order and 
adj B = A. If P and Q are matrices of 33 order such 
that |P|=1=|Q| then adj(O' BP") = PAQ. 
Statement I: If M is non-singular square matrix of 
order 3 x 3, then adj (M™') =(adjM)Y". 

Solution: Statement IJ is true is clear from Q4 above. 

adj (Q™'B P™') = (adj P™') (adj B) (adj O"') 
= (adj P™) (adj B) (adj Q)” 
=P(adjB)Q 
=PAQ 
since |P|=1=|Q|=> (adjP)'=P and (adjQ)"=@. 


Answer: (A) 


6. Statement I: If 


1 2 O 
A=|2 -1 0 
0 O -1 


then 
(A'y = =A +1[- 5A™] 


Statement I: If P is a square matrix of order 3x3, 
then P satisfies the polynomial equation | P — x/|= 0. 


Solution: Statement II is Cayley-Hamilton theorem. 
1-x 2 0 
|A-xI|=| 2 -1l-x 0 |=-x?-2x°+5x4+5 
0 0 -l-x 


Since A satisfies its characteristic equation we get 
~A’- A’?+5A+5I=O 
A+ A’?-5A-5I=O 


= ACA’ A-5]l=I 
A'= s(A'4 A-5I) 


(A'y= LAs I-5A") 


5 
Answer: (A) 
7. Statement I: If 2s=a+b5+c, then 
a (s-ay (s-ay 
(s — by b (s — by |=2s°(s —a)(s— b)(s—c) 
(s-—cY (s—cy eo 
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Statement II: 


(b+cy a a 
b (c+ay bY |=2abc(at+ b+cy 
Cc e (a+ by 
Solution: Let 
(b+cy a a 
A=| Bb (ct+ay b 
c Cc (at+by 
(b+cY a-(b+cy a-(b+cy 
A=| BD (ct+ay-Bb 0 
c 0 (a+ by-c 


(by C, > €,-¢,C,>¢6,-C) 


Taking a + b +c common from C, and C, we get 


(b+cy a-b-c a-b-c 
A=(a+b+cy| BP cta-—b 0 
Cc 0 a+b-c 
2be —2¢ —2b 
A=(a+b+cy|b c+a-b 0 
c 0 at+b-c 


[by R, > R,-(R,+ R)] 


2be =O 
2. 
A=|b c+a — |(at+b+cy 
c 
2 
Cc ss a+b 
b 


1 1 
[by C73 C+ 5.696446 | 
c 


=2bc[(c + a)(at+ b)- bc](at+ b+cy 
=2abc(a+b+cy 


Therefore Statement II is true. Now put s—a=x,s—b=y, 
s—c=zso that 


X+y+Z=S,y+Z=a,z7t+x=b,x+y=c 


Therefore 
a (s—ay (s—ay| \(y+zy a a 
(s—by Bb (s-byl=| yo (ztxP 
(s—cyf (s—cy Cc Zz Zz (x+ yy 


Use Statement II. Hence, Statement I is correct. 
Answer: (A) 


Integer Answer Type Questions 


1. If A is a square matrix, then the number of ordered 
pairs of matrices (P, Q) where P is a symmetric matrix 
and Q is askew-symmetric matrix such that A= P+Q 
is 


Solution: If A is any square matrix, then 1/2(A + A’) 
is symmetric and 1/2(A — A’) is skew-symmetric and 


A=5(A+ AT) +5(4-A") 


Suppose A = P + Q where P is symmetric matrix and Q is 
skew-symmetric matrix. Then 


A =P"+Q'=P-Q 
But 


1 ™% Ha tae at 
P= Ata )O=(A-A") 


Therefore (P, Q) is a unique pair. 


Answer: 1 
2. If 
x+3x x-1 x4+3 
xt1l -2x x-4|=a.x't+axt+axt+ax+a, 
x-3 x+4 3x 


then the value of a, is 


Solution: Forx =0 we get 
0 -l 3 
a4=|1 0 -4 
3 4 O 
=1(0-12)+3(4-0)=0 
Answer: 0 
3. If 
6¢ -3i 1 
4 31 -lj=x+iy 
20 3 i 


where i= ./—1, given x’ + y is equal to 


Solution: The given determinant is equal to 
6i(—3 + 3) + 3i(47 + 20) + 1(12 — 607) = 
—12+ 601+ 12-60i=0=0+10 
Therefore x =0, y=0. 
Answer: 0 


Worked-Out Problems 1441s 


4. The number of pairs (A,B) where A and B are 3x3 
matrices such that AB-— BA=I (J is the unit matrix 
of 3 x3 order) is ___ 


Solution: Let 


1 1 1 

a bb G a b,c 

as _| 4 1 1 
A=|a, b, c,| and B=|a, b, oc, 
1 1 1 

a, b, ©¢, Gs, Ds “Cs 


such that AB-— BA =J. Principal diagonal elements of 
AB — BA are equal to 1. 


(ayb,— ayb;) + (c,as— C43) = 1 (8.25) 
(asb, — ayb,) + (csb5— c5b) = 1 (8.26) 
(a,c, — ax¢,) + (bxe)— bycy) = 1 (8.27) 


Adding Eqs. (8.26) and (8.27) we get 


(a,b; ~ a,b) + (ac; = ac,) =2 


which is impossible according to Eq. (8.25). Hence, there 
exist no such matrices. 


Answer: 0 


5. Let S be the set of all symmetric matrices of order 
3 x 3, all of whose elements are either 0 or 1. If five of 
these elements are 1 and four of them are 0, then the 
number of matrices in S is 


Solution: Let Ae S. In a symmetric matrix the (i, /) 
th element is same as (j, i)th element for i+ j. That is, 
upper and lower parts of the principal diagonal are 
reflections of each other through the principal diago- 
nal. Hence the principal diagonal of A must have three 
1’s or two 0’s and a single because A has five 1’s and 
four 0’s. If all the three diagonal elements are 1, the 
number of such matrices is °C,. If two diagonal elements 
are zeros and one is 1, then the number of such matri- 
ces is °C, x °C,. Therefore, total number of matrices in 
S=C,+°C,x°C,=34+3x3=12. 

Answer: 12 


6. Let a, b, c be real positive numbers such that abc = 1 
and 


abe 
A=|b cea 
c a b 


Let S be the set of all such matrices A such that 
A' A=I. Then, the number of matrices in S is 


Solution: 
a+b+e Yab Lab 
AA=I> Lab C+b4+e Yab 
Sab Sab f+b+e 
10 0 
=10 1 0 
00 1 


Now ab =0 which is not possible as a, b,c are positive. 
Hence S is an empty set. 


Note: In 2003 (JEE), under the same hypothesis, it was 
asked to find the value of a’ + b° + c¢ for which many 
authors gave a’ + b° +c value as 4, without verifying the 
fact whether such matrices exist or not. 


Answer: 0 


7. Consider the 8 x 8 square matrix filled with the natural 
numbers from 1 to 64 as is given below. 


1 2 3 4 +. 8 

9 10 11 12 -- 16 

17 18 19 13 +. 24 

57 58 59 60 -: 64 
A number is selected from the board and the cor- 
responding row and column are deleted. Again 
another number is selected and the row and column 
are deleted. The process is continued upto 8 times so 


that no row and no column is left. Then the sum of the 
numbers so selected is ___ 


Solution: Observe that the element in the ith row and jth 
column is (i—1)8 + j. Let a,,, a), ,..., dg, be the numbers 
so selected where j,, j,, ..., jg are different. Therefore 


Ya, = X[IG- D8 + fi] 


i=l i=1 


=8(0+14+24+3+4+---+7)+(14+24+3+4+---+8) 


=8 x 28+ 36 
= 224 + 36 
= 260 
Answer: 260 
8. Let 
re cos’ Ot, COS Of, SiN Ot, (k=1,2) 


COS , Sin OL, sin’ 0, 
If the difference between a, and a, is an odd multiple 
of 2/2, then A, A, is a matrix whose sum of all its ele- 
ments is equal to 
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Solution: We have 
COS 04, COS CL, COS O, SiN O, 
AA =|. - .  [COS(O4 — O) 
sin, cosa, sin a, sin a, 
i 5 ". a, — a, is an odd mutiple 
[0 0 of 2/2, cos(a, — a) =0 


Sum of the elements of A, A, is 0. 
Answer: 0 


9. If x, y, z are non-zero real numbers and 


1l+x 1 1 
1l+y 1+2y 1 |=0 
1l+z 1+z 14+3z 


1 1 1). 
then —| —+—+-— | is equal to 
xX y Z 


Solution: Let A be the given determinant. Then apply 
row transformation R, > R, — R,, R, > R, — R, we get 


x 0 1 
A=] y 2y 0 |=0 
—2z -2z 14+3z 
x 0) 0) 


=0 (by .96-24)] 
x 


2 
9, 9y Thee = 
Xx 


Solving we get 


s|y(1+3¢472}+2e(1-2) -0 
Xe Xx 


[2xy + Ozxy + 4yz+ 2zx —2yz]=0 


2(292)| 4444 443]=0 
x y 2 

(+ 1s t)-3 

x y Zz 
Answer: 3 
10. If 
x 2x 
f(x)=|x x 6l=ax'+ bx t+er+dxt+e 


x x 6 


then the absolute value of 5a+ 4b+3c+2d+e is 


Solution: We have 


8.1 


8.2 


f(x) = x(6x — 6x) —2(6x° — 6x)+ x(x° - x’) 


=x'-x°-12x°+12x 


Therefore a=1,b=-1,c=—-12,d=12,e=0. Also 
5a+4b+3c+2d+e=5-4-36+244+0=-11 


So that absolute value is 11. 
Answer: 11 


SUMMARY 


Marrix: Let a, (1S i< mand 1<j<n;m and n are 
positive integers) be real numbers or complex num- 
bers or functions or any kind of expressions. Then 
the arrangement of these a, in the shape of a rectan- 
gle enclosed by two brackets is called a rectangular 
matrix of order m Xx n. 


is an m Xn matrix 


An m Xn matrix in which the (i, j)th element is 
a, will be written as [4;],,,, Or [4 | 

Horizontal lines are called rows and vertical 
lines are called columns a, is the element in the ith 
row and jth column position. 


mxn* 


Vertical and horizontal matrices: If the number 
of rows is greater than the number of columns, it is 
called vertical matrix. 

If the number of rows is less than the number of 
columns, it is called horizontal matrix. 


Rectangular matrix means either vertical or horizontal 
matrix. 


8.3 


8.4 


8.5 


Square matrix: If the number of rows is same as 
the number of columns, then the matrix is called a 
square matrix. 


Principal diagonal and trace: In a square matrix 
[4;]ixnr the elements a,,, a, 433, ..., 4,, are called 
principal diagonal elements and their sum is called 
Trace of the matrix and is denoted by Trace A where 


A is a given square matrix. 


Zero (null) matrix and unit matrix: In a matrix, if all 
the elements are zeros, then it is called zero matrix. 


In a square matrix, if the principal diagonal ele- 
ments are equal to 1 and the rest are zeros, it is called 
unit matrix. 


8.6 Upper and lower triangular matrices: A square 
matrix A=[q;],,.,is called upper triangular matrix, 
if a, =0 for i > j (i.e., the elements below the princi- 
pal diagonal are zeros). 

It is called lower triangular, if a, = 0 for i <j 
(i.e., the elements above the principal diagonal are 
Zeros). 


8.7 Diagonal matrix: A matrix which is both upper and 
lower triangular is a diagonal matrix or a square 
matrix A =[a,],,,,, is called diagonal matrix, if a; =0 
fori #/j. 


nxn 


8.8 Scalar matrix: In a diagonal matrix, if all the principal 
diagonal elements are equal, it is called scalar matrix. 
That is in a square matrix A =[q; ],,.,,, if 


0 fori#] 
“Aa (real or complex) for i= j 


mxn? 


then A is called scalar matrix. 


8.9 Transpose of a matrix: The matrix obtained from a 
given matrix by changing its rows in to columns is 
called transpose of the given matrix. If A is a matrix, 
its transpose is denoted by A‘ or A’. 


SO auicK LOOK 
Quick LOOK 


About transpose: 


1. If A is of order m Xn, then A’ is of order n x m. 

2. The (i-j)th element of A is equal to (j-i)th element 
of A’. 

3A’) =A. 


8.10 Addition of matrices: If A =[4; }nn, and B= [Dj Inxn 
are two matrices of same order mxn, then the 
matrix whose (i-j)th element is a, + b, called sum of 
A and B and is denoted by A + B=[4, + By Inn 
8.11 Scalar multiplication: If A =[a, ],,,., is amatrix and 

k is a scalar (i.e., real or complex) then KA is the 


matrix [kaj], 


In particular, if k = -1, then (-1) A is denoted 
by -A. 


8.12 Difference of matrices: If A and B are two matrices 
of same order, then A — B is defined as A + (—B). 
That is, if A=[a;],,., and B=[Dj Jinx.» then A - B= 
[a, =D 


mxn mxn? 


iil mxn* 


8.13 Theorem: The following hold for any matrices of 
same order. 


(1) If A and B are matrices of same order, then 
A+B=B+A. (commutative law) 

(2) If A, B and C are matrices of same order, then 
(A+ B)+C=A+(B+C) (Associative law). 

(3) A+O = O+A =A for any matrix of order 
mxXnwhere O is a zero matrix of m x n order. 

(4) A+(-A) =(-A)+A=O. 

(5) If A and B are of same order, and / is a scalar, 
then A(A + B) =AA+ AB. 

(6) If A and yu are any two scalars, then (A+ w)A = 
AA + UA for any matrix A. 

(7) If A is an m Xn matrix and A=0 is the usual zero 
scalar and 0 is the m x n zero matrix, then 0A = 0. 

(8) (AT)'=A. 

(9) (A+ B)'=A'+B'. 

(10) (AA)"=AA' where Ais a scalar. 


8.14 Matrix multiplication: Let A = [a;],,,,, and B= [Dili 
be two matrices of orders m xn and n x p respectively. 
Let 
Cy = pS (a, Dj.) = Dy + Giyby,+ ,3b;,+ ++ + a,b, 
j=l 
Then the matrix [c,,] 
uct AB. 


I auick ook 


1. For convenience and easy to remember, the 
general element of A is taken as (i-j)th element 
a, and that of B as (j-k)th element b,, and writ- 
ten (i-k)th element as the general element of the 
product AB. In fact to write some rth row and 
sth column element of the product AB, take the 
rth row of A and sth column of B, multiply the 
corresponding elements and add. 


2. The product AB is defined only when the number 
of columns of A is same as the number of rows of B. 


(order m x p) is the prod- 


mxp 


3. In general AB and BA are not equal, even though 
when both products are defined. 


8.15 Theorem: Let A, B, C be mxn,nxp and pxq 
matrices and A, any scalar. Then, the following hold. 


(1) (AB)C=A(BC) (Associative law). 
(2) (AA)B = X(AB) = A(AB). 
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(3) OA = AO = O where 0 is the zero matrices of 
appropriate orders. 

(4) If Z,, and J, are unit matrices of orders m and n 
respectively, then, A=A=ATI,. 


m 


8.16 Distributive laws: 
(1) Let A, B be matrices of same order m x n and C 
be any matrix of order n x p. Then 
(A+ B)C=AC+ BC 
(2) Let A be of order m xn and B, C be of order 
nx p. Then 


A(B +C)=AB+AC 


8.17 Important feature of a scalar matrix: Square matrix 
A is a scalar matrix if and only if A commutes with 
every matrix of the same order. 


8.18 Transpose of a product: Let A and B be two matrices 
of m xn and n x p orders, respectively. Then 


(AB) = BTA™ 


8.19 Inverse of a matrix: Let A be a square matrix of 
order n x n. If B is asquare matrix of the same order 
nxnsuch that AB= BA =I, (unit matrix of order n), 
then B is called inverse of A and is denoted by A™'. 
If a matrix has inverse, then it is called invertible 
matrix. 


8.20 Inverse 

(1) (A’yt=A. 

(2) If A and B are square matrices of same order 
having inverses, then AB has also inverse and 
(AB)'=B'A™, 

(3) If A is an invertible matrix, then 

(Att _ (AT)? 
8.21 Some kinds of matrices: 

(1) Symetric matrix: A square matrix A is called 
symmetric matrix, if A’ =A. 

(2) Skew-symmetric matrix: A square matrix A is 
called skew-symmetric if A’ =—A. 

(3) Orthogonal matrix: Square matrix A is called 
orthogonal matrix, if A'A = I. 


(4) Idempotent matrix: Square matrix A is called 
idempotent matrix if A*= A. 


I auick ook 


In a skew-symmetric matrix, all the principal diagonal 
elements must be zeros. The converse is not true. 


(5) Nilpotent matrix: Square matrix A is called 
nilpotent matrix, if A” = O for some positive 
integer m. The least positive integer m such 
that A” = O is called the index of the nilpotent 
matrix A. 


(6) Periodic matrix: Square matrix A is called 
periodic matrix, if A’*' = A for some positive 
integer p. The least such positive integer p is 
called the period of A. 


OauicK LOOK 


An idempotent matrix is a periodic matrix of period 1. 


(7) Involutary matrix: Square matrix A is called 
involuntary matrix, if A* = I. 


quick ook 


Every involuntary matrix is a periodic matrix of 
period 2. 


8.22 


Theorem: Let A and B be square matrices of order 

nxn. Then the following hold. 

(1) If A and B are symmetric matrices then so is 
A+B. 

(2) If A and B are skew-symmetric matrices, then so is 
AxB. 

(3) If AB = BA and A and B are symmetric (skew- 
symmetric) then AB is symmetric. 

(4) If A is symmetric, then for any scalar A, AA is 
also symmetric. If A is skew-symmetric, then 
AA is also skew-symmetric. 

(5) If AB = BA, then AB is skew-symmetric prov- 
ided one of A and B is symmetric and the other 
is skew-symmetric. 


Theorem: If A is any square matrix, then A + A' is 
symmetric and A — A‘ is skew-symmetric. 


8.24 Representing square matrix in terms of symmetric 


and skew-symmetric matrices: Every square matrix A 
can be expressed as a sum of symmetric and skew- 
symmetric matrices uniquely and the representation is 


A=5(A+ A‘) +3(A- A‘) 


Conjugate of a matrix: It A is a matrix whose 
elements (i.e., entries) are complex numbers, then 
the matrix obtained from A by replacing its elements 
with their corresponding complex conjugates is called 
conjugate of A and is denoted by A. 


For example, if 


1+i -i 2 
A= 
M3 V2i atib 
2 
then 
1-i i 2 
Aa 


7 xt a40m wap 


8.26 Some properties of conjugate: 
(1) (A)=A 
(2) (AA) =A for any scalar A. 
(3) (AL B)=A+tB 
(4) AB=AB. 


8.27 Theorem: If A is any matrix, then 


(A)" =(A*) 
8.28 Notation: ( A)" is denoted by A*. 


8.29 Hermitian and skew-Hermitian matrices: Square 
matrix A is called Hermitian or skew-Hermitian 
according as A* = A [i.e., (A)' = A] or 


A*=—A[ie.,(A)' =—A] 


8.30 Theorem: Let A and B be matrices. Then the 

following hold. 

(1) (A*)* =A. 

(2) (AA)*=/A.A* for any scalar A where / is the 
complex conjugate of A. 

(3) (A+ BYy*= A*+ B* 

(4) (AB)* = B*A* when A and B are compatible 
for multiplication. 


8.31 On Hermitian and skew-Hermitian matrices: 

(1) If A is any square matrix, then A+A* is 
Hermitian and A — A* is skew-Hermitian. 

(2) If A is real and A is Hermitian (skew-Hermi- 
tian) then AA is Hermitian (skew-Hermitian). 

(3) If A is Hermitian, then iA is skew-Hermitian 
and iA is Hermitian, if A is skew-Hermitian. 

(4) If A and B are Hermitian, then so is A + B. 

(5) If A and B are skew-Hermitian, then so is A + B. 

(6) If AB= BA and A, B are Hermitian, then AB is 
also Hermitian. 


(7) If A and B are skew-Hermitian and AB = BA, 
then AB is Hermitian. 


(8) If AB = BA and one of A and B is Hermitian 
while the other is skew-Hermitian, then AB is 
skew-Hermitian. 


8.32 Decomposition of a square matrix in terms of 


Hermitian and skew-Hermitian matrices: Let A 
be a square matrix. Then A can be expressed as sum 
of Hermitian and skew-Hermitian matrices in one 
and only one way and the representation is 


A= 5(A+ At) +5(A- A¥) 


S. auick Look 


In the above, if we take 
i (A*- A) 
D 


where i= J-1 then A = P+iQ, where both P and Q 
are Hermitian matrices. 


P=5(A+ A¥) and Q= 


Determinants 


Even though the determinant of any square matrix whose 
elements are real (complex) numbers may be defined, 
our main focus is on determinants of 2 x 2 matrix or 3 x 3 
matrix. We begin with minor and cofactors of the elements 
of a matrix. 

Throughout this summary on determinants our matri- 
ces are 3 x 3 matrices and in some cases 2 x 2 matrices. 


Ae a b 
“le d 
Then the number ad — bc is called the determinant 
of A and is denoted by det A or | A]. 


8.33 Let 


8.34 Minor: Let A be a3 x 3 matrix. Then, the determi- 
nant of the 2 x 2 matrix obtained from A, by delet- 
ing the ith row and jth column of A is called minor 
of A with respect to (i-j)th element (i= 1,2,3 and 
j=1,2,3). (i-/)th minor is denoted by M,,. 


8.35 Cofactor: (—-1)'" M, is called the cofactor of the ele- 
ment a, with respect to the matrix A. The cofactor 
of the element a, is denoted by A, (capital letter). 


SO auicK LOOK 


In the formation of A, 


» the ith row and jth column will 
not participate. 
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8.36 Determinant of 3 x 3 matrix: 


Let 
a b G 
A=|a, bh G 
a, b, Cc, 


Then det A (or |A|) = a4,A,+b,B,+0c,C,, where 
A,, B, and C, are the cofactors of a,, b, and c¢,, 
respectively. 


Expansion: 
det A = a,(b,c; — b,c,) —b, (aye; — a,c) 
b, © mG 


+ c,(a,b; — a,b,) = a, a 
3 CS 


a, C a, C; 


8.37 Properties of determinants: 


Let 
a b CG 
A=|a b, ¢c, 
a, db, ©, 


and capital letters A,, B; and C, respectively denote 
cofactors of a;,b, and c; for i= 1,2, 3. Then 


(1) a,A,+b,B,+0¢,C, = a,A,+b,B,+0¢,C, = a,A,+ 
a,A,+4,A, = b,B,+b,B,+b,B, = ¢,C,+¢,C,+ 
c,C,=det A 

That is, we can expand the determinant in 
any row or any column. 


(2) In a matrix A, if any two rows (columns), are 
interchanged, then the sign of the determinant 
will change. 


(3) In a matrix, if two rows (columns) are identical, 
then the value of the determinant is zero. 

(4) det A =det (A'). 

(5) The elements of a row (column) are multiplied by 
some non-zero constant A amounts that, the deter- 
minant is multiplied with the same constant A. 

In other words, if A is a common factor of 
all the elements of a row (column), then the 
determinant of the matrix is equal to A times the 
determinant of the matrix obtained after taking 
away A from the elements of that row (column). 

For example 


Aa, Ab, Ac, a bh & 
4 b G)=Aly bb G 
a b ¢ a, db, ©, 
(6) det (AA) = A’ det A. In general, if A is a square 


matrix of order n, then det (AA) = A" det A. 


(7) aA,+ b.B,+¢,C,=0 fori 4). 


That is, the sum of the products of the 
elements of a row with cofactors of the cor- 
responding elements of another row is always 
zero. The same is true for columns also. 


(8) The determinant of a matrix is unaltered by 
adding constant times the elements of a row 
to the corresponding elements of another row. 
The same is true for columns also. 


(9) If each element of a row (column) is sum of two 
elements, then the determinant of the matrix 
can be expressed as sum of two determinants. 


(10) If A and B are two square matrices of same 
order, then det (AB) = (det A) (det B). 


8.38 Adjoint of a matrix: Let A be a square matrix and 
B is the matrix obtained from A, by replacing its 
elements with their corresponding cofactors. Then 
B' is called adjoint of A. Adjoint of A is written as 
adj A. 

For example, let 


a4 b G 
A=|aq% bh © 
a, db, ¢, 
and A,, B, C,, etc. denote the cofactors of a,, b,, c; 
etc. Then 
A, A, A, 
adj A =| B, 


8.39 Theorem: If A is a square matrix, then A(adj 
A) =(det A) [= (adj A) A, where /is the corresponding 
unit matrix. 


8.40 Existence of inverse and formula for inverse: If 
A is a square matrix, then A™ exists if and only if 
det A # 0 and in such a case 


ae adj A 
det A 


8.41 Non-singular and singular matrices: Square matrix 
A is called non-singular or singular according as 
det A #0 or det A=0. 


auicK LOOK 


A‘ exists if and only if A is a non-singular matrix. That 
is, non-singular matrices only, will have inverses. 


Elementary Row (Column) Operations 


8.42 The following are called elementary row (column) 
operations on a matrix. 


(1) Interchanging of two rows (columns) denoted 
by R,(C;). That is, interchanging of ith and jth 
rows (ith and jth columns). 

(2 


~~ 


Multiplication of the elements of a row 
(column) by a non-zero constant k denoted by 
R(k)(C{k)). 
Multiplying the elements of a row (column) 
with a non-zero constant k and adding to 
the corresponding elements of another row 
(column) denoted by R,+ R,(k) or RR, + Rk). 
That is multiplying the elements of rth row 
by k and adding to the corresponding elements 
of sth row. Same is C,: C,+ C(k). 
Elementary transformation means either row 
or column transformation. 


(3 


~~ 


8.43 Elementary matrix: Matrix obtained from unit 
matrix by applying elementary transformations. 
Every elementary matrix is invertible. 


8.44 Theorem: Every non-singular matrix can be expre- 
ssed as a product of elementary matrices. 


Systems of Linear Equations 


8.45 Homogeneous system: Let a, (1<i<m,1<j <n) be 
mn real numbers. Then the system of equations 
A,X, + AX) +--+ + A,X, =0 
OX, + AyX ++ +4, =0 


Oy X + Aya Xy Ho + Ayn X, = 9 


mn-~n 


is called homogeneous system of m equations in n 
unknowns. 


Matrix equation: If 


A=[4j Inns X = 


mxn? 


Xn nx 
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8.46 


8.47 


8.48 


8.49 


8.50 


and O is mx 1 zero matrix, then the above homoge- 
neous system of equations can be represented by the 
matrix equation AX = O. 


Non-homogeneous system: AY = B where 


b, 


D, 


is an m X 1 matrix and atleast one 5, + 0. 
In both systems A is called coefficient matrix. 


Zero solution or trivial solution: For AX=O, t,=x,= 
X,=---=x, =0 is always solution and this solution is 
called zero solution or trivial solution. 


Non-zero solution (non-trivial solution) 
x, 
A) 
X=|: 
Xx, 


n 


is called a non-zero solution, if atleast one x, # 0 and 
satisfies the equation AX = O. 


Existence of non-zero solution: Suppose A is a non- 
zero square matrix. A is non-singular if and only if 
X = O is the only solution of AX = O and hence 
AX = O has non-zero solution if and only if A isa 
singular matrix (i.e., det A = O) and in such a case, 
the system has infinitely many solutions. 


About AX = B (unique solution): If A is non- 
singular matrix and B is non-zero column matrix, 
then AX = B has unique solution, viz., X = AB. 


Crammer’s rule: Consider the system of simultane- 
ous equations a,x + b,y+¢,z=d,,a,x+b,y+oz=d, 
and a,x + b,y + c,z = d, where atleast one d, # 0. Let 


a4 bh G 
A=la, b, G 
a, b, ¢, 


and A, is the determinant obtained from A by 
replacing its kth column with 


d, 
d, 
d, 


8.51 


8.52 


Then 


is the solution for the given simultaneous system 
of equations. 


Consistency and inconsistency system: If AX = B 
has a solution, then it is called consistent system, 
otherwise inconsistent system. 


Geometrical interpretation: Consider the system 
of three simultaneous equations a,x + b,y+c¢,z=d,, 
ax+b,yt+c,z = d,, a,x+b.y+c,z = d, which rep- 
resent planes in the three dimensional space. Then 


(1) Unique solution means, all the three planes are 
concurrent at a single point. 


BS 


(2) Infinite number of solutions means, all the three 
planes pass through a single straight line. 


cE 


(3) Inconsistent means either all the three planes are 
parallel to each other or form a triangular prism. 


ay 
a 
= 


8.53 Let f(x) = ajx”"+a,x"'+--+a, where ay, a, 
a, ..., a, are real (complex) numbers. If A is a 
square matrix, then f(A) means, the matrix a,A” + 
aA”! +a,A"?+-+-++a,,,A +a, where I is the 
unit matrix of order same as A. 


8.54 Characteristic polynomial (equation of a matrix): 
If A is asquare matrix, then | A — x/|which is a poly- 
nomial with real or complex coefficients is called 
characteristic polynomial of the matrix A and the 
equation | A — xJ|=0 is called characteristic equa- 
tion of the matrix A. 


8.55 Cayley-Hamilton theorem: Every square matrix 
statisfies its characteristic equation. That is, if A is 
a square matrix and f(x)=|A — x/|, then f(A) =O 
(zero matrix). 


8.56 Condition for a non-singular matrix: Let A be 
square matrix of order n f(x) = |A — xl] = a,x" + 
ax"! + a,x"? + + +a,. Then A is non-singular if 
and only if a, # 0. 


| EXERCISES 


Single Correct Choice Type Questions 


1. The number of 2 x 2 matrices with real entries which 
commute with the matrix L 2 is 


(A) 1 (B) 2 (C)4 (D) infinite 


a b T. Ta: 
2. If A= d where abcd # 0, then AA’ — A’A is 
Cc 


equal to 
c d- 
aye-byne "| 
B) (b b+c d-a 
d-a -b-c 
Oe OES toa 
a-d b+e 
D) arb] 4 


1 1 a . 
3. 1 A= i ‘ then }’ A‘ is equal to 


non+il 
(a) ia 


n(n +1) | 
(C) 2 
0 n 


unt (n+ 1)(n+2) 
(D) 2 
0 n+1 


4. If 
cosx -sinx 0 
F(x)=|sinx cosx 0 
0 0 1 
then F(x)F(y) is equal to 
(A) F(xy) (B) (=) 
(C) F(x + y) (D) F(x- y) 


5. Leta#-1,b#-1,c#-1, be real numbers. If the equa- 
tions a(y + z) =x, b(z + x) = y, and c(x + y) = z has 
non-zero solution, then the value of 


1 1 1. 
l+a 14+b l+c ” 
(A) 2 (B) 1 (C) 1/2 (D) -2 


6. The value of x €[0, 2/2] such that the matrix 


2sinx —1 sin x cos x 
-sinx 2cos—V3 tanx 
—cos x —tan x 0 
is skew-symmetric is 
(A) 7/2 (B) 2/3 (C) 2/4 (D) 2/6 


7. If wis anon-real cube root of unity and i = ,/—1, then 
the value of the determinant 


1 w 1l+itw 
i 1 l-i+w 
1-i w-l 1 
is 
(A) 1 (B)i (C) w (D) 0 
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8. Let a, b, c be positive and x any real number. Then, be & 1lae 
the value of the determinant (A) |e ca B (B)l b BP 
1 1 1 ce © Hp 1 ¢-< 
% —x\2 % —x \2 x —x\2 
Go + . y os + y o + e y Se x ge as 
Ay Aa: Ae (C)\b ¢ a (D)lb eB 
is c ab éc << 
(A) 0 (B) (a+b+cy 
(C) (a+b+cy (D) (a+b+c)y* 29 26 22 
14. |25 31 27 equals 
a a+d a+2d 63 54 46 
9. If| @ (a+dy (a+2d))=0, (A) 122 (B) 132 (C)0 (D) 1 
2a+3d 2a+2d 2a+d 
then a-b-c 2a 2a 
(A) d=0 (B) d=-a 15.| 2b b-c-a 2b | is equal to 
(C) a=Oord=~-a (D) d=0ord=-a 2% 2 c-a-b 
10. Let 1< x, y,z<9 be integers which are in AP. If x51, (A) abc(a+b+cy — (B) (ab+ be +ca)(a+b+cy 
y41 and z31 are three digit numbers, then the value (C) (a+b+c) (D) (ab + bc + ca)(a+ b+c) 


of the determinant 
16. If the system of equations 


5 4 3 
x51 y41 z31 ax+4y+z=0, bx+3y+z=0, cx+2y+z=0 
x y Zz has non-zero solution, then a, b,c are in 


is equal to (A) AP (B) GP (C) HP (D) AGP 


(A)xt+y+z (B)x-y+z (C)xyz (D/O 17. For a fixed positive integer n, let 


11. Which one of the following systems of equations has n! (n+1)! (n+2)! 
unique solution? D=|(n+1)! (n+2)! (n+3)! 
(A) 3x-y+4z=3 (B) x+y—2z=0 (n+2)! (n+3)! (n+4)! 
x+2y—-3z=-2 2x —3y+z=0 ih ‘3 s aeienie 
bee SyoSeeas syed en (D/(n!)y — 4) is divisible by 
(A) n (B) (nly +4 (C)n!+4 (D)n+4 
(C) xty+z=9 (D) y+z=1 
2x+5y+7z=52 z-x=l 18. If A and B are symmetric matrices of same order, 
2x+y—-z=0 x+y=l1 then the matrix AB - BA is 
(A) symmetric matrix (B) skew-symmetric matrix 
12. The value of the determinant (C) diagonal matrix (D) null matrix 
aC 1c 12 Cc. 
12 C. 12 C. BE 0 ab’ ac 


m+2 2 . 
. 19. |@b 0 belis equal to 


13 (@ 13 C 14 C 

8 9 4 
ac be 0 
is equal to zero when the value of m is 


me oe. (C)4 (D) 1 ake (B) 20BC 


(C) a+b +c)(a+b+c) (D) 4a’ 


be ab ca ; ; , ; 
20. Which one of the following matrices is non-singular? 


11 1 4 4 2 
(Ay | th, 35 (B)|5 -4 2 
ie 4 22 8 


13. The determinant jab ca_ bc| is equal to 


ca bc ab 


2 -7 -6 
OF "| (D)|/3 5 -2 
oe 42 
2 0 -1 
21. If A=|5 1 0 |, then A™ equals 


0 1 3 


(A) 4?+6A 111 
(CQ) A =6A417 


(B) 4° +6A +111 
(D) A =6A=61 


22. Let w #1 be acube root of unity and 


Then A‘ = 
1 weoew 1 1 0 
(A)| w 1 w (B);}O 1 1 
ww il 001 


(D) does not exist 


1 
3 |, then adj A is equal to 
4 


Multiple Correct Answer Type Questions 

1. Consider the following system of equations: 
x-2y+z=-4, x+ytdAz=4, 2x-y+2z=2 

Which of the following statements are true? 

(A) System has infinitely many solutions when 4 =2 

(B) Unique solution when A #1 

(C) Has no solution when 4 =1 

(D) Unique solution when 2 =1 


2. If the determinant 


a b aa+b 
b Cc ba+cl=0 
aa+b bate 0 
then which of the following may be true? 
(A) a, b,c are in AP 
(B) a, b,c are in GP 


-2 -10 8 2 -10 8 
(A)|-5 19 -13 (B)|-5 19 -13 
3-7 -1 2. =) at 
2 -10 8 -2 -10 8 
(C)|-5 -19 13 (D)| 5-19 13 
3-7 -1 3-7 -1 


24. Value of the determinant 


l+a-b 2ab —2b 
2ab l-a@+b 2a 
2b —2a l-a-b 


is 
(A)(1+@+BY 
(C) (@+P)1+a+by 


(B) (1+a@+bY 
(D) 201+a@+b) 


. Let 
3b G 
A=|5 Bb, 15 
x b ¢, 
If the sum of the elements of each row, each column 


and each of the diagonals of A are equal, then value 
of x is 


(A) 9 
(C) 12 


(B) 10 
(D) cannot be determined 


(C) a, b,c are in HP 
(D) x —@ isa factor of ax’ +2bx +c 


4 -5 -2 
3. Let A=|5 -4 2 |, then 
2 2 8 


(B) A” does not exist 
(D) A is idempotent 


(A) A is non-singular 
(C) det (adj A) =0 


4. Consider the matrix 


0 1 2 

A=|1 2 3 

3 11 

and the system of equations 
yt+2z+8=0, x+2y+3z+14=0 


and 3x+y+z+8=0 


Then 

(A) A is non-singular 

(B) The system has unique solution 

(C) A is singular 

(D) The system has infinitely many solutions 


1-1 1 
. Let A=|2 -1 O}. Then 
1 0 O 
(A) A =A (B) A =I 
(Cy) AST (D) A? =A™* 


3 8 
. Let A= . Then 
2 1 


{ <8 
(A) 13A7=A-4] (B) adj A= LS : 


(C) |adj A| = 13 (D) A=A 

. Let A bea matrix whose elements are real or complex. 
A matrix is obtained from A whose elements are the 
complex conjugates of the corresponding elements 
of A is denoted by A. That is, if A = [a then 


ser 


A =[aj],,,.,- In such case 

(A) (A)=A oo 
(B) If 4 is a scalar, then (AA) = AA 
(C) AB=AB 


(D) (AB)' = (B)(A") 

. If A is any matrix, then (Ay = (A) and we denote 
(A)" by A*. Which of the following are true? 

(A) (A*)*¥=A 

(B) (A+ B)* = A* + B* 

(C) (AB)* = B*A* 

(D) If Ais a scalar, then (AA)* = AA* 


. A square matrix A is called Hermitian or skew- 

Hermitian according as A*= Aor A*=—A where 

A*is (A)'. Which of the following are true? 

(A) In a skew-Hermitian matrix, each principal diag- 
onal element is either zero or pure imaginary. 

(B) If A and B are Hermitian matrices and AB = BA, 
then AB is also Hermitian matrix. 

(C) IfA and B are Hermitian matrices, then AB - BA 
is Skew-Hermitian. 

(D) If A is Hermitian and i = ./—1, then iA is skew- 
Hermitian. 


10. 


11. 


1 


13. 


14. 


15. 
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x 2 
ra-[) Jana a'|=125 then x may be 
x 


(A)5 (B) 3 (C)-5 (D) -3 
d 0 0 

LetD=| 0 4d, _ 0 Jwhich of the following are true? 
0 0 4d, 


(A) D is a symmetric matrix 
(B) If d,, d,, d, #0, then 


= % 0 
d, 
Peo = o 
d, 
00 = 

d, | 


(C) Trace of D=d,+d,+d, 
(D) D commutes with every 3 x 3 order matrix 


i 0 0 -1 0 i 
2. Let A= pez and C=| . , where 
QO -i 1 O i 0 


i=J-1.Then 
(A) A=B=C=-I 
(C) A=-CB' 


(B) -B=A'BA 
(D) C1=-B1A! 


Leta>b>c Ifthe system of equations ax + by + cz =0, 
bx +cy +az = 0 and cx + ay + bz = 0 has non-zero solu- 
tion, then the quadratic equation af + bt + c=0 has 
(A) real roots 

(B) one positive root 

(C) one positive and one negative root 

(D) non-real roots 


1 -1 1 
Let A=|2 -1 O|. Then 
1 0 O 


(A) A*”’ =I for all positive integers n 

(B) At=A4’ 

(C) A is a periodic matrix with least period 3 
(D) |adj Al=1 


If A and B are square matrices of same order such 
that AB= A and BA=B, then 

(A) A°=Aand B=B 

(B) A°-=Band B=A 

(C) AB=BA 

(D) A and B are periodic matrices 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and (D), 
while those in Column IJ are labeled as (p), (q), (1), (s) 
and (t). Any given statement in Column I can have cor- 
rect matching with one or more statements in Column II. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 


Example: If the correct matches are (A) — (p),(s);(B) > 
(q), (s), (t); (C) > (1); (D) > (x), (t); that is if the matches 
are (A) — (p) and (s); (B) > (q), (s) and (t); (C) > (n); 
and (D) — (1), (t); then the correct darkening of bubbles 
will look as follows: 


CGEZe 
Q 
GE 


oo & 2 


1. Column I contains some matrices while Column II 
contains their corresponding determinants values. 
Match them. 


Column I Column IT 


a b Cc 
(A)|a-b b-c 
b+c cta at+b 


c-a 


(p) @+b'+c —3abc 


[b ca 
(B)|a b c (q) 3abc-a’ —b’-c° 
lc a b 
[| a be act+¢ 
(C) | a +ab b ac (4d h 
| ab b+be 


b+e a a 
(D)| BP c+a PF (s) (a+ bt+cy 
Cc Cc a+b 


2. Let w #1 be a cube root of unity and 
A = 
0 w 


Match the items of Column I with the items of Column II. 


Column I Column IT 
(Aya (P) " 
ee (a) : 
on oft | 
me off? 


3. w#1 is a cube root of unity. Column I consists of 
some matrices and Column II consists of their corre- 
sponding determinant values. Match them. 


Column I Column IT 
1 ww 
(A)|w wl (p) -3w 
w 1 ow 
1 1 1 
(B)|}1 -1-w w (q) 0 
[1 w wt 
[l+w wo -—w 
(C)|}1+w w -w (r3 
|W +w ow —-w 
1 1 w 
ww id 
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4. Match the items of Column II with those of Column II. 5. Match the items of Column I with those in Column II. 


Column I Column IT Column I Column IT 


1 yz y+z 00 0 
(A) [1 zx zt+xl= (p)@-y)¥-z)-x) (A) The matrix]0 1 O}is  (p) Nilpotent matrix 
1 xy x+y (xy + yz + 2x) 00 1 
a ae ah g 
(B)|l y y= (q) -(x + y + z)(x-y)(y-z) (B) The matrix} b fis (q) Diagonal matrix 
leg (z-x) j « 
xX yrzr xX 1 -3 -4 
(C)ly zt+x yYl= ()(«-y\y-2Z(z-x) (C) Matrix}-1 3 4 |is (1) Idempotent matrix 
zxty 2 1 -3 -4 
x y Z (D) If 
D) jr ¥ Sl=  /)&+y+H@-yy-z)(z-2) cosa -sina 0 
YS ZX XY F(a)=|sina cosa Oj, i : 
; ‘ , (s) Symmetric matrix 


2 
then the matrix G ()) is 


Comprehension-Type Questions 


1. Passage: Let A be a square matrix. Then (A) idempotent matrix 
(A) A is called idempotent matrix, if A’ = A. (B) involutory 
(B) A is called nilpotent matrix of index k, if A‘ = O (C) nilpotent matrix of index 2 
and A*' #0. (D) AA? =1. 


. . . . 2 = 
(Oye Scalled nyohiory mate Ao, 2. Passage: Let A be 3 x 3 matrix and B is adj A. Answer 


(D)A is called periodic matrix with least periodic k, if the following questions: 
A‘! = Aand AZ A. 
0 1 1 


Answer the following questions: (irae. S ol ethen ataeequalis 


(i) The matrix - is a =[-4 
ae [s =5 <2] =6. 5 2 
(A) idempotent (B) involutory (A) aS a4 3 4 (B) es 4 3 -1 
(C) nilpotent (D) skew-symmetric aa 3-1] 11 7 23 ff 
(ii) If A is an idempotent matrix, then J — A is [73° -17 9 5 2 
A) idempotent -1 1 
is 9) i 7 . - ©) 1 : 7 _ 
(C) involutory / : 
(D) periodic matrix with least period 4 4 -5 -2 
i: 2 a (ii) If A=|}5 -4 2 |, then adj B is equal to 
2 2 8 


(iii) The matrix A=|-1 3 4 |Jis 
1 -3 -4 


(A) 0 (B) 1 
-36 36 -18 -36 -36 18 
(C)|-36 36 18| (D)| 36 36 -18 
is. =<ie 0 18 -18 0 


(iii) If det Az0, then B" is 


(A) A (B)|A|A 
-1 
(Cc) A (D) 4_ 
|A| |A| 
1 0 0 
3. Passage: Let A=|2 1 Ojand X,, X,, X, be column 
22 1 
matrices such that 
1 2 2 
AX,=|0), AX,=|3] and AX,=|3 


0 


oO 


1 


Let X be the 3 x 3 matrix whose first, second and third 
columns are, respectively, X,, X, and_X,. Answer the 
following questions: 


(i) The value of det(X) is 


(A) 3 (B) -3 (C) 3/2 (D) 2 
(ii) The sum of all the elements of X™ is 
(A) -1 (B) 0 (C)1 (D) 3 
3 
(iii) The matrix[3 2 O],,,X|2|is 
0 


(A) [Shia 


abe 
lL. 


4. Passage: Let X,, X, and X, be column matrices such that 


(C) [4] 


i 2.2 [6] /1 2 3 
2 4 Tie 72 4 2 
2 |6||3 2 9 

| 6 11 1 6 

X,=|17| and |1 -1 1|X,=|2 

2 2 1 -1 1 


A is the 3x3 matrix whose first, second and third 
rows are respectively X/, X; and X;. Answer the 
following questions: 
(i) det A is equal to 
(A) 2 (B) 0 (C)-8 (D) 8 
(ii) Sum of all the elements of A is 
(A) an even number 
(B) a number of the form 4k + 3 
(C) a prime number 
(D) a perfect square of an integer 
(iii) ¢, (adj A) is 
(A) even number 
(B) number of the form 3k + 2 


(C) perfect cube of an integer 


(D) a prime number 


Assertion—Reasoning Type Questions 


In each of the following, two statements, I and II, are 
given and one of the following four alternatives has to 
be chosen. 


(A) Both I and II are correct and II is a correct reason- 
ing for I. 


(B) Both I and II are correct but II is not a correct reason- 
ing for I. 


(C) Lis true, but II is not true. 
(D) Lis not true, but IT is true. 


0 -1 -—2 
1. Statement I: Thedeterminantofthematrix}1 0 3 
2 3 0O 


is Zero. 


Statement I: The determinant of a skew-symmetric 
matrix of odd order is zero. 


2. Statement I: The system of equations x+ y+z = 4, 


2x -—y+2x=5,x-2y—z=-3 has unique solution. 


Statement II: If A is a 3x3 matrix and Bisa3x1 
non-zero column matrix, then the equation AX = B 
has unique solution if A is non-singular. 


1 0 0 


3. Statement I: The matrix }0 0 1) is an idempotent 


0 1 0 
matrix. 


Statement II: If A is an idempotent matrix, then A* = A. 
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4. 


Statement I: The inverse of the matrix in the above 
problem 3 is itself. 


Statement I: The inverse of any idempotent matrix 
is itself. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2, 4,6 are to be darkened. 


1. 


= 


Po St PON 


a oz. WE 
© |@|@|© 
O|O|O|® 
@ | @|@|® 
@ | @|@|® 
@|@|@|® 
©|©|©|© 
© |@|©|© 
@|@|@|@ 
®©|©|O|® 
1 2 3 
IfA=|} 1 2 3 |, then the least positive integer k 


-1 —2 -3 
such that A‘ = is__. 


5. 


Statement I If A and B are symmetric matrices 
of same order, then AB+BA is symmetric and 
AB — BA is skew-symmetric. 


Statement II: If P and Q are matrices of same order, 
then (P+Q)'=P'+Q' and if P, Q are compatible 
for multiplication, then ( PQ)’ =o Pr". 


. Let Z,, Z,, Z,, be non-zero complex numbers and 


abe 
|Z,| = 4, (Z| = b, |Z,| =e. If the matrix |b ¢ @| is 
c a b 


singular and A is the area of the triangle whose verti- 

ces are at Z,, Z, and Z, and R is its circumradius, then 
4A 

R V3 


is equal to 


. Let S be the set of all 2 x 2 matrices whose elements 


are 0 or 1. Then the number of non-singular matrices 
belonging to Sis ___. 


. If A is 3X3 matrix and |A| = 2, then |adj(adj A)| is 


sina@ cosa 


01 cosa —sina 
_IfA= ap and B= , then det (A + B) 


is 
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Single Correct Choice Type Questions 


14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 


Multiple Correct Choice Type Questions 


- (B), (C) 

- (B),(D) 

(B), (C) 

- (A), (B) 

(B), (D) 

- (A), (B), (C) 

- (A), (B), (C), (D) 
- (A), (B), (C), (D) 


ON AO AWHD 3 


Matrix-Match Type Questions 


1. (A)>(p), (@)>(), (> @), (D) > @) 
2.(A)>(p), (B)>(q), (C)> (P), @) > @) 
3. (A) >(q),  (B) > (8), (C)> (P), DM) > @) 


Comprehension-Type Question 


1. (i) (B); (at) (A); Gat) (C) 
2. (i) (B); (ii) (A); li) (C) 


Assertion-Reasoning Type Questions 
1. (A) 
2. (A) 
3. (D) 


Integer Answer Type Questions 


1.2 
2. 3 
3. 6 


- (i) (A); 
- (i) (D); 


. (A), (B), (C), (D) 
. (B),(D) 

(A), (B),(C) 

. (A), (B), (C), (D) 

(A), (B) 

. (A), (B),(C), (D) 

(A), (D) 

(AIO, B90, (O>@, ©) @) 
(A) 9.0.0 B60, O-/). OM -@.6) 


(it) (B); 
(it) (C); 


(ili) (A) 
(iii) (D) 


» (A) 


Partial Fractions 


Contents 


9.1 Rational Fractions 
9.2. Partial Fractions 


Worked-Out Problems 
Summary 

Exercises 

Answers 


The partial fraction decom- 
position or partial fraction 


: 2Q expansion is used to reduce 
the degree of either the 

a numerator or the denomi- 

\ 1 nator of a rational function. 

: : The partial fraction decom- 
partial fractions position may be seen as the 


inverse procedure of the 
more elementary operation 
of addition of fractions, that 
produces a single rational 
fraction with a numerator 
and denominator usually of 
high degree. 
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It is well known that a polynomial in x is an expression of the form a,+ a,x +---+a, x", where a), a,,...,a, are real 
numbers or complex numbers. Polynomials are usually denoted by the symbols f(x), g(x), etc. The degree of a 
polynomial f(x) = a, + a,x + -+- +a,x" is defined to be n if a, #0. The a, are called the coefficients of x' in f(x). A poly- 
nomial f(x) is said to be the zero polynomial if each a,=0.A zero polynomial can have any degree and every non-zero 
real (complex) number is considered to be a polynomial of degree zero. Zero polynomial is denoted by usual 0 (zero). 
If two polynomials f(x) and g(x) are equal, then we write f(x) = g(x). Two polynomials are said to be equal if their 
corresponding coefficients are equal. We are familiar with adding and multiplying two polynomials. In this chapter, we 
confine to polynomials whose coefficients are all real numbers. 


9.1 | Rational Fractions 


DEFINITION 9.1 An expression of the form f(x)/g(x), where f(x) and g(x) are polynomials and g(x) #0, is 
called a rational fraction. 


DEFINITION 9.2. A rational fraction f(x) /g(x) is called a proper fraction if either f(x) = 0 or degree of f(x) is less 
than degree of g(x). If deg f(x) = deg g(x), then f(x)/g(x) is called an improper fraction. 


Examples 
1+x 24+3x4+4 2 Note that 3/2 is an improper fraction, since 3 and 2 are 
(1) Pees ter Le Per 0 and fae are both polynomials of degree 0. 
all proper fractions. 
2: 2 8 
Q) peewee. 14+2x+x © ad aid ces 
3+ 2x+4x 2+Xx 2 1+x 


improper fractions. 


THEOREM 9.1) Let f(x)/g(x) be a rational fraction. Then there exist unique polynomials g(x) and r(x) such that 


F(x) _ r(x) 
ney ee 


and r(x)/g(x) is a proper fraction. 


ProoF| Since f(x)/g(x) is a rational fraction, f(x) and g(x) are polynomials and g(x) #0. If f(x)/g(x) is a 
proper fraction, then we can take q(x) =0 and r(x) = f(x). Suppose that f(x)/g(x) is an improper 
fraction. Then deg f(x) = deg g(x). 
Let 
f(x)=aQ+ax+--+4,x",a,, 40 


am 


b #0 


2=n 


and g(x)H=bt+bxt-- +b x" 


Then deg f(x) =m =n = deg g(x). We shall apply induction on m. 

If m=0, then n=0 and f(x)/g(x) = a)/bo, which is a real number. In this case, we can take 
q(x) = a,/b, and r(x) =0. Let m>0 and suppose that the theorem is true for all rational fractions 
h(x)/g(x) with deg (h(x)) < m.Then put 


h(x) = f(x)- x" g(a) 


n 


It can be easily seen that deg h(x) <m-—1< mand therefore, by the induction hypothesis, we can 
write 


N(x) | 
g(x) | 


r(x) 


q(x) + eS 
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for some polynomials q,(x) and r(x) such that r(x)/g(x) is a proper fraction. Now, consider 


F(x) _ h(x) + a,b;'x"" g(x) 


(x) es 
er 
me SMES) 
= a(x) + 


where q(x) =a,,b;'x""” + q,(x) and r(x)/g(x) is a proper fraction. Therefore, we have proved that 


mn 


there exist polynomials q(x) and r(x) such that 
I) Te) 
aay" e@) 
and r(x)/g(x) is a proper fraction. 
To prove uniqueness of g(x) and r(x), suppose q’(x) and r’(x) are also polynomials such that 
PO) gat 
aay 1 a) 
where r’(x)/g(x) is a proper fraction. Then 
g(x) g(x) + r(x) = fx) = 4’) g(a) + 1%) 
and hence 
[a(x) — g'@)] g(x) = 1°) — rx) 
If r(x) — (x) #0, then 
deg [r’(x) — r(x)] = deg [{a(x) — a'()} g(a)] 2 deg g(x) 
which is a contradiction, since deg r(x) < deg g(x) and deg r’(x) < deg g(x). Therefore r’(x) — r(x) =0 
and hence [q(x) — q’(x)] g(x) =0, so that q(x) — q’(x) = 0 (since g(x) # 0). Thus 
q(x) =4'(x) and r(x) =1'(x) 


The unique polynomials g(x) and r(x) found above are called the quotient and the remainder, 
respectively, and the algorithm to find q(x) and r(x) is called the division algorithm for polynomials. 
Note that g(x) and r(x) are unique polynomials satisfying the property 


F(x) = a(x) g(x) + rx) 


such that r(x) = 0 or deg r(x) < deg g(x). 

The reader might be familiar with the algorithm to find the quotient and remainder. If r(x) =0 
in the above, then we say that g(x) divides f(x). Further, any polynomial f(x) of degree greater 
than one can be uniquely expressed as 


Fx) = a )(x- a) +r 
for some real number r, where a is a given real number, and therefore, we have r= f(a) so that 
F(x) = ax) — a) + f(a) 


Also, x —a divides f(x) if and only if f(a) =0; this is popularly known as the factorization 
theorem. (| 
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Examples 

14+2+ 2 1+ x4+x 1 
1 =(-1+ x)+—— 2) ———=x4+—— 
@) 1l+x ( *) l+x 2) l+x 7 1+x 


Corottary 9.1) Let g(x), q’(x), r(x), (x), g(x) and g’(x) be polynomials in x such that r(x)/g(x) and r’(x)/g’(x) are 
proper fractions and 


eH ary 4 2 
1) OO * FO) 
Then 
rx) _ 
Xx)= es d as 
MOET) EG) 


DEFINITION 9.3 Two polynomials f(x) and g(x) are said to be relatively prime (or prime to each other) if there 
is no polynomial of positive degree dividing both f(x) and g(x). 


Examples 


(1) The polynomials 1 + x and 1 — x are relatively prime, (2) 1+2x+x° and 1-x° are not relatively prime since 
since any common divisor of these must divide their 1 +x is acommon divisor of these. 
sum, which is a polynomial of degree 0. 


We assume the following theorem whose proof is beyond the scope of this book. 


THEOREM 9.2) Two polynomials f(x) and g(x) are relatively prime if and only if there exist polynomials p(x) and 
q(x) such that 


F(x) p(x) + g(x) q(x) = 1 


9.2 | Partial Fractions 


In this section we discuss several methods of expressing a rational fraction as a sum of similar fractions; such a rational 
fraction is known as partial fraction. First, we have the following main result. 


THEOREM 9.3) Let f(x), g(x) and A(x) be polynomials such that h(x)/f(x) g(x) is a proper fraction. Suppose 
(FUNDAMENTAL| that f(x) and g(x) are relatively prime. Then there exist proper fractions o(x)/f(x) and B(x)/g(x) 
THEOREM)| such that 


A(x) _ @&) , BR) 
fx)stx) F(X) gx) 


ProoF}| Since f(x) and g(x) are relatively prime, there exist polynomials p(x) and q(x) such that 
F(x) a(x) + g(x) p@®) =1 
Now, 


A(x) _ AO)LF@) a) + (x) POD) _ AG) PC) , AC) aQ) 
f(x) g(x) f(x) g(x) f(x) g(x) 
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If h(x)p(x)/f(x) and h(x)q(x)/g(x) are not proper fractions, then by Theorem 9.1, we can write 


W(xyplx) 4p, a) Axa), BUX) 
a ae ae, ae 


for some polynomials f(x), s(x), o(x) and B(x) such that o(x)/f(x) and f(x)/g(x) are proper fractions 
and, therefore, we have 

M(x) _ W)C) MD _ 60) 4 (4) 4 MD 4 BOD < ox) 4 a(x) + MOE) + BOO) 
foe fa) a) Fx) 2) Fong) 


Since deg a(x) < deg f(x) and deg B(x) < deg g(x), we get that deg [a(x)g(x) + B(x) f(x)] < deg [f(x) 
g(x)| which implies that [a@(x)g(x) + B(x)f(x)]/f(&) g(x)] is a proper fraction. Hence h(x)/f(x)g(x) 
and therefore 


h(x) _ a(x), B(x) 
F(x)g(x) f(x) g(x) i 


s(x)+t(x)=0 and 

In the following theorems, we will prove that a proper fraction can be resolved into sum of its simplest partial 
fractions, in various cases. First, we have the following. 

DEFINITION 9.4 Ifa proper fraction is expressed as the sum of two or more proper fractions, then each of these 


is called a partial fraction of the given proper fraction. The process of finding partial fractions 
of a given proper fraction is known as resolving the proper fraction into partial fractions. 


Example re) 


Find the partial fractions of (b) The given fraction can be simplified as 

1 2 1 n -1 
(a) 6-5x+x £=1 “£1 wel 
(b) 2 Therefore 

2 
-1 
7 1 a 
an 

Solution: x-1 x+1 


(a) The given fraction can be simplified as 


1 _ 1 ae! ‘ -1 
6-Sxt+x (x-3)(x-2) x-3 x-2 


are partial fractions of 2/(x* — 1). 


Therefore 


and ool. 
x-3 x-2 


are called the partial fractions of the given fraction. 


DEFINITION 9.5 _ A polynomial of positive degree is said to be irreducible if it cannot be expressed as a product 
of two or more polynomials of positive degree. 


Examples 


(1) Any polynomial of degree 1 is irreducible (such (2) 1+.x +x’ is an irreducible polynomial. 
polynomials are called linear polynomials). 
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Show that the following polynomials are not irreducible. Solution: 
(a) 1+x4¢x4+x° (a) 1+x+x°+ x is not an irreducible polynomial, since 
(b) x — 6x2 +11x-6 (l+x)4+x)=1tx4tx4+x'. 
(b) x’ —6x°+11x—6 is not an irreducible polynomial, 
since x° — 6x’ + 11x — 6 = (x — 3)(x —2)(x -1). 


THEOREM 9.4) Let f(x)/g(x) be a proper fraction and ax + b a non-repeated factor of g(x). Then f(x)/g(x) has a 
partial fraction of the form 


A 
ax+b 


where A is a constant. 


ProoF| Since ax +b is a non-repeated factor of g(x), we can write 
8(x) = (ax + b)h(x) 


where ax + b and h(x) are relatively prime. Then by the fundamental theorem (Theorem 9.3), we 
can write 


Fx) _ a(x) , BOX) 
g(x) ax+b h(x) 


where o(x)/(ax + b) and B(x)/h(x) are proper fractions. 
In particular, deg o(x) < deg (ax + b) = 1 and hence a(x) is a constant, say A. Therefore 


fo) 
g(x) 


is a partial fraction of 
ax + 


THEorEm 9.5) If f(x)/g(x) is a proper fraction and ax’ + bx + c (a #0) is a non-repeated irreducible factor of g(x), 
then f(x)/g(x) has a partial fraction of the form 


Ax+B 
ax’+bx+c 


PrRoor! Same as in the above theorem. B 


In the following example, we demonstrate a method of finding partial fractions. 


Example ES 


Resolve the following fraction into partial fractions: Then 
3x+2 3x+2 _ Ae + 1) + B=) 
(x — 3)(2x +1) (x—3)@r+1)  (@=3)@x41) 


Solution: Write Therefore 


3xt+2— A OB 
(e—-D Orel) 2-3 2x94 


3x+2=A(2x+1)+ B(x-3) 
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By taking x = 3, we get Similarly, by taking x = —-1/2, we get B = —1/7. Therefore 
3-3+2=A(2-:3+1)+ B(3-3) 3x+2 _l/7 = es 1 
u (x-3)(2x+1) x-3 2x+1 7x-3) 7(2x+1) 
A=— 
7 


THEOREM 9.6) Let f(x)/(ax + b)” be a proper fraction. Then, there exist constants A,, A,, ...,A,, such that 


fx) __ A cc ae 


feet 
(ax+by’ axt+b = (ax+by (ax + by" 


ProoF| This is a repeated application of Theorem 9.1. Since f(x)/(ax + b)" is a proper fraction, deg f(x) <n. 
First use Theorem 9.1 to write 


SF) _ 


ax+b 


q(x) A) (0.1) 


where q,(x) and r,(x) are some polynomials and deg r,(x) < deg (ax + b) = 1. Therefore r,(x) is a 
constant. Put B, = r,(x). Again, we can write (using Theorem 9.1), 


q q(x) 
9.2 
ax +b =a —_ oe) 
where q,(x) is a polynomial and B, is a constant. From Eqs. (9.1) and (9.2), we get that 
r(x B B 
fa) 4G), 1 oy, BB 
(ax+by ax+b (ax+b) ax+b (ax+b) 
Again, 
q(x) 
(ae Ee 
for some polynomial q,(x) and a constant B,. Substituting this in the above, we get 
f _ Ff) B es B, 
= q3(x) + 3 
(ax + by x + aM (ax + bY * x +b) 
The process can be performed n times to get 
B B 
ei Dreyer B, + ea ged ! 
(ax + by" ax+b (ax+b) (ax + by" 
where B,, B,, ..., B,, are constants. Since deg f(x) <n, we get q,(x) =0. Now, put A,;= B,, ;,, to get 
1) ae a ae a. © 
(ax+by’ axt+b (ax+by (ax + b)" | 
Example 9.4 | 
Resolve the following fraction into partial fractions 1l+xtxr A A A 
ee tt Se tH OS (9.3) 
1l+xtx2 (x + 2) xX+2  (x+2)f (x4+2/ 


3 
ere) We have to find the values of the constants A,, A,, and 


Solution: By Theorem 9.6, we can write A,. From Eq. (9.3), we have 
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L+xtx=A(x+2)+A,(x+2)+A, (9.4) 
By substituting —2 for x, we get 
1+(-2)+(-2/ =0+0+A, 
A,=3 
Taking x =0 and x = 1 in Eq. (9.4), we get 


-2=4A,+2A, or 2A,+A,=-1 


and 0=9A,+3A, or 3A4,+A, =0 


By solving these two, we get that A, = 1 and A, =—3 from 
Eq. (9.3), we have 


L+xtx? 1 3 Pe 3 
(x42 ~~ (ee?) (e427 (427 


Example (es) 


Resolve the following into partial fractions: 


l+x4+x 4x 
(1+ 2x+x°)(1-2x+ x’) 


Solution: First,note that (1+ x)(1+2x°)=l+xt+x +x. 
Therefore, the given fraction is 

(l+x)+x) 14x 

d42y-2" d4exjd—<y 


Let 


14x? - A, a A, a A, 
(ta(=e" ie =e d=sy7 


Then 
14+x°=A,(1-x)+A,(1+x)(1-x)+A,(1 +x) 


(a) Taking x=0,A,+A,+A,=1 
(b) Taking x =1,2A,=2 or A,=1 
(c) Taking x =-1,4A,=2 or A, = 1/2 


Therefore 
1 
A, =1-A,-A,=1 1= 
2 
and so 
l+x4x°4x° 1 1 iL 


(142x+x)0—2x+x) 21+x) 2W1-x) (—x) 


Example 9.6 | 


Resolve the following into partial fractions: 
42 —19x 
(x — 4)(x* +1) 
Solution: Let 


42-19x _Ax+B  C 
(x-4)(x? +1) x41 x-4 


Therefore 


42 — 19x =(Ax + B)(x — 4) + C(x’+1) (9.5) 


Put x = 4. Then C =-2. Equating coefficient of x” on both 
sides of Eq. (9.5), we get 


0=A+C>A=2 


Equating the coefficient of x on both sides of Eq. (9.5), 
we get 


-4A4+B=-19 sothat B=-11 
Therefore 
42-19x —2x-11 2: 
(x-4)(x7+1) x41 x-4 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. If 


mxtn  — A * B 
(x-a)(x+b) x-a x+b 


then A + B is equal to 
(A) m (B)n 
We have 


(C)m+n (D) mn 
Solution: 


mx +n=A(x+b)+ B(x-a) 


Now 
ar mat+n 
at+b 
vecbo ReaD th mean 
-(a+b) atb 
Adding we get 
seo m(a + b) 
a+b 
Answer: (A) 
2. If 
7x-1 — A r B 
6x°-5x+1 3x-1 2x-1 


then B - A equals 


(A) 1 (B) 7 (C)8 (D) 9 
Solution: We have 
7x -1=A(2x-1)+ B(3x-1) 
Now 
x=5>2 1=a( \}>A=-4 
r=544-1-8(3-1]8=5 
Therefore 
B-A=5+4=9 
Answer: (D) 
3. If 
2x°+3x4+1 A B 
@-20-7) I-x” 1-2x 
then A, B are, respectively, 
(A) -3,4 (B)-3,-4 (C)3,4 (D) 3,-4 
Solution: Clearly 
2x°+3x4+1 (2x + 1)(x +1) 


(1-2x)(1-x)(1+x) (1-2x)(-—x)(1+x) 


= 2x+1 
(1-2x)(1- x) 


Therefore 


2x+1=A(1 - 2x) +B -x) 


Worked-Out Problems 


Now 
x=1> A=-3 
i z =>B=4 
2 
Answer: (A) 
4. Let 
9 A B GCG 


@eNGo2 x41 4-2 G2 


then the ordered triple (A, B, C) is 


(A) (1, 3,-1) (B) (1,-1,3) 
(C) (3,-1,1) (D) 7,1,=3) 
Solution: We have 


9 = A(x — 2)? + B(x + 1)(x -2) + C(x +1) 
Now for 


x=-1>A=1 
x=2>5C=3 


Now A + B = Coefficient of x’ = 0. Therefore B =—1 and so 
A=1,B=-1,C=3 


Answer: (B) 
5. Suppose 
3x° — 8x’ +10 a b (G d 
4 - at a 4 
(x - 1) x-1 (x-1) (x-1)) (x-)) 
Then a+b+c+d is equal to 
(A)1 (B) 2 (C)4 (D) -5 
Solution: Put x—1=y. Therefore we have 
3(y +1) - 8(y +17 +10 
y' 
3(y' + 3y + 3y4+1)—-8(y +2y+1)+10 
By +y-Ty+5 5 7 1 3 
aS Se eee 
y yoy yY y 
5 7 1 3 
= 4 ar ri 
(x-1Y (x-1~ («-ly x-1 
Answer: (B) 
6. If 
x+4 A B 


—— a 
(x7 +1)(2x7+3) x41 2x43 
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then A — Bis a 

(A) 6 (B)8 (C)9 (D) 11 Ga dew 
Solution: Put y=.’ in the given expression. We get the 
fraction 


where d is any real number not equal to a, b and cis 
(A) 0 
y+4 A B 


(B)1 
_ 1. ob Ae, 
= + ft He at a 
(y+ D(Qy+3) ytl 2y+3 (C)at+b+c+d Ot 
y+4=A(2y+ 3)+ Biy+1) Solution: We have 
Solving we get 7 a yai+ A, ~4 Cc 
x—a)(x-—b)(x-c x-a x Xx-C 
y=-15> A=3 
3 x° =(x-a)(x —b)(x -c) + A(x -— b)(x -c) 
Da oe + B(x —a)(x—c) + C(x -a)(x—b) 
Therefore A — B =3 —- (-5) =8. Therefore 
Note that the substitutions y=—1 and —3/2 are for 3 Bs 3 
the fraction in y, but not for the fraction in x. A= “ ,B= ,C= = 
Ariewots (6) (a—b)(a-c) (b-a)(b-c) (c-—a)(c—b) 
which gives 
7. Consider the series 
x A 
! : : (= ae-De-) = ayla—byla-) 
+ + tee x-a)(x-b)(x-c x-a)(a—b)(a-c 
(l+x)(1+2x°) (l+x°)(1+x°) (14+2°)(1+ x’) B C 
If x > 1, then sum to infinity of the series is at (x — b)(b—a)(b-c) - (x —c)(c —a)(c — b) 
1 1 : 
(A)j- 2 (B) 2-4 Put x = d on both sides. We get 
3 
1 1 ees 
rece SD) 2 GG-o@-a 
Solution: Let Answer: (B) 
_ aa 9. When x*/[(x — a)(x — b)(x — c)] is resolved into partial 
* (+27) + x) fractions and d is any real number different from a, b 
and c, then 
oe 1 1 
x(x—1)[14+x5 14+x** y a _ 
(a— b)(a—c)(a—d) 
Let s, be the sum to n terms of the series. Then 
n 1 1 1 (A) 1 (B) 0 
2 plies te (Chatb+ctd (D) abe + abd + acd + bed 
k=1 
Solution: We have 
Therefore 
4 
i is eaaehe Ba 4 B 
me ae) (x — a)(x — b)(x-c) x-a x-b 
Answer: (D) + G 
x-C 
8. When Therefore as in the above, we have 
x a 
(x —a)(x — b)(x -c) py 


=a+bt+ct+d 
(a—b)(a-c)(a-d) 
is resolved into partial fractions, then 


Answer: (C) 


Multiple Correct Choice Type Questions 
1. If 


13x+46 —= A m B 
12x°-11x-15 3x-5 4x4+3 


then 

(A) A=-5 

(C) A=7 

We have 


13x + 46 = A(4x + 3) + B(3x — 5) 


(B) B=7 
(D) B=-5 


Solution: 


Now 


2x+1  #3A rn 
Gel” ei set 


then 

3 
A) A= = 
(A) A=5 


3 


= 3 1 
(a OB er 


From the given expression we have 


2x +1= A(x? +1) + (Bx +C)(x-1) 


Solution: 


For x = 1 we get A =3/2. 
Also 0 = coefficienct of x’ = A + B. Therefore 


a) 
2 


B 


For x =0 


A-C=1>C=A-1 4 a 
2 2 


Answers: (A), (D) 


3. If 
3-2x A B C D 
= + + + 
(7° -3x+2fY 1-x (l-xfy 2-x (2-x/ 
then 
(A)A+B=3 (B) A+ D=-3 
(C)B+C=3 (D)A+B+C+D=-4 
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Solution: Simplifying the given expression we get 
3-2x° = A(1—x)(2- x) + B(2-xy 
+C(2-x)(1-xy + DO- xy 
Now for 
x=1>B=1 
x=2> D=-5 
0 = coefficient of x =A+C 
x=054A+4+4B+2C+D=3 
=>4A+4+2C-5=3 


(9.6) 


Therefore 
2A+C=2 (9.7) 
From Eqs. (9.6) and (9.7) we get A =2, C = —2. Hence 


3-2x 2 1 2 5 


(-xy@-xy 1-x (-x) 2-x @-x 
Answers: (A), (B), (D) 


4. If 
(x +1 an Bx+C 
x(x +1) x x41 
then 
(A) A=1 (B) B=1 (C) C=2 (D) B=0 
Solution: Simplifying the given expression we get 
(x +1)? =A(x*+1)+(Bx+C)x 
Now 
x=05A=1 
2 = coefficient of x= C 
1 =coefficient of x =A+B=1+B=>B=0 
Hence 
(x+1y 1 2 
x(x? 41) x x41 
Answers: (A), (C), (D) 
5. If 


aut A BOC 
(eriie=1. cai we “teeiy 
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then 
(A) A=t (B)A+B=0 
1 —1 
C)C== D)C=— 
(C) C=5 (D) C= 
Solution: We have 


3x+4 _  3x+4 A é B i Cc 
(xt+1)(x°-1) (x4+1Y(x-1) x-1 x41) (x4+1/Y 
3x+4= A(xt+1) + B(x’ -1)+C(x-1) 


Now 


x=1>57=4A or A= 


AIA 


x=-l>-2C=1 or CS 
0 =coefficient of P= A+B= B= 


Answers: (A), (B), (D) 


6. If 
Ax A B 
M+xrtl w-x4+1 x4+x4+1 

then 

(A) A+B=0 (B) AB=-4 

(C) A=2, B=-2 (D) 2-41 
Solution: We have 

Ax 4x 


Meetl (ext D(C txt) 


1 if 
= 2) 2 
x—-xt+1 x 4+x4+1 


Therefore, we get A=2, B=-2 
Answers: (A), (B), (C), (D) 


| 


9.1 Polynomial: If a), a,, a,...,a, are real or complex 
numbers, a, #0 and n is a positive integer, thus an 
expression of the form a,x" + a, x"" +a, x"" ++ +4, 
is called polynomial of degree n. 

My, G;, G,...,4, are called coefficients of the 
polynomial. If a, a,, a,,..., a, are real numbers, then 
the polynomial is called polynomial with real coef- 
ficients and if do, a,, d,,...,a, are complex numbers, 
then it is called polynomial with complex coef- 
ficients. Generally polynomials are denoted by 


fix), g(x), A(x), ete. 


9.2 Constant polynomial: Every non-zero number is 
considered as a polynomial of zero degree and it is 
called constant polynomial. 


9.3 Zero (null) polynomial: A polynomial is called zero 
polynomial if all of its coefficients are zeros. 


9.4 Degree of azero polynomial: Any positive integer can 
be considered to be the degree of zero polynomial. 


9.5 Division algorithm (or Euclid’s algorithm): If f(x) 
and g(x) are two polynomials and g(x) # 0, then there 
exist unique polynomials g(x) and r(x) such that 
f(x) = q(x) g(x) + r(x) where either r(x) =0 (i.e., zero 
polynomial) or degree of r(x) is less than the degree 
of g(x). If r(x) =0, then g(x) is called factor of f(x). 


9.6 Proper and improper fractions: Let f(x) and g(x) 
be two polynomials and g(x) # 0. Then f(x)/g(x) is 
called proper or improper fraction according as the 
degree of f(x) is less than or greater than the degree 


of g(x). 


9.7 Relatively prime polynomials: Two polynomials are 
said to be relatively prime to each other (or coprime 
to each other) if they do not have a common factor 
of positive degree. 

Two polynomials f(x) and g(x) are relatively 
prime to each other if and only if there exist polyno- 
mials p(x) and q(x) such that 


fix) PQ) + 8) g@) = 1 


9.8 Fundamental theorem: Let f(x), g(x) and h(x) be 
polynomials such that h(x)/f(x) g(x) is a proper frac- 
tion. If f(x) and g(x) are relatively prime to each 
other, then there exist proper fractions p(x)/f(x) 
and gq (x)/g(x) such that 


9.9 Partial fractions: If a proper fraction of two poly- 
nomials is expressed as sum of two or more proper 
fractions, then each of these proper fractions 
is called partial fraction of the given proper 
fraction. 


9.10 Irreducible polynomial: A polynomial of positive 
degree is said to be irreducible if it cannot be 
expressed as a product of two or more polynomials 
of positive degrees. 


Cases of partial fractions: Let f(x)/g(x) be a 
proper fraction [i.e., degree of f(x) is less than the 
degree of g(x)]. Then 

(1) If g(x) has a non-repeated linear factor ax + b, 

then A/ax + b is a partial fraction of f(x)/g(x) 

where A is a constant which can be determined. 

(2) If g(x) has a non-repeated irreducible quadratic 
factor ax + bx + c. Then 


Ax+B 
ax? +bx+c 


is a partial fraction of f(x)/g(x) for some real 
constant A and B. 


(3) If g(x) has a repeated linear factor of the form 
(ax + b)", then 


A, A, A 


nN 


ax+b’ (ax+b)?’"” (ax+b) 


where A,, A,,..., A, are constants occur as partial 
fractions in f(x)/g(x). 

(4) If (ax + bx +c)‘, where ax” + bx +c is irreduc- 
ible, is a repeated factor of g(x), then the frac- 
tions of the form 


A,x+B, A,x+B, A,x +B, 
ax?+bx+c’ (ax?+bx+c)?"” (ax? +bx+c) 


occur as partial fraction for f(x)/g(x). 


| EXERCISES 


Single Correct Choice Type Questions 
1. If 


5x +6 A B 
(x+2)(x-1) x+2 x-1 
then A + B is equal to 
(A) 4 (B) 3 (C)5 (D) -5 
2. If 
3 
eee eee 
(x —1)(x +2) x-1 x+2 
then A + Bis 
(A) -3 (B) 3 (C)5 (D) -5 
3. If 
x? _Ax+B, Cx+D 
(t+1P x41 (x +1)’ 
then A - Cis 
(A) 3 
(B) 1 


(C) an even prime number 


(D) an odd prime number of the form 4n + 1 
4. If 


5x +2 A Bx+C 
= + 5) 
x +1 


+x Xx 


6. 


then the ordered triple (A, B, C) is 


Tf 


(A) (2,3, 1) (B) (1,2, 3) 
(C) (0, 2,3) (D) (2,3, 0) 
+5 1 A 


= +——_ 
(P+2P x42 (x°4+2/ 


then 
(A) A=3 (B) 2A =5 
(C)3A=1 (D) A=-1 
Let 
x+5x41 ee b 
(x+1)(x+2)(4+3) x4+1 (¥4+2)(x4+1) 
n Cc 
(x + 1)(x + 2)(x + 3) 

and P= |: ‘ 
then P is 


(A) idempotent matrix (B) involuntary matrix 


(C) symmetric matrix (D) scalar matrix 


If 


3x _ 2 , 1 
(x-a)(x-b) x-a x-b 
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then the relation between a and D is 


(A) a=2b (B) b =2a 
(C) a=-2b (D) b=-2a 
8. If 
x+1 _ 4 | b c 
(2+x)(2—x)(x-1) 3(x-1) 4(2-x) 12(x+2) 
abe 
and A=|b c a 
c ab 
then |A| is equal to 
(A) -34 (B) 34 
(C) -24 (D) -108 
9. If 
x A B 
Gey gg 


Multiple Correct Choice Type Questions 


1. If 
*-3  — A. BetC 
(x+2)(7? 41) x42 x41 
then 
(A) 5B=4 (B)5A=1 
(C) 5C=-8 (D) ABC =-32 
2. Let 
x+1 a b c 


(2+x(2-x(x-1) 3@-1) 42—x) 12x42) 


and Z,=a+bi, Z,=b+ci and Z,=c+ai where 
i= -1.Then Z,, Z,, Z, represent 

(A) collinear points 

(B) vertices of an equilateral triangle 

(C) vertices of an isosceles triangle 


(D) vertices of a right-angled triangle 


3. Let 


then 

(A) f(x) > 0 for all real x 

(B) f(x) = 0 has distinct real roots 
(C) f(x) =0 has equal roots 

(D) Range of f(x) is R 


10. If 
b 
= =—* 4 2 and A= : 
(x-6)(x+3) x-6 x+3 ba 
then A” is equal to 
2 -1 
3 3 2 -1 
A B 
ms 3 Ola 
3 3 
=. 2 + 2 
3. 3 3. 3 
Cc D 
(C) 2-1 ( > 1 
3 3 3. 3 


Then 

(A) f(x) = 0 has irrational roots 

(B) f(x) =0 has no real roots 

(C) f(x) + A+ B=0 has integer roots 
(D) f(x) + A + B=0 has no real roots 


4. If 
1 A BC D 


=—+5+ 
(e422) «x x x 


then 

(A) A+D=0 

(B) C+B=0 

(C) the number of permutations of the values of A, B, 
C and —D is 12 


(D) A+ B=2 


| ANSWERS 


Single Correct Choice Type Questions 


1. (C) 6. (B) 
6 +: 
3. é 

4. (D) 9. (A) 
5. (A) 10. (A) 


Multiple Correct Choice Type Questions 


1. (A), (B), (C) 3. (B), (D) 
2. (C),(D) 4. (A), (B),(C) 


A 


Addition 
of complex numbers 106 
of matrices 364-366 
Adjoint 404 
Algebraic equations 
Algebraic forms 128 
Antilogarithmic function 89 
ARGANDS_ 112 
Argument of z 115-119 
Arithmetic geometric progression 220 
Arithmetic mean 215-216 
Arithmetic progression 211-214 
Arrow-diagram form 29 


136-138 


Biection 43-44 
inverse 44-45 
Binary relation 30 
Binomial coefficients 329-331 
Binomial theorem 322 
for positive integral index 322-328 
for rational index 329-333 


Cc 


Cardinality 6 
Cartesian product 25 
Cayley—Hamilton theorem 410 
Characteristic equation 410 
Characteristic polynomial 410 
Circular permutations 284-285 
Class of sets 4 
Coefficient matrix 413 
Cofactor 399-404 
Column matrix 362 
Column transformation 385 
Combination 286-288 
Common difference 211 
Common ratio 218 
Complement ofaset 12 
Complex number 106 
purelyrealandpurelyimaginary 110 
real part andimaginary part 108-109 
square root of 134 
unimodular 114 
Composition of relations 30 
Conjugate 111 
Consistent system 413,415 
Constant polynomial 465 
Constant sequence 208 


Convergent series 211 
Crammer’srule 413-414 
Cube roots 132 

of unity 134-135 


D 


De Moivre’s theorem 131-133 

De Morgan laws 10-11 

Degree of a polynomial 460 
Derangement 294-295 

Determinants 395-409 

Diagonal matrix 363 

Diagonal of a matrix 362 

Difference of two sets 10 

Directly similar triangle 120-122 
Discriminant of an equation 137 
Discriminant of quadraticexpression 171 
Disjoint sets 7 

Distributive laws 8-9 

Divergent series 211 
Divisionalgorithm for polynomials 461 
Domain 28 


Elementary row (column) matrix 386 
Elementary operations 385 
Elementary transformations 385 
Empty set 3 
Equal polynomials 460 
Equal sets 4 
Equality of matrix 361 
Equivalence class of relation 33-38 
Equivalence relations 33 
Equivalent matrix 387 
Even extension 57 
Even functions 53,57 

graphs 53 
Exponential and logarithmic 

inequalities 92-93 

Exponential equation 90 
Exponential function 86-87 


F 


Factorization theorem 461 
Family of sets 4 

Finite sequence 208 

Finite set 4 

Fractional part of a function 46 
Function 38 


Index 


composition 39-40 
domain 38 


even 53,57 
image 38-39 
odd 53-57 


Fundamental theorem 462-463 
of algebra 138-139 


G 


Gauss—Jordan method 393-394, 415 
Geometric mean 219 

Geometric progression 217-218 
Graph of a function 49 


H 


Harmonic mean 221-224 

Harmonic progression 221 

Homogenous system of linear 
equations 416-417 


Idempotent matrix 411 
Identity matrix 363-364, 372 
Imaginary axis 112 
Improper fraction 460 
Inconsistent system 413,415 
Index set 4 

Index 411 

Infinite sequence 208 
Infinite set 4 

Injection 41 

Integral part of afunction 46 
Intersection of sets 6 

Inverse of a matrix 388,393-394 
Inverse of arelation 32 
Invertible matrix 388 
Involuntary matrix 412 
Irreducible polynomial 463 


L 


Limit of asequence 210 
Linear permutations 279-281 
Linear term 170 

Logarithmic equation 90 
Logarithmic function 88-89 


M 


Mathematical operation on complex 
numbers 
addition 106 
difference 106 
multiplication 106 
product 106 
sum 106 
subtraction 106 
unity 107 
zero 107 
Matrix/matrices 360 
addition of 364-366 
columns 360 
elements or entries 360 
equality of 361 
inverse of 388,393-394 
invertible 388 
involuntary 412 
multiplication of 368-369 
order 360 
polynomial 375 
rows 360 
similar 387 
singular 405 
skew-symmetric 379-382 
Maximum value of quadratic 
equation 178 
Minimum value of quadratic 
equation 178 
Minor 398 
Modulus of z_ 113-114 
Multiplication of matrices 368-369 
Multiplicative identity 372 
Multiplicative inverse 107-108 


N 


n factorial (factorial) 278 
Nilpotent matrix 411 
Nonhomogenous system of linear 
equations 413 
Non-singular matrix 388 


O 


Odd extension 57 
Odd function 53,57 
graphs 54-56 
Ordered pairs 25 
Orthogonal matrix 383-384 


P 


Partial fraction 462-463 
of proper fraction 463 


Partition 34 

Period of a matrix 412 

Periodic function 48 

Permutation 278-279 
fundamental principle of 278-279 

Plane or complex plane 112 

Polar form 128 

Polynomials 460 

Power set 5 

Progression 211 

Proper fraction 460 


Q 


Quadratic equation 170 
Quadratic expression 170 
Quadratic term 170 
Quotient 461 


R 


Range 28 
Rank 282 
Rational fraction 460 
Real axis 112 
Real-valued function 45,56 
Reflexive relation 33-34 
Relation (s) 25-28 
inverse ofa 32 
reflexive 33-34 
representations of 29-30 
Relatively prime polynomial 462 
Remainder 461 
Root of quadratic equation 170, 172, 
174-175 
Roots of degreen 132-133 
Roster form 29 
Row matrix 362 
Row transformation 385 


Ss 


Sarrus diagram 398 
Scalar matrix 363 
Scalar 366 
Sequence of elements 208 
Series 210 
Set (s) 2 
class of 4 
elements ofaset 2 
indexed family of 4 
members of aset 2 
Set builder form 3,29 
Similar matrix 387 
Singular matrix 405 
Skew-symmetric matrices 379-382 
Solution of asystem 413 


Solution of quadratic equation 170 

Square matrix 361 

Square roots 132 

of acomplex number 134 

Standard binomial expansion 324 

Standard form 170 

Subset 5 

Successive differences method 225-226 

Surjection 42 

Symmetric difference 12-13 

Symmetric matrices 379-383 

Symmetric relation 33-34 

Symmetric set 53 

System of homogenous linear 
equations 413 

System of linear equations 412 

Systems of logarithmic and exponential 
equations 91-92 


; 


Tabular form 30 

Telescopic series 225 

Transitive relation 33-34 
Transpose of a matrix 404 
Triangular matrix (ces) 364, 409 
Trigonometric form 128 
Trigonometric notation 128 
Trivial solution of asystem 417 


U 


Ultimately constant sequence 208 
Unimodular complex number 114 
Union of sets 7 

Unit matrix 372 

Universal set 12 


Vv 


Venn diagrams 13-19 


Z 


Zero matrix 362 
Zero of quadratic expression 170 
Zero polynomial 460 
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About the Book 


A must-have resource for JEE (Main & 
Advanced) aspirants 


Algebra is frequently called the gatekeeper subject. It lays 
the foundation for higher mathematics and is of utmost 
importance to engineering students. This book has been 
written by a pioneer teacher associated with JEE (Main & 
Advanced) coaching, Dr. G.S.N, Murti, alongwith Or UM. 
Swamy who had an illustrious career a5 a renowned 
mathematician 


The book has a two-fold advantage: (3) Conceptual 
strength provided by accurate, precise but sufficient 
coverage of topics; (b) solved and unsolved problems as 
per JEE (Main & Advanced) pattern for strengthening 
concepts. The main idea is to make students understand 
the theory behind to enable them to strategize a given 
problem and tactically solve it. 


The topics covered in this volume are: Sets, Relations and 
Functions; Exponentials and Logarithms; Complex 
Numbers; Quadratic Equations; Progressions, Sequences 
and Series; Permutations and Combinations; Binomial 
Theorem; Matrices, Determinants and System of 
Equations; Partial Fractions 


Other Books in the series 


WILEY 


Dr.G.S.N. Murti 

a dedicated teacher, Dr. GSN. Murti brings vast 
knowledge and experience to teaching the 
fundamental concepts of pure Mathematics. Or, 
Murti has taught Mathematics at degree level for 27 
years before moving on to coach prospective 
candidates for IIT-JEE in the field of Mathematics Over 
the last 27 years, Dr. Murti's name has become synonymous with the best 
Quality HT JEE coaching in Mathematics, In addition to being a great teacher, 
Or, Murti is also considered a master trainer and mentor by a huge 
community of Mathematics teachers who prepare students for engineering 
entrance examinations. 


Dr. U.M. Swamy 

Dr. U.M. Swamy is an illustrious Mathematician with 
40 years of teaching and research experience who 
served at various levels in the Department of 
Mathematics at Andhra University and superannuated 
as Chairman of the Faculty of Science in 2006 from the 
University. He ts acclaimed a5 a distinguished teacher. 
in the teaching community. Government of Andhra 
Pradesh felicitated him with the "Best Teacher Award” in 2006, 


Visit us at www.wileymaestro.com 


Wiley India Pvt. Ltd. 
4435-36/7, Ansari Road, Oaryagan| 
New Dethi- 110 002° 

Customer Care +9! 11 43630000 
Fad +0111 239775695 
csupportwiley.com 
weavnwloyinduacom 

wovrewilegcom 


